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PREFACE 

This book has been written primarily to meet the author's 
needs in the class-room, where the chief requisite is the clear 
elucidation of general principles in connection with their bearing 
upon engineering work. The satisfactory accomplishment of 
such a task is none too easy in the treatment of the more simple 
statically determinate trusses or other structures, but it is 
excessively difficult when some statically indeterminate structures 
are imder consideration. The endeavor has been made to give 
each main structure a general treatment so as to make one 
demonstration cover all desired or useful special cases, as con- 
ducing to both brevity and clearness. Unfortimately, such 
composite structures as the stiffened suspension bridge cannot 
be treated with the thoroughness required by modern engineering 
practice without formidable analysis, but great pains have been 
taken by the author to put formulae in such shape as to make 
them applicable with the least possible labor, particularly by the 
aid of the many nmnerical tables given in the text. In conse- 
quence of this latter feature, it is hoped that the book may be 
found useful to professional practitioners. 

There are shown in Chapters IV. and V. the two prom- 
inent methods of analysis employed at the present time for the 
treatment of stiffened suspension bridges. The method based 
upon the principle of Least Work involves the simplest equations, 
as all exponential quantities are avoided, but the initial equations 
on which is based the general value of the horizontal component 
of cable stress do not involve specifically the deflection of the 
cables produced by the stresses to be determined, while the 
method of deflections does explicitly provide for that deflection 
in its initial equations. For this reason the method of Least 
Work has been considered by some less accurate than the 
method by deflections. 

As a matter of abstract analysis the justness of this view 
may be recognized, but it does not necessarily follow that the 
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IV SUSPENSION BRIDGES 

results obtained by the two different methods must greatly differ. 
It is a comparatively simple matter to determine by a sufficiently 
.close approximation the deflection of the cable xmder a given 
system of loading. If that deflection, positive or negative, be 
algebraically added to the centre sag of the cable, thus affording 
a value of the centre sag under the loading to be treated, the 
Method of Least Work may give results equally accurate with 
those of the method of deflections, or possibly even more accurate. 

The assumption in the method of deflections that all moving 
load is uniformly distributed over the span in determining the 
expression for the work involved through vertical deflection, as 
a general procedure, is certain open to serious criticism, as will 
be indicated. A full consideration, therefore, of all the features 
of the two methods justifies the use of the Method of Least Work, 
especially with the adjusted centre sag, as being at least equally 
accurate with the method of deflections, while its equations are 
certainly simpler and more easily workable. 

It will be obvious even in a casual examination of the book 
that Chapter III. and the first part of Chapter IV. follow closely 
Professor Melan's excellent work. The author further takes 
pleasure in acknowledging his obligations to Mr. L. Moiseieff, 
C.E., and Mr. M. Zaslaw, C.E., of the Department of Bridges 
of New York City, the latter of whom has been of much assistance 
in the matter prepared in -connection with the method of treat- 
ment of arch ribs based on the principle of Least Work. Messrs. 
J. K. Finch, C.E., and L. D. Northsworthy, C.E., have also 
rendered service, in the preparation of plates and in the reading 
of manuscript, of substantial value and great relief to the author. 

Prof. B. O. Peirce, of Harvard University, has also kindly 
aided the author at points where his mathematical skill and 
experience have been of much service.. 

The aid of these professional friends has made the prepara- 
tion of the manuscript possible in the midst of professional 
engagements of such character as to have rendered the accom- 
plishment of the work otherwise impossible. 
^ , , . TT • V. Wm. H. Burr. 

Columbia University, 
August I, 1913. • 
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CHAPTER I* 

-Approximate Theory of the Stiffened Suspension 
Bridge with Parabolic Cable. 



The analyses of this chapter are based wholly upon the 
assumption that the problems treated are statically determinate. 
They are sufficiently close to serve the purposes of approximate 
computations and preliminary estimates. They are useful for 
a wide range of work, but for final design and other accurate 
operations the more exact analyses of subsequent chapters of 
this book should be employed. In the latter analyses it is 
sometimes required to solve equations by trial, and in such 
analytic operations approximate values of the quantities sought 
may easily be found by the formulae of this chapter. Inasmuch 
as this class of analytic operations is somewhat extended, and 
as it includes a large nimiber of formulae which it is desirable to 
place in as convenient form as possible, this chapter will be 
made complete in all its demonstrations, independently of the 
much more general demonstrations which follow. 

Two methods of loading will be taken in each case, viz., a 
uniform load passing on the bridge from one end of the span, 
and a single weight or load placed at any point. The last 
i!(iethod aJone is equivalent to a general treatment for any 
loading whatever. 



* The notation in this Chapter is not uniform with that of the subsequent 
Chapters. 

Copyright, 1013. by William H. Burb. 
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Art. 2. — Curve of Cable for Uniform Load per Unit of Span — 
Suspension Rods Vertical — ^Heights of Towers, Equal or 
Unequal — Generalization. 

In the figure, let EH' C represent the cable of a suspension 
bridge carrying a load extending over the whole span. In 
the ordinary experience of an engineer, the load carried by a 
suspension-bridge cable, including the stififening-truss, is nearly 
uniform in intensity in reference to a horizontal line; so nearly 
xmif orm per foot of span, in fact, that it is assumed to be exactly 
so, and such an assumption ^1 be made in the present instance. 










Fig. I. 



Let(£2? + 50 =^= span; B H' ^ J,] D H' ^-^ f^] w -- 
load per horizontal foot, and let x be measured horizontally 
from H', the lowest point of the cable. The height of the 
highest tower above the lowest point of the cable is/i, and that 
of the other /2. 

The ordinate of any point P is x, the load on H' M is, con- 
sequently, W = wx. Draw P K tangent to the curve at P, 
then, by the first principles of statics, it is known that the 
direction of the cable tensions at P and H' and the direction 
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of W must intersect in one point iV^. Since, however, w is 
uniform along a:, the resultant direction of W passes through 
N, half way between H' and M. Hence F H' =^ H' K\ or, 
since F K is the subtangent, the abscissa^ F H\ of the curve is 
equal to half the subtangent , consequently the curve is the ordinary 
parabola. 

Again, the horizontal component of the tension of a cable 
must be a constant quantity if the loading (as in the present 
case) be wholly vertical; let H be that component. 

Let G N P he taken for the triangle (right-angled) of forces 
at P, in which N P represents the cable tension dit P, G N the 
load, W = wx, and G P the constant horizontal com- 
ponent E. 

Then let ^ P be drawn normal to the curve at P; the tri- 
angles AFP and GN P will be similar. There can now be 
at once written the relation: 

AF ^F P ^ _^^ i_, 
GP " GN " wx" w' 
but 

G P = H ,', A F = — = constant . . . i. 

w 

A F is the subnormal of the curve of the cable, and, since 
it is constant, the curve is the ordinary parabola. 

The preceding results may be generalized in a very simple 
and easy manner. 

If any two points, as P and Q, be considered fixed, and if 
the portion PQ oi the cable carry the same intensity of load 
w as before, there will at once result the general case of a flexible 
cable carrying a load whose intensity, along a straight line, and 
direction are uniform. There may then be stated the general 
principle: If a perfectly flexible cable carry a load uniform in 
direction and intensity in reference to a straight line, the cable will 
assume the form of an ordinary parabola whose axis will be parallel 
to the direction of the loading. 

This principle finds its application in the case of a suspension 
bridge with inclined, but parallel, suspension rods. 
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Art. 3* — ^Parameter of Curve — ^Distance of Lowest Point of Cable 
from either Extremity of Span — ^Inclination of Cable 
at any Point. 

Attending to the figure and notation of the previous Article, 
the equation of the curve, the origin of co-ordinates being taken 
at J?', is: 

X* = 2 ^ y; 

in which 2 ^ is the parameter. 

Let BC — Xi and ED — X2, then there may be written 
^i r 2 Pfh ^* = 2 pfi, and '2 xi o^j = 4 /'V/i/a. 

Hence: 

(^1 + X2y^P^2p (VA + V/D' = 2P(J, + 2^fj2 +/2) . 2. 

^ P P 

If the towers are of the same height, /i = /t = / and 

^ P 

^ = 8? 4. 

It will be shown in the next Article that the horizontal 
component H of the cable stress is H == w p. Hence: 

*^= 3py= —y 4«. 

As Xi is the horizontal distance from the lowest point of 
the cable to that end of the span at which /i is found, i. e., B C 
in the figure, while Xt is the other segment of the span, by the 
equations immediately preceding: 

I 

K/i =f2;xi^Xi=-- . . . . 7. 
Referring to the figure, since K H' ^ H' F ^ y, it i is the 
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inclination to a horizontal line, of the curve at any point P, 
then X tan i — 2y; 

hence, tan i ^-^^.seci=yi +-^. . . 8. 

At the tops of the towers: 

, . 2/1 . 2/2 

tan «i = -=^ and tan t^ = — =^ • . . . o. 

If /i « /2, ton fi = ton ^ = -p- .... 10. 



Art. 4. — ^Resultant Tension at any Point of the Cable. 

In the first Article of this Chapter there was recognized the 
general principle that if the loading on a cable is uniform in 
direction, the component of cable tension normal to that direction 
will be constant at all points of the cable. In the present case 
the resultant tension at the lowest point of the cable will be 
this constant component H. 

From Eq. i, H = wA F. A F is the subnormal of the 
curve and it is known to be equal to one-half of the parameter 
p (using the same notation as before). 

Hence, after taking the value of p from the previous Article: 

„ wP wP 

^ 2 (V/, + V/,)' 2 (A + 2 V/J2 + A) 

Let 22 be the resultant tension at any point, then by the 
triangle of forces G iV^ P, in the figure : 

R — Hseci^H^^^^^^^ .... 12. 

Eq. 12 gives the tension at any point. At the tops of the 
towers there are f oimd : 



Ri^H ^ J 



I + 


4/1' 

Xl' 


I + 


xi 



13' 



S,^Hyl^ + ±M . . . . 14. 



) 
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If Ai = A2, consequently Xi ^ x^ ^ — : 



B.^'.R,.J,,.B^,+ 'Jf 



IS- 



Art. 5* — ^Length of Curve between Vertex and any Point whose 
Co-ordinates are x and y^ or at which the Inclination to a 
Horizontal Line is i. 

The usual expression for the length of a part of one branch 
of a parabola, beginning at the vertex, as determined by integral 
calculus, may easily be put in the following form, c being the 
length in question: 

Or, using the values for kin i, sec i, and p, determined in 
the preceding Articles : 

c= — \ tan i sect + log, (tan i + sect)} . . 17. 

The total length of the cable will be found by putting Xi 
and/i for x and y in Eq. 16, or ii for i in Eq. 17; then X2 and /a 
for X and y, or {2 for i, and adding the results. 

Representing those results by Ci and C2 the total length will 
then be: 

Ci + C2. • 

By placing x = — and y = / in Eq. 16, and taking the towers 

of equal height, the total length L of the cable between the tops 
of towers becomes: 

The ratio y will generally be found between .2 and .05. 

-■■I - — ---- — — — — — — ■ _ ■ III 

* This is the same as the centre flange stress of ^ beam of span / and depth 
/ carrying the uniform load w per unit of span. 
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Hence by taking a varying value of that ratio between the 
above limits and remembering that the natural logarithm is 
indicated by "log.," the following values of Z may at once be 
computed: 

.2 1.098223 

.17s 1.076473 

.15 1 .056934 

.125 1. 040194 

.1 1 .02602 

.075 1 .014753 

.05 1 .00662 

These values of Z will be found convenient for quick com- 
putation of the length of cable in ordinary cases. 

An approximate formula sometimes used is determined as 
follows. In the figure of the first Article of this Chapter, con- 
sider R'P to be the arc of a circle, and let x and y be taken 
as heretofore; also let R be the radius of the circle. The ordinary 
expression for the length of a circular arc is: ^ 

dx _ dx , . . 

— (nearly). 



if ic is small compared with R, Again, performing the division 
indicated and omitting all terms in the quotient after the second, 
there will result: 

ldx{i+~) =^(i+6^) .... 18. 

If y be omitted in the expression «* = 2 iZ y — ^ , and the 
resulting value of R be inserted in Eq. 18, there will at once be 
found : 

^0 +1$) ^9. 

As before, to find the total length of the curve, Xi and /i, 
and X2 and (2 must be inserted in succession in Eq. 19, and 
the results added. 



( 
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If the heights of the towers are equal to each other and to 
/", the total length will be: 

'(■+f)* - 

The expressions 19 and 20 are evidently not close approxi- 
mations except for flat curves, in which case the nature of the 
curve is a matter of indifiFerence. 



Art. 6. — ^Deflection of Cable for Change in Length, the Span 

Remaining the Same. 

The approximate formula 19 of the preceding Article may 
be used to determine the deflection. Approximate formulae 
somewhat closer than those given here may be found in Art. 35. 

The total length of the cable is: 

c. + c, = «. + ** + |(-£+^*), 
differentiating: 

... d/ = 3ij^L±^ , .... 22. 



(A + Jl) 



The variation in the length of the cable, whether arising 
from variation in temperature or any other cause, is to be put 
for d (c, + ^2) in Eqs. 21 and 22, then dj will be the cor- 
responding deflection of the lowest point of the cable. 

If the towers are of the same height and, consequently, 

2dc^^—^.dj 23. 

* Also see Art. 31, where a closer approximation ts made, 
t Since /i — /2=- constant, df\ ™ df^ ™ df. 
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d / = "T-r. 2dci 24. 

•^ 16/1 ^ 

It is assumed in £qs. 21 and 22 that the lowest point of 
the cable remains at the same horizontal distance from the 
ends of the span, although that assumption is not strictly accurate. 

The true deflection can only be found by trial by the use 
of Eq. 16 of the preceding Article. 

Let (ci + Ci) be the known length of the cable before varia- 
tion in its length takes place; then let /i, /2, Xi and x^ be the 
original heights of towers and segments of span, also known. 
Let yi and y^ be the heights of towers above the lowest point 
of the cable after the variation in its length has taken place; 
and let it be assumed, as before, that xi and x^ remain the same 
whatever the deflection. 

Let V be the variation in length of the cable. 

Then, since t; = — (ci + C2) + (ci + Ci + v): 

+ \ I +^) \ - (ci + Ci) . . . 25. 

But there is also the equation of condition: 

yi — ya = /i — /a = constant ... 26. 

The value of yi or y^ may be taken from Eq. 26 and put in 
Eq. 25, there will then be but one unknown quantity in the 
right member of that equation, and its value must be found 
by trial. The first value of yi or ya taken may be A or /i in- 
creased or decreased, as the case may be, by d /given by Eq. 22. 

The deflection sought is, of course: 

yi -/i -y2-/2. 

If the new heights, yi and y2, are given, the variation of 
length, V, will be at once given by Eq. 25. 



2 yi 

X2 



( 
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If heights of towers are the same, /i, Eq. 26, will not be 
needed; for making o^i = x^ = — , Ci = d, and yi = yj = /", there 
results: 

— 2 ci 27. 

InEq. 27, /is to be found by trial, as before, if v is given; 
or if /is given, v at once results. 

The deflection of the middle point of the truss will be: 

/-/i- 

It is to be noticed that in Eqs. 25 and 27 all the quantities, 
yi, yi, and /, increase in the same direction with v. This ma- 
terially simplifies the approximation by trial. 

The determination of z; in Eq. 25 might be made without 
assuming Xi and od to remain constant, for there are two other 
equations of condition: 

Xi + X2 —If 



and 



Xi'^ X2'^ 



y\ ya 

These, with Eqs. 25 and 26, would be sufficient to find 
the four xmknown quantities, yi, yj, x\ and x^. 

Such a degree of extreme accuracy, however, is seldom 
necessary. 

Art. 7. — Suspension Cantilevers. 

In the figure, ABD represents a suspension cantilever. The 
cable B C goes over either to another span or to an anchorage, 
while A is the end of the cantilever. The cable i4 5 is in pre- 
cisely the same condition as the half of a cable belonging to a 
span equal to 2 A D) consequently its tension R at any point 
and its inclination at the same point are to be found by the 



SUSPENS'ON CANTILEVER 



fonnulx already given. In fact, all the conditions are unchanged 
except that the platform is subjected to a thrust, uniform 



throughout its whole length, and equal to the constant hori- 
zontal component, H, of the tension R. 

Art. 8. — Suspension Bridge with Inclined Suspension Rods — 
Inclination of Cable to a Horizontal Line — Cable Tension 
— Direct Stress on Platform — Length of Cable. 

In this case the suspension rods or suspenders are all sup- 
posed to be parallel and equally inclined to a vertical or horizon- 
tal line; they are also supposed to take hold of the platform or 
stifFening-truss at points equidistant from each other. These 
conditions cause the cable to be subjected, in each of its parts, 
to the action of parallel loading of uniform intensity in reference 
to the span. As was shown in the first Article of this Chapter, 
the curve of the cable will be composed of common parabolas 
having axes parallel to the suspension rods. 




In the figure, A is the lowest point of the cable, while B D 
and FG represent suspension rods on either side of A. The 



1 
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angle a is the common inclination of all suspenders to a vertical 
line; it also represents the inclination of the axis of either of 
the parabolas -4 C or ^ £ to the same line. 

The vertex of the parabola ^4 C is on the left of 4, and the 
vertex of ^ £ is on the right of the same point. 

Let X be horizontal in direction and measured from -4, and 
let the length of any suspender, as J5 Z>, be denoted by y, but 
let C P be designated by yi. Either parabola, as ^4 C, will then 
be referred to oblique co-ordinates in the usual manner. 

If J5 be drawn tangent to the curve at 5, AO will be 

equal to Z>, or — . If i represents the inclination of the curve 

at any point, as 5, to a horizontal line, the triangle B D will 

give: 

B D 2y sin i sini 

OD " X ~ cos {a + i) ^ cosa cos i — sin a sin i 

2 y 

— ^ COSOL 
X 

.'. tan i = ... 28. 

I + —^ sin OL 

X 

In the usual manner, sec i = V i + tan^ i, or. 



V 



4y . ,43^ 
I H -stna + -3- 

X Xf 

sect = . . 20. 

2 y 
1 + -^ since 

X 

At the point C,iiC M = fi^A P = Xi, and -4 JIf = a, in Eqs. 
28 and 29; /i sec a is to be put for y, and (a — /i tan a) for x. 

Exactly similar equations apply to the other portion of the 
span. 

For the point -4 , Eqs. 28 and 29 apparently become inde- 
terminate, but only apparently, for the relation, 

y /i sec a 

1? "(a -JitanaY ^^* 

gives: 2y ^ 2fiseca 

X {a — fi tanpiy ' 

2 v • • 

and when a; = o, consequently, -^ becomes zero, making tan t 

X 

equal to zero also. 
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li OB D he taken as a triangle of forces, B will be the 
cable tension R Sit B; while OD will be the horizontal com- 
ponent Hy and B D will represent Ivx sec a. w is the total 
load per unit of ^an. 

From the triangle in question, 

H cos(a+i) X . _ wx^seca 



wxseca Sim 2y 2y 

. rr _ w{a - fi tan a) ^ 

2/1 ^ 

As was to be expected, Eq. 31 shows H tp be a constant 
quantity, but it is not a rectangular component in this case. 

The equation of the curve A C can now be written by the 
aid of the equations preceding Eq. 31: 

5 (a — /i tanaY 2H 

ar = '. y = y ... 32. 

j I sec a ^ wseca'^ "^ 

This equation is evidently equally applicable to the curve 
AE. 

The same triangle gives for the resultant tension at any 
point: 



-R = V {wx sec ay + H+ 2^wx H tana • . 33. 

For the point C, x becomes (a — /i tan a). 
If / is the span, these equations apply to the other portion 
of it, by taking /2 for/i and (/ — a) for a. 

If the towers are of equal heights, hi becomes equal to A2, 

and a = / — a = — • 

2 

Let p be the horizontal distance between any two suspenders, 
then the tension, /, in the suspender will be: 

t = w p seca 34. 

The direct stress in the platform is caused by the horizontal 
component of the tension in the suspension rods. This stress 
may exist as tension in the platform, in which case it will exert 
no action on the towers. Remembering that all the suspension 
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rods must, at any instant, be subjected to a uniform stress, it is 
evident that the direct tension in the platform will have its 
greatest value at the centre, and will be equal to* 

ntsina = nwp tana; 

in which n is the number of suspension rods in each half of 
the span, supposing towers to be of equal heights. If n' be 
the number of suspenders between the end of the span and 
any point, the tension in the platform at that point will be: 

n' / sin a = W w p tan a. 

If the towers are of unequal heights, there will be a greater 
number of suspenders on one side of the lowest point of the 
cable than on the other. Let w^ be the number in that portion 
of the span adjacent to the highest tower, and n^ the number in 
the other portion; Wj will be greater than n^. In this case, then, 
the platform at the foot of the highest tower wUl sustain a thrust 
given by the expression: 

(»i — ni) tsina ^ (»i — n^w p tan a. 

If the platform is to sustain a direct thrust only, at the feet 
of the two towers it will have to sustain thrusts given by the 
expressions: 

n^ / sin a = n^w p tan a 

«2 1 sin a = n^w p tan a. 

If »' represents the number of suspension rods between the 
centre and any point, the thrust at that point will be: 

W t sina = n' w p tan a. 

In the case of a suspension cantilever, in addition to the 
thrust given above there will be one denoted by H, uniform 
throughout its length. Other calculations for a suspension 
cantilever are precisely the same as those already given. 

The length of the cable from the lowest point to any other 
point at which the inclination to a horizontal is i, is readily 
found by means of the formula used for the cable with vertical 
rods. In the present case the inclination of the cable at any 
point to a line perpendicular to the axis of the parabola is (i + a) ; 
consequently there is simply to be found the length of the 
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parabolic arc between the points at which the inclinations to 
the axis are (90 — (i + a)) and (90 — a). 
The formula mentioned then gives: 

c = — ytan {i + a) sec {i + a) — tan a sec a + 

tan {i •\-a) •\- sec (i + a)\ 



log. 



35' 



tan a + sec a 

It is known from analytical geometry that p takes the follow- 
ing form in terms of the oblique co-ordinates used in this case: 

:^ cos^ a (a — /i tan aY co^ a 
^ 2y 2/1 

Eq. 35 is, of course, to be applied to both branches of the 
curve to obtain the total length. 

From what was said in the demonstration of the approxi- 
mate formula, it may be seen that it can be applied to the present 
case by changing x to (x + ysin a) and y to y cos a. The 
formula then becomes: 

c ^ X •\-ysina-\- -f — ; -, — V. ... 30. 

l\x-\-ys%na) ^ 



Art. 9* — Suspension Rods : Lengths and Stresses. 

In the following calculations it is virtually assumed that the 
cable lies in a vertical plane, and that the suspension rods are 
vertical. This, however, does not affect the generality of the 




Fig. 4. 

results obtained, for in all cases the suspension rods are sup- 
posed parallel to each other, and the lengths foimd by the 
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formulae of this Article are to be taken as the vertical projections 
of the true or actual lengths. The true lengths are therefore 
to be found by multiplying the values of A^, Ai, fe, etc., by the 
secant of the common inclination of the suspension rods to a 
vertical line. 

Since a flat parabola nearly coincides with a circle, the 
camber may be supposed to be formed by a parabolic arc. Let 
the co-ordinate x be measured from A toward J5, in Fig. 4, y 
being perpendicular to it; also let A B = Xi = half span. 
Then since the curve of the cable is supposed to be a parabola 
in a vertical plane : 

y = yi — :;' 

^ ^ Xi" 

In the same manner for the camber: 

// » ^ • 

-^ Xi^ 

Then the total length of any suspender is: 

A = y + y + c. 

When the suspenders are separated by a constant distance, 
dy simpler formulae may be found. 

Each suspender is composed of the sum of two variable 
lengths (y' and y") and a constant length, c. If (yi + 5) be 
written for yii 

y = Cvi + 5) — 2 

Xi 

will evidently be the sum of the two variable lengths referred 
to. Hence, if Aq, Ai, A2, A3, * * * A^ represent the lengths 
of the suspenders as shown in the figure: 

Ai = c + -yCyi + 5), 

Xi 
4.(P , 
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K^c + —r(yi+ 8), 

Xi 

Or: K = c+ (^ -^) (yi + d) ^c + yi + 8. 

Having computed the lengths of the suspenders for one 
half the span, the results may be used for the other half if the 
piers are of the same height; otherwise the lengths must be 
computed separately. 

The stress in any suspension rod is the vertical load which 
it carries multiplied by the secant of its inclination to a vertical 
line. 

Art. 10. — ^Pressure on the Tower — Stability of the Latter — 

Anchorage. 

Let P^ = vertical component of pressure on tower head. 
Let Pf^ = horizontal component of pressure on tower head. 
Leti? = resultant pressure on tower head. 
Let Tp and Tp\ Fig. 5, = tensions of the cable on different 
sides of the top of the tower. 

a, a', and 6 represent inclinations to the vertical as shown. 

In general the cables at the top of the tower may have 




Fig. 5. 

different inclinations on the two sides, as shown in Fig. 5. All 
friction, rolling or other, will first be neglected. Hence: 

P^ = Tp cos a + Tp cos a; Pj, = Tp sin a — Tp sin a . 37. 

Pv 



R = ^ P^^ + Pf,^; cos e =-^- 38. 
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If it should be desirable to consider friction under the saddle, 
e.g,, if ^ be the coefficient of that friction, then: 

TpSina — Tp sin a ^<f> Pv - • • • 39. 

Eq. 39 must be satisfied if the stability of the saddle at the 
top of the tower be maintained. 

If the cable has the same inclination on the two sides of the 
top of the tower so that a = a', P^ = 2 IF, P;^ = o, i? = 2 IT, 
^ = o. (W = }4 weight of load and structure.) 

It is thus seen that if the cable has the same inclination on 
either side of the tower, the total vertical pressure on the latter 
is equal to the entire weight of the structure and its load between 
the two towers. 

If the tower is of masonry it is essential that the resultant 
pressure on it shall be practically vertical. This condition will 
clearly be attained when the inclination of the cable is the same 
on each side of the tower, as the horizontal component of the 
cable stress in the main cable and in the back-§tay will then be 
the same. In general the resultant pressure will be vertical 
when the horizontal component of the cable stress on either side 
of the tower is the same as that on the other. If the cable 
inclinations a and a are not the same the following condition, 
written by the aid of Eq. 37, must obtain: 

Pf^ = o, .'. TpSifta = Tp' sina . . . . 40. 

Obviously there will be some friction at the top of the tower 
so that the horizontal components of the cable stresses may 
not be precisely equal, but that friction is in general negligible 
in this connection. 

Steel towers are now usually constructed instead of masonry. 
These steel towers are in reality long columns, either fixed and 
anchored at the base, or, as has been proposed, hinged at the 
base on a pin of large diameter. Their design therefore will 
involve the consideration of long columns as wholes, as well as 
long columns and bracing of their separate parts, much like 
viaduct towers. 

When steel towers are fixed and anchored at the base, the 
friction of the saddle at the top should be considered in its bend- 



Art. 10.] ANCHORAGE 19 

ing effect upon the tower as a whole, and the resulting stresses 
in the different members of the tower should be determined 
accordingly in the design. The effects of the lateral wind 
pressures must also be recognized, and the resulting stresses 
must be determined. Inasmuch as the lateral wind pressure 
against the entire structure will be carried to the towers through 
the bracing between the stiffening-trusses, the wind stresses in 
the towers below the stiffening-trusses may be large; at any 
rate, they need full recognition and careful treatment in the 
design of the structure. 

In discussing the stability of position of masonry towers, 
let the distance of the centre of pressure from the centre of 
figure of the section of the pier be denoted by 5'. If this latter 
does not exceed q (the limit of safety for 5'), which may be 
ascertained by determining the line of resistance for the pier, 
stability of position will be secured. 

It is supposed, of course, that B has some value greater than 
zero; otherwise / = o. 

The stability of friction for masonry towers will be secured, 
at any joint, if the obliquity of the resultant pressure be less 
than the angle of repose. 

Anchorage. 

If the anchorage is a mass of masonry, the stabilities of 
position and friction are to be considered. 

Let W =■ weight of the mass, and 5' the normal distance 
from a vertical line through its centre of gravity to the centre 
of figure of its base. Let Tj^ equal the tension in the anchor 
chains or cables, and d the normal distance from the centre of 
pressure to its line of direction; and q the greatest distance 
from the centre of pressure of the base of the foundation to its 
centre of figure. The relations of these quantities is fully shown 
in Fig. 6. The anchorage should be so designed as to make the 
lever arm of W the sum of g' and q, rather than their difference. 

Then, in order that stability of position may be secured: 

T^d Z W{q + q'). 
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The centre of pressure, P, on the foundation bed must not 
be farther from F, the centre of figure of that bed, than is per- 
missible in view of the greatest intensity of foundation pressure 
at E. If the foundation bed is rectangular in form, it is con- 
sidered safe and proper to make P E never less than H X A E^ 
i.c^FP never greater than }i X A E. In this case the intensity 
of pressure at A can never be less than zero. 

Stability of friction is secured if the greatest obliquity of 
the resultant pressure on any section (including the base) is 
less than the angle of repose for the surfaces in contact. 







Fig. 6. 



If it were not for friction between the anchor chain and its 
supports, on the circular part of the chain, the tension would 
be the same throughout its whole length; but on account of 
friction, the tension dimim'shes on the circular part, from link 
to link downward, according to the law of friction between cords 
and cylinders, and is, therefore, the least at the bottom. 

The diminution of tension of the anchor chain is computed 
by the formula: 

in which Tp = tension of anchor chain before friction takes 
effect; T^ = tension of any point below the first point of 
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support; e = base of Napierian system of logarithms; ^ = co- 
efficient of friction; B = length of arc considered. The anchor- 
age can be ruptured only by the breaking of the chain, or plate, 
or by pulling out the whole masonry. The probability of the 
latter can be determined by comparing the tension of the chain, 
at the upper surface of the masonry, with the weight of the 
whole masonry. 

Art II. — ^Theory of the Stiff ening-Truss — Ends Anchored — 

Continuous Load — Single Weight. 

It has been seen that when a perfectly flexible suspension- 
bridge cable carries a load of imiform intensity over the entire 
span, its centre line forms a parabolic curve. When, however, 
such a cable carries an isolated weight or a partially imiform 
load, whether moving or fixed, it is evident that the centre line 
of the cable will assume a form different from that of the parabola, 
thus causing objectionable undulations, unless such a change is 
prevented by some special device. Such a special device is the 
stiffening-truss. 

Two cases may arise: the stiffening-truss may be securely 
anchored at its ends; or its ends may simply r.est upon supports 
and be free to rise, in which case there can be no negative or 
downward reaction. 

The former case will be considered first. 

The cable must retain the same parabolic form for all positions 
of the moving load. It has already been seen that such a result 
can be attained only by causing a uniform pull on the suspension 
rods from end to end of the span. Let T be the general expression 
for this uniform pull for any suspension rod, and let t be its 
intensity per unit of span, so that if p be the panel length of the 
stiffening-truss, T = pt. Let w be the weight per imit of span 
of the fixed load sustained by the cables. This will be composed 
of the weights of the truss, suspension rods and cable or cables. 
Let w' be the moving load per unit of span; / the span; R the 
reaction at 5, Fig. 7; R' the reaction at A, and let the moving 
load pass on the bridge from B. 
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Also let Xi be the distance from B to the head of the moving 
load; the latter being supposed continuous from B. 

Since all the forces acting on the stiffening- truss are vertically 
in direction, there are only two general conditional equations 







Fig. 7 

of equilibrium, and those simply indicate that the smn of all 
the external vertical forces must be zero as well as the sum of 
their moments about any point. 

Those two equations are the following: 

wl + w'xi- tl - R- R' =- o . . . 



41. 



^ ' 2 2 ^ ^2 



R! (I — xi) = o. . 42. 

Eq. 42 can be at once written by taking moments about 
the point Xi at the head of the moving load. 

Eqs. 41 and 42 are the only equations of condition neces- 
sary for equilibrium, but they hold three imknown quantities, 
i. e., ty R, and R'; hence, any one of those three quantities may 
be assumed at pleasure, and the other two determined from 
Eqs. 41 and 42. This inde termination simply means that 
unless another condition be imposed, it cannot be ascertained 
how much the truss will carry as a simple truss , and how much 
in connection with the cable, i. e., the stress conditions in the 
truss are statically indeterminate. 

This other condition is virtually the following: the stiffening- 
truss must act wholly in connection with the cable, and carry no 
load wJtatever as an ordinary truss. 

The direct consequence of this condition of the problem 
is that the sum of all the uniform upward forces T ^ pt must 
be equal in amount to the sum of all the loads of the kinds 
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w and w\ The line of action of the resultant of the latter is 
not, for a partial moving load, the line of action of the resultant 
of the fonner; consequently the truss will be subjected to the 
action of a couple. In order that equilibrium may be assured, 
therefore, another couple of equal moment but opposite sign 
must be applied to the truss; the forces of this couple must act 
at the extremities A and B, and they are the reactions R and R\ 
From this there at once results: 

This condition gives in Eq. 41 : 

t ^ w + w Y 43- 

Eq. 42 gives: 

R=^-R 7"V""T^ • • • • 44- 

Eq. 44 shows that both reactions R and i?' are zero for 
Xi = /, or for w^ = o. 

It is also seen that R and K are always numerically equal, 
hut have opposite directions, hence R' is a downward reaction, and 
its maximum valtie will indicate the amount of anchorage required 
at each end of the truss. 

Using Eq. 44: 

dR w' w' x\ w' x\ _ . / 

dx\ 2 2/ 2/ ' ''^ 2' 

Putting xi — — in Eq. 44: 

/v Q ....... 45* 

Eq. 45 shows the maximum value of — i?' and gives the 
amount of anchorage required at either end of the truss; it 
also shows the greatest shear to be provided for at either end 
of the truss. 
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The same results can be more obviously shown graphically 
as by Fig. 8, in which the span is represented by A B, Eq. 44 




Fig. 8. 



is the equation of a parabola with a vertical axis C D, the origin 

being on the curve at B. 

The vertical ordinates, as EFy C D and £' F\ represent the 

reactions R = — R' where the load covers B F, B D and B F\ 

respectively. Evidently the maximum reaction is the central 

/ w'l 

ordinate C D ioi Xi = — = B D, which has the value R = -r- 

2 8 

by Eq. 44. 

The general value for the shear at any section of the portion 
of the truss covered by the moving load is : 



S^^R + tx — wx — w'x . . . . 46. 



Or, 



5 = ^'(i -^) (-|.^^) . . . . 



47- 



This value of S shows it to be positive hear the end of the 
bridge; it then decreases as x increases, passes through the 



Xi 



value zero, for ic = — , and then increases as a negative 

quantity. As a negative quantity it attains its maximum value 
for ic = aji; it then becomes: 



^.=-^(--t)-*' 



48. 
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Hence the two reactions at the ends of the truss and the shear 
at the head of the moving load are always numericaUy equal. Eq. 

48, consequently, takes its maximum value for Xi = —, and 

that value is given in Eq. 45; this last equation, therefore, 
gives the maximum shear which is to be provided for at the 
head of the moving load. 

Since this maximmn shear is to be provided for at both 
ends and at the middle of the truss, it might be advisable in 
some cases to design all the web members of the truss to be 
of uniform size, and capable of carrying this maximum shear, 
although there would then be a little waste of material in the 
vicinity of the quarter points of the span on each side of the 
centre. 

This supposes, of course, that the chords of the stiflfening- 
truss are parallel and horizontal. If the chords are not parallel 
the amount of shear carried by the web members will depend 
on the inclination of one or both the chords. 

For all values of x and Xi, for the portion of the span covered 
by the moving load, the total shear will be given by Eq. 47. 




For the portion of the span not covered by the moving 
load the general value for the shear is (measuring x from A): 



S ^ - R' + WX- tx=- w'xi (k - -7-^ - y) . 



49. 



This expression is the equation of a straight line and it 
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attains its greatest values, f or a; = o and x = I — Xi. In the 

first case the shear becomes — R'y and in the second, R, 

These results can be shown graphically by Fig. 9, in which 

i4 jB is the length, /, of the span, and C 5 is any length, Xi, of train. 

The shear at the head of the train is C D given by Eq. 48, 

I 
and it is equal to i? = — R\ When C B = — the shear C D is 

the greatest possible; its value is given by Eq. 45. In the 
latter case, the points of no shear, F and G, are quarter points. 

Since the maximum shear in a simple truss, of the span / 
and uniform loading of intensity (w + w'), is ^ (w + w') /, it is 
seen that the maximum shear in the stiffening-truss of same 
span is only one-fourth of that due to the moving load alone 
in the case of the simple truss. 

The general value of the bending moment to which the 
truss is subjected, for the portion covered by the moving load, is: 

x\ 



M = Rx - (w + w' -t) 

2 

r.M = ^{x^--x) (i--j-) . 



SO- 



Eq. 50 shows that ii x = Xi, the bending moment is equal 
to zero. Hence, at the head of the moving load, for all its positions, 
there is a section of contraflexure or no bending, and consequently 
the loaded and unloaded portions of the stiffening-truss are each 
in the condition of a simple beam supported only at each end, and 
loaded uniformly throughout their lengths. 

If -^ — be put equal to zero, it will be found that the bending 
a X 

moment has its maximum value for a; = -^— ; as might have 
been anticipated. 

Putting X =^ — in Eq. 50: 



, _ w' P x^ ( x^\ 

^^~ir jv'^t) • • • • si. 



By differentiating in respect to Xi it will be found that M 
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has its maximuin value, for xi = Hi. Denoting this value of 
M by ilfi, there results: 

Ml = 52. 

Eq. 52 shows the maximum bending moment to which 
any loaded portion of the truss can be subjected. 

The following table will make the application of Eq. 51 
simple and easy. It can also be used to construct a convenient 

Xi 

curve. The left hand column for y is to be used for Eq. 51. 



XI For 
/ Eq. 51 


^0--^) 


XI For 
/ Eq. 54 


.05 


.002375 


.95 




.1 


.009 


.9 




.15 


.019125 


.85 




.2 


.032 


.8 




.25 


.046875 


.75 




.3 


.063 


.7 




.35 


.079625 


.65 




4 


.096 


.6 




45 


.111375 


.55 




.5 


•125 


.5 




.55 


.136125 


.45 




.6 


.144 


.4 




.65 


.147875 


.35 




•7 


.147 


.3 




.75 


.140625 


.25 




.8 


.128 


.2 




.85 


.105375 


.15 




.9 


.081 


.1 




.95 


.045125 


•05 





If a simple truss supported at each end be subjected to the 
action of a uniform load, of the intensity {w + w')j throughout 
its entire length, the greatest bending moment will be: 

(w + w') P w'P 



JIf' = g = — (if w; = o); 

:.Mi = ^,Mo'>^Mo' 



53- 



* The subscript o indicates that w = o in M\ 
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From what has aheady been shown it is evident that the 
greatest bending moment for the portion of the truss not covered 

^j from 

the reaction R\ The general value, therefore, for the greatest 
moment for that portion will be: 

' 8 / \ /y • • • • 54- 

Putting the differential coefficient of Jf in respect to xi 
equal to zero, there results: 

.'. :ri = i / ± — = / or i / . . . . 55. 

o 

The latter value, \ I, gives a maximum, and inserting it in 
Eq. 54: 

jl// « _ !5iJ! =, « jlf^ « _ \Mo' (nearly) . 56. 
54 

The preceding table used in connection with Eq. 51 is 
directly applicable to Eq. 54, as shown in the table itself, by 

Xi 

reading the values of-r from the bottom up rather than from 

the top down. 

Eqs. 52 and 56 show that the greatest bending moments to 
which the stiffening-truss is subjected are equal, but of opposite 
kinds; and it is seen that they occur when one-third or two-thirds 
of the span are covered by the moving load. The chords, there- 
fore, of the stiffening-truss must be designed to resist both 
tension and compression produced by the reversal of bending 
moments due to different positions of that moving load. 

Eqs. 50 and 54 are general expressions for all the bending 
moments to which any portion of the truss can possibly be 
subjected, but in some cases it may be best to make the chords 
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unifonn in section (supposing the depth of the truss to be con- 
stant) from end to end, and capable of resisting the moments 
given by Eqs. 52 and 56. 

The general condition of bending in the stiffening-truss is 
shown by Fig. 10. The uniform moving load covers B C =^ Xi 
while A C = I — X is free from that load. When the positive 
maximum bending moment exists in jB C, Xi = I- /; but when 
the negative maximum moment exists in A C, Xi = i I, It 
must be remembered that the moving load may pass in either 
direction. 




^^^ 



Fig. 10. 

Eq. 53 shows that the greatest bending moment to which 
a stiflfening-truss can be subjected is about one-seventh of that 
found in a simple truss supported at each end and loaded with 
a uniform load equal in intensity to that of the moving load on 
the stiffening-truss. 

It may be interesting to notice that the resultant load on 
the portion Xi of the truss is downward, since {w + w') > 

(w' X\\ . X 

t ^ w + —J — ) , while that on the portion {I — Xi) is upward, 

since w < L 



Single Weight, 

If the bridge is traversed by a single concentrated load or 
weight, W, the general method of procedure is precisely the 
same as before. Let the weight W pass on the bridge from 
the end B in Fig. 11, and let xi denote its distance from that 
point; also measure x from the same point. 
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The general equations of condition are: 

R + R' + tl-wl -W '= o . 



-R'Q- xx) + (w-t) 



(I - x,y 



57 



Xi' 



— (w — t)^^^^ + Rxi = o. 

2 2 



R'l + (t-w)—-Wxi = o . 



58. 



Eq. 58 is written at once by taking moments about the 
point 5, Fig. 11. 




Fig. II. 

By precisely the same method as before, there may be foimd 
the result, i? = -R\ 

In Eqs. 57 and 58 let there be put R = —R\ then there results: 

/ = W + -T- 59. 

U = - i2' = IT (i - y) . . . . 60. 



When 



I 
Xi =— , i? = o and R' « o. 



Eq. 60 shows that the reaction nearest the weight W will always 
he positive J or upward; and that the other wiU be negative, or down- 
ward. 

The maxunimi value of R or R' is foimd (by making rci = o 

W 
in Eq. 60) to be — , and that is the amount of anchorage required 

for the weight W, alone, at each end of the truss. 

The value of the reaction R = — R\ for any position of 

W can readily be found graphically by Fig. 12. The length of 

span I is represented by A B, and C is at its centre. Ji B D ^ 

W 
AF \& laid off to represent — by scale, and if the straight line 
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DCFis drawn, then il if will be the value of i2 if PT is at H. 

Similarly L N will be the reaction — iJ, that reaction being 

/ 
negative when Xi is greater than — . Any ordinate between 

D F and A B drawn at any point will represent the reaction R 
when W is at that point. The line DC F is therefore the in- 
fluence line for the reactions R and — R. 

The point of appUcation of the weight W divides the span 
into two segments. The general value of the shear for the shorter 
segment is: 

S ^tx-wx + R^Y^ + ^i^ ''^) ' • ^^• 

This has its greatest value for x ^^ Xu it then becomes: 

W 

5'= — . 
2 

Hence 5' is the uniform maximum upward shear thai must 
be provided for throughout the whole length of the truss. 




Fig. 12. 



The general value of the shear in the longer segment of the 
span is: 

S=^R' -w{l-x)+t{l-x) ^w{\+^ -j) . 62, 

This expression attains a positive maximum for x = X\y 
that being the least positive value of x admissible; the re- 
sulting value of 5 is >^ PT, which shows nothing new. 
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The negative maxiTniim for re = / is simply the reaction R\ 
Putting 5 = o in Eq. 62, there results: 

2 

I 
Hence for all points of the span between — + xi and / there 

will be negative or downward shear. The maximum negative 
shear, however, to be provided for, is shown by Eq. 62 to exist 
in one-half of the truss when W rests on the opposite end; or, 

when in that equation oci = o and re > — . The negative or 

downward shear to be provided for has, then, for its general 
expression: 

Si= -W (|— i ) 63. 

inwhichequation*>f 

Eq. 63 is to be applied to each half of the truss, and it is 
also seen that the web members which take up Si should in- 
crease, in ultimate resistance, uniformly from the centre to 
the ends of the truss; supposing the chords to be parallel and 
horizontal. It may be best to design them of uniform dimensions 
belonging to those at the ends. 

These considerations show that the ordinates, as H K and 
LN, in Fig. 12, drawn between D F and A B, also represent the 
shears at the poiat at which they are drawn. 

The bending moment for any point of the smaller segment 
of the truss is: 



M 



= Rx + {t'-w)^^w{i''Y)^+^ . 64. 

Since both terms of this moment are positive, it will attain 
its greatest value, for x = Xi; it then becomes: 

._ Wf xi'\ Wlxif xi\ ^ 

This equation shows that the positive bending moment at 
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the location of W is the same for the segments of span xi and 
(/ — xi). Hence Eq. 65 gives the general value of the greatest 
positive bending moment to which any point of the truss will be 
subjected, /(9r which case Xi need never be made greater than yi L 

The bending moment Mi will evidently cause compression 
in the upper chord, and tension in the lower. 

The table given in connection with Eq. 76 is directly available 
for Eq. 65. 

For the longer segment of the truss the general value of 
the bending moment is: 

JIf = ie' (Z - a:) + - w) ^-^^- 

There is evidently a point of contraflexure for the longer 
segment of the truss, for if the second member of Eq. 66 be 
put equal to zero, there results a; = 2 Xi. Hence the portion 
I — 2 Xiy of the truss, will be subjected to a negative bending moment 
causing tension in the upper chord and compression in the lozver. 

The general condition of the stiffening-tniss is shown by Fig. 
13, in which A B = lis the length of span and xi is the distance 



66. 



1 



i 



^-^-^^ul^ulH 



Fig. 13. 



of the load W from the end B of the span. C is the point of no 
bending or contraflexure and, hence, BC = 2 a:i. The upward 
pull of the suspenders is shown by the arrows. It is dear that 
the part C B oi the stiffening-truss is subjected to positive 
bending, while -4 C is subjected to negative bending. 

In Eq. 66, putting -j — = o, there results: 

a X 

X ^ xi +— 67. 
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This value of a;, in Eq. 66, gives: 

/ 

Eq. 67 shows that x must always be greater than — for the 

greatest negative moment. 

The following table will be found useful in applying Eq. 68. 



XI 

I 


i--f- 


(i - -7-)' 




.05 


•45 


.2025 




.1 


.4 


.16 




.15 


.35 


.1225 




.2 


.3 


.09 




.25 


.25 


.0625 




-3 


.2 


.04 




-35 


.15 


.0225 




.4 


.1 


.01 




.45 


.05 


.0025 




.5 


.0 


.0 



Eq, 68 gives the general value for the maximum negative bending 
moment at any point in the entire truss, for any position of the 
weight W. In Eq. 68 it is to be remembered, Xi must always 

be less than — ; also, that the point at which Jf ' exists will be 

given by the value of a; in Eq. 67. 

Eqs. 65 and 68 show that the greatest positive and negative 
bending moments occur at the centre of span and that they 



have the value: 



Ml Jlf ' = 



Wl 
8 



69. 



These results are all shown graphically by Fig. 14. In that 

figure, A B is the length of span /, C being at its centre. F C 

Wl 
(= CG) is the greatest positive (centre) moment — «— in 

the stiflening-truss, CG being the greatest negative moment 

Wl 
^ , also at the centre of span. The curve F B is a, parabola 

o 
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with its vertex at F, and it represents Eq. 65. The greatest 
positive moment at / is / /, and similarly for other points. 

In the same manner, the parabolic curve A G, with vertex 
at Ay represents Eq. 68. The greatest negative moment at K, 
located by Eq. 67, is K L given by Eq. 68. Any other vertical 
ordinate between A C and A G will be the greatest negative 
moment at the point at which it is drawn. As this parabola 
F B is identical with A G, the negative ordinates of the kind 
K L are the same as the ordinates K' V between the horizontal 




line F N and F J5, K' L' being the same distance from N B that 
K Lis from C G. The lines BI F and A LG axe influence lines 
for the greatest positive and negative bending moments. 

The formulae for a continuous load, taken in connection 
with those for a single weight, will give all the circumstances 
of bending or shearing which can exist with any condition or 
position of loading. 

When the shear has been determined for any section, the 
stress in the web member which is to carry it (if the chords 
are parallel and horizontal) will be foimd at once by multiplying 
that shear by the secant of inclination of the web member to a 
vertical line. If there are two or more systems of triangulation 
in the truss, each system may be approximately treated as a 
single truss in the usual manner. 

If desirable, after the reactions R and R' and the upward 
load T ^ p t are known, the stresses in the individual members 
of the stiflening-truss can be treated as in the case of an ordinary 
truss supported at each end. 
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Art 12. — ^Theory of the Stiffening-Truss — ^Ends Free — Con- 
tinuous Load — Single Weight. 

In this Article the notation of the previous one will be con- 
tinued, and the same figure will be referred to. 

The case of a contmuous load will first be treated, and, as 
before, it will be supposed to pass on the bridge from B. 

SiQce the ends are not anchored, in this case there can be 
no negative or downward reaction, consequently R will be zero. 

As before, putting the simi of all the vertical forces acting 
on the truss equal to zero, and taking moments about the head 
of the moving load, there result the two general Equations of 
condition: 

wl + w^Xi — tl — R — o . . . 70. 

{w + w — t) — —{w — () — U a:i = o . 71. 

Since there are now but two imknown quantities, R and /, 
the problem is perfectly determinate. Eqs. i and 2 give: 



-R = w' Xi ^i — y ) 72, 



v! x^ 



/ = w + —^ 73. 

The general value for the shear at any section of the truss, 
for the portion covered by the moving load, is 

S = R + {t — w — w^)x ^^ w' (xi — x) —liZ-r yi — y) ' 74- 

Evidently S has its maximum positive value, for x = o; 
its greatest negative value for x = Xi, and the value zero for 

Xi 



X = 



'+" 



In order to find the head of the moving load for that position 

There is then found xi = — • Hence the moving load covering 
half the span gives the maximum reaction R. 
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/ 

Placing 0?! « — in Eq. 72, the greatest value of R becomes 

In order to determine the greatest web stresses it is necessary 

. to find the greatest shear at any point whose abscissa is x. This 

maximum shear at once results by placing the first derivative 

of 5 in respect to xi, from Eq. 74, equal to zero. That operation 

gives: 

2x1 f x\ . P . 

By the introduction of this value of xi in Eq. 74, the greatest 
shear for any section located by x becomes: 

max.S^v/ll — ; r — t\ • • • • 7S« 

('-7) / 

It is clear that this value is a maximum for the reason that 

-1 — J is a negative quantity in which Xi does not appear. 

It is further evident that max. S is a positive, or upward 
shear, from the fact already observed that the greatest negative 
shear occurs at the head of the moving load. By making x 
~ :ci in Eq. 74, that greatest negative shear becomes: 

X\ ( X\\ , X\ ( X\\ 

St^ -w j[i--j) ^^wxq- [1 -yj . 76. 

It will be necessary to apply max. 5 to a half of the span 
only, but Eq. 76 will be applied to the entire span, regarding 
the shear for a positive direction on one side of the centre as 
negative for the other. These two values of the shear will 
enable all the greatest web stresses to be determined. 

Eqs. 75 and 76 can be used in practice most conveniently 
by the aid of the following table, which is self-explanatory. 
The table gives numerical values by which w' I is multiplied in 
Eq. 75 and — w^ Xiin Eq. 76: 
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/ X X \ 




X XX 


U(x-:) ') 


70- r) 


.05 


.213 


.0475 


.1 


.178 


.09 


.15 


.144 


.1275 


.2 


.1125 


.16 


.25 


.083 


.1875 


.3 


.0571 


.21 


.35 


.0346 


.2275 


.4 


.0167 


.24 


.45 


.0015 


.2475 


.5 


.0000 


.25 



The value of a; in Eq. 75 will never exceed J L Again since 

Xi f %\\ 

the quantity y(i — 7) is symmetrical in reference to the 
centre of the span, x\ in that expression need not exceed \ L 

X X\ 

The greatest value of y or y in the table, therefore, does not 

exceed .5. 

Since K = o, the whole truss will be subjected to bending 
moments of the same sign; such bending moments, in fact, as 
win put the upper chord in compression and the lower one in 
tension. 

The general value of the bending moment for that portion 
of the truss covered by the moving load is: 

M ^ Rx- {w-{-w' -i)—, 

:. M = w'x[i -y) (xi — f (i + f) ) • • 77- 
Since the shear S is zero for x = 7—; — , that value of x in 

I -f- Xi 

Eq. 77 will give the maximum value of M. This latter is: 



Ml = v/ Xi 



2 (/ + X{) P 



I — 



Xi 

I 



(■+7) 



78. 
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Putting -5 — = o, there is found: 

xi = -■ (- 1 =fc VD - + .618/. 

The absolute maximum bending moment exists, therefore, 
when the moving load covers .618 of the span. That moment 
has for its value: 

.0451 vJ f (nearly) . . : . . 79. 

If xi = .618 / be put in the expression a: = , \ there will 

result X = .382 /, nearly. 

Eq. 77 gives the general value of the bending moment for 
any position of the load. It may be advisable to design the 
chords of the stiffening-truss to resist that moment for the central 
portion 2 (.5 — .382) / = .256 /, and with uniformly diminishing 
resistance over the end portions whose lengths are each .382 /. 
By this arrangement there would be a little surplus of material 
at the middle of the truss. 

The following table gives the niunerical values of the quantity 
by which w' P is to be multiplied in Eq. 78 in order to obtain 





• 


I 




"aO+t) 


.05 


.0013 


.1 


.0041 


.15 


.0083 


.2 


•0134 


•25 


.0188 


•3 


.0243 


•35 


0295 


.4 


0344 


.45 


•0385 


•5 


.0417 



the maximum bending moment for any point. A curve for 
practical use may readily be constructed from it; such a curve 
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would be the influence line for the greatest moments, i. e., the 
values in the table are the greatest moments for a unit load 
v/ and a imit length / of span. 

n a single weight rests upon the bridge, the two general 
equations of equilibrium, obtained in precisely the same manner 
as heretofore, are: 

wl + W -tl- R:^o . . . . 80. 

(^-^)^-.(^-./)(^Jz£^'-.ie^^«o . 81. 

These equations then give: 

2WX1 
/ = w H p — 82. 

^-w(.-ifi) 83. 

/ w 

Ti Xi == —y t = w + -T-, and.i?'= o. 

The general values of the shear S, and moment Jf , are the 
following: 

S ^ R + {t'-w)x, 

• c Ti- f 2 :ri\ 2WxiX 

. . 5 = Pf^ yi fr-j -\ r. ... 84. 

M = Rx+{t-w)—, 
,.M.Tr(i-^)«+^ 85. 

Eqs. 84 and 85 show, siitbe Xx must not be taken less than 
Xy that if the maximum shear and bending moment are desired 
for any section, the weight W must be placed at that section, 
and X be made X\ in those equations. 

That section at which the bending moment will attain its 
absolute maximiun value is found by putting x ^ Xim Eq. 85, 
then taking the first differential coefficient of Jf in respect 
to xi, equating to zero and solving. There results: 
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This value in Eq. 85, when x = Xiy gives: 

The equations for the continuous and single moving loads, 
used in combination, will give moments and shears for any 
character and position of loading whatever. 

The general observations in regard to finding web and chord 
stresses, at the close of the last Article, apply equally well to this 
case. 

As was to be anticipated, R and R' in the two preceding 
Articles are independent of the fixed load w. 

* 

Art. 13. — ^Approximate Character of the Preceding Investigations 

— ^Deflection of the Truss. 

In the two preceding Articles it has been virtually assumed 
that the deflection of the cable, due to its lengthening under 
stress, is just suffident to allow the truss to take the deflection 
due to the loads T — pt, w\ and W in the different cases. This 
is not strictly true, but the error is not large. 

It has been inferred from experiment that if the ends of the 
truss are anchored, the stiffening-truss will be subjected to a 
maximum moment approximately equal to that existing in an 
ordinary truss supported at each end, with the same span, and 
carrying load over its entire length of about one-eighth the 
intensity of the moving load on the suspension bridge. 

This same case, treated analytically, as was seen, gave about 
one-seventh instead of one-eighth. 

Approximate values of the deflection of the stiffening-truss 
can be found by. the ordinary formulae used for solid beams in 
the subject of resistance of materials, in the different cases, 
where /, R^ R!y and the moving load are known. 



/' 



CHAPTER II 

Art. 14. — ^Theory of the Stiffening-Truss with Centre Hinge* 

The theory of the stiffening-truss with a hinge at mid-span 
includes the condition that the bending moment about the 
centre of the hinge must always be zero, whatever may be the 
elastic deformation of the cables or suspenders. The fulfilment 
of this condition adds a corresponding equation of condition 
for the equilibrimn of the truss, making three in all, which are 
sufficient to establish the two end reactions and the uniform 
pull s on the suspenders. Consequently the problem is statically 
determinate for this form of stifiFening-truss. Although the 
stresses in the trusses, as well as in the suspenders, may be 
affected to some extent by the elastic deformation of those 
members, those effects are small and may generally be ignored^ 
in any case, however, the main analysis presents only statical 
determination. In the following analysis all small effects due 
to elastic deformation of parts of the structure will be 
ignored. 

The general scheme of treatment and the notation will be 
the same as employed in the preceding Articles. 

The intensity of the uniform moving load is te^, 12 and R^ 
being the two reactions at the ends of the span A and B, Fig. i, 
respectively. The uniform moving load will be taken as mov- 
ing on the truss from A toward B. The co-ordinate x is meas- 
ured from A toward C, the centre of the span, and Xi will 
represent the length of train of uniform density w. The ends 
of the trusses at A and B will be taken as anchored down at 
those points. 

Two cases may arise in one of which. Case i, the uniform 

42 
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moving load extends continuously from A toward C over the 
distance Xi; in the other, Case 2, the moving load is taken as 
extending from the centre of span C continuously toward A, the 




Fig. l 



left-hand end of that uniform moving load reaching to a point 
distant Xi from A. 

CASE I. 



Art. 15. — Moving Load Extending Continuously from A toward C 

Inasmuch as the pull s per linear unit (foot) exerted on the 
truss by the suspenders is upward, and as there is no moving 
load on B C, it is clear that the reaction 12' at B must be 
downward in direction, and that an equal downward reaction 
must be exerted by the half truss A C on B C at C, the hinge 
point at the centre of the span. The load wxi on A C may be 
supposed to be divided between A and C according to the law 

of the lever applied to the span A C = — . The reaction at C 

under that supposition is ~t~' and less than that at A. The 
total downward pull on the suspenders of the entire span will 



be 2 



WXi 



This requires that there shall be a downward reac- 



tion or pull at B equal to one-half the total downward reaction 



WX\ 



at C, i. €., — T-- Furthermore there will be carried directly to 
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the abutment A^ without acting on the suspenders, the amount 
of load: 



w 



( Xx\ WX^ ( 2Xi\ 



The first member of this equation is evidently the reaction 
at A, supposing that il C is an ordinary truss simply supported 

/ 

at A and C. When rci = — in the above equation, the second 

member reduces to zero. 

The forces acting on the entire truss A B aie then: the 
upward reaction R sX A, the downward reaction U' at B, the 
upward pull ^ / of the suspenders, and the moving load w Xi 
acting downward; it is necessary for equilibrium that their 
sums shall be zero. 

Hence: 

sl + R — wxi — R'^o . . . . I. 

Because the truss is hinged at the point C, the sum of the 

moments of the same forces about that point must be zero. 

Therefore: 

sP Rl fl-xi\ sP . R'l 

Hence : 



R^wxi[i-j)-R' .... 3. 



Ey substituting this value of if in Eq. i : 

^_2?'f = ^^ 4, 

2 2 ^ 

If moments of the forces acting on the part BCoi the truss, 
Fig. I, be taken about the centre of the hinge where the moment 
is zero: 



, +ie'/ = o 5- 

4 



By adding Eqs. 4 and 5 : 



R' = wx\ —T 6. 

2/ 
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This value of R^ is the same as for a non-continuous beam of 
span /. By placing it in Eq. 3 : 

R^wx^{l-^) 7. 

If the value of R^ from Eq. 6 be placed in Eq. 5 : 

These values of R\ R and 5, in which Xi must never exceed 
^ I, will enable all moments and shears to be determined. 



Art. i6. — ^Bending Moments in the Stiffening-Trussy Continuous . 

Load Moving from A toward C, 

The expression for the bending moment at any point x (not 
greater than Xi) from the point of support i4 is: 

In order to find the position of loading for the maximiun 
bending moment at any section distant x from the support A, 
the first derivative of Jf in respect to Xi (x being considered 
constant) must be put equal to zero and then solved for Xii 



dM ( 3,XiX ^ 2XiX^) 



Hence: 



3 - 



Xi = 10. 

2 X 



I 

By placing this value of Xi in the third member t)f Eq. 9 : 

__ wP X f 1 x\* 

^• = ~TV — rx-i) • • • "• 

Eq. II will give the greatest possible bending moment in 
the half truss i4 C at any point located by the co-ordinate x 

* The use of this and other equations of this Chapter can be much expedited 
by employing the tables at the end of the Chapter. 
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which must never exceed ^l. The corresponding length of 
loading from A will be given by Xi in Eq. lo. 

The greatest bending moment in the half truss A C can be 
found by placing the first derivative of M^^ in respect to x equal 
to zero and then solving that equation for x and inserting the 
latter value in Eq. ii, but there is a simpler procedure. 

Let Xi be considered constant in Eq. 9, then if -^ — = o, there 

will be located the section of greatest bending for any given 
length of loading Xi. Hence: 

dM ( / sxA (2X1^ \ I 

and, 

3^1 



2/ 



— I 



•V ""* X\ « • • • • • X2. 

2iCi 

K this value of x be placed in Eq. 10: 

vyj - 7 + ^ = ^ ^3. 

Eq. 13 is satisfied for y = .395 14. 

Or, for this case the greatest bending moment in the span 
occurs when .395 of its length is covered- with the moving load. 

If-T- is taken from Eq. 14 and placed in either Eq. 12 or 

Eq. 10: 

X 

-7-= -234 IS- 

Eq. 15 thus locates the section of greatest bending in the 
span. By placing x = .234/ in Eq. 11 that maximvrai moment 
becomes: 

Af max = -018837 Wr = .1507 -g- ... 16. 
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The half truss J5 C is simply supported at each end and 
carries the uniform upward load s per Knear foot, giving the 
negative moment (measuring x from B) : 

_., sx ( 1 . \ Xi^X f I . \ 

This moment evidently has its greatest value, for Xi = ^ I. 

Hence : 

F X 

4 



,w ^ X / 1 x\ 



In these expressions neither Xi nor x can ever exceed — /. 



When X = — / ; 
4 



Mnuix 3 g g^ . . . . 19- 



Art. 17. — Shears in the Stiff ening-Truss, Continuous Load 

Moving from A toward C. 

The shear at any section located by x (never exceeding 0:1) is: 
0= sx-^R — wx— — j^ h wx\\\ — — j\ — wx . 20. 

. .S = wx\—j^ — 1 j+ wxi\i — ^^j . . 21. 

The greatest shear at any point or section x is determined 
by the same procedure employed to find the greatest moment: 

dS ^wxix xxi . /* 

dx^ P I 3/ — 40: 

By placing this value of xi in Eq. 2 1 : 

I X 

Si^wlf— ^^"T-jl . . . . 23< 

This value of Si is the greatest shear in the half truss at 
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any section x. The form of Eq. 23 shows that the greatest of 
all the values of 5i will be found by making op = o. Hence: 

•^ max ~ g 24. 

By making x = o in Eq. 22, it appears that the length of 
moving load required to produce the maximimi shear is: 

3 ^ 

This value of xi placed in Eq. 21 shows that the greatest 
shear in the half span is the end reaction R. 

The preceding equations have been so written that an up- 
ward shear is positive and a downward shear negative. K Si 
be placed equal to zero, by using Eq. 23 : 

« = — or — 26. 

4 2 

The second value indicates nothing usefid, but the first 

/ 
value,—, shows that the shear is always upward over that quarter 
4 

of the span nearest A, and downward or negative over that 
quarter adjacent to C. The greatest negative shears will ob- 
viously occur at the head of the moving load and they will be 
given by making a; = xi in Eq. 21 : 

Si^wxij[—^j) 27. 

For a maximum: 

Xi = — and 5i = — ^. 
2 o 

The preceding reasoning shows that the maximum negative 
shears will be given by Eq. 27 in which Xi must have values between 

II 

— and — only; but that the maximum positive shears will be given 

I 
by Eq, 23, in which x must have values between a; = o and x = — 

4 

only, 

I , wl w 

Since for Xi = — , i? = -^, and ^ = — , the expression for 
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the shear in the half truss B C will be, if x be measured from B: 



•^---(j-t) ^«- 



8 

By increasing x from o to — in Eq. 28, there will result the 

negative shears in the right half ol B C and the positive shears 
in the left half of B C. 



CASE n. 

Art. i8. — ^Moving Load Extending Continuously from Centre of 
Span to Point Distant (^ / — xi) from that Centre. 

All notation remains the same as for Case I, but reference is 
made to Fig. 2. 

The equations of condition for equilibrium, corresponding 
to Eqs. I, 2 and 5 of Art. 15, are: 



sl + R-w[ xi)-R'^o. . . 



29, 



sP . Rl 
8 



5? . R'l 
The two Eqs. 30 give: 

R = "rl — ~^ X\ ) — R 



30- 



31 



The substitutions of R from Eq. 31 and 5 / from the second of 
Eqs. 30 in Eq. 29 give: 

By placing this value of U' in Eq. 31 : 

* - T(r- ^) (r-y) • • • 33. 



so 
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The same value of R in the second of Eqs. 30: 

5 = 2 w \^- - -^ j 34. 

The reactions R and R' will evidently have their greatest 

values when a;i == o: 

, wl 

*^^nax "^ '^ max '^ q . • . • • 35* 



8 



The equality between these reactions is numerical only, as 
R' acts downward and R upward. 




Fig. 2. 



Art. ig. — ^Bending Moments, Continuous Load Moving from 

C toward A, 

The greatest value of two bending moments must be deter- 
ipined, i. e., one at the extremity of the moving load at the 
distance Xi from A, Fig. 2, and the other at any point of id C 
with that half span entirely covered with the moving load. 

The moment at any point x between the end A and xi is : 

^-^+l.:..».,(i-f)ji(l-^)+fa+?)|.3e. 

The form of this equation shows its value to be a maximum 
for X = Xi: 

JIfi ^w/'y (j-^) 37. 



In order to find a maximum: 
dMi 






= o 



38. 
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Hence: 

/ 

*^ = 8 * 

By placing this value of Xi in Eq. 37: 

wP 27 wt^ 

^ima«= -g"— = •o527"3" • ... 39* 

Eq. 39 gives the greatest possible bending moment in the 
partially loaded half span. 

K the moving load covers the whole of the half span A C, 

w wl 

the moment at any point x will be, since then 5 == - and R = -^; 



J/^ 



This is a maximum f or x = — : 

4 

Thus both the general value of the bending moment and its 
greatest value for the fully loaded half span are given by Eqs. 
40. and 41. 

The bending moments in the unloaded half span are given 
by Eqs. 18 and 19 of the preceding case. 

Art. 20. — Shears in the Stififening-Truss, Continuous Load 

Moving from C toward A. 

The general expression for the upward (positive) shear in 
the unloaded portion Xi of the left half -4 C of the span is: 

S = R + sx = wl (--j}(--^ + -^+-^) .42. 
For the greatest value of the shear 5, re = Xii 



c 7 ^^ 



(j-T)" + "'(i-T)}=-'^--«- 



There can be no negative shear in that half of the span 
carrying the moving load. 
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The shears in the right half of the span with the left half 
A C fully loaded have been given in the preceding case by 
Eq. 28. 

These expressions complete all the equations required for the 
treatment of the three-hinged stiflfening-truss subjected to a 
continuous uniform moving load. 

Art. 21. — ^The Three-Hinged Stiff ening-Truss Subjected to a 

Single Moving Load, W. 

This analysis, including the notation, is practically like 
that employed for a imif orm moving load in the preceding pages. 
The single weight W at the distance Xi from A, Fig. 3, is the 
entire moving load. It is only necessary to consider W placed 
in one half span, as the results would simply be duplicated by 
placing it in the other. 

The three equations of condition for statical equilibrium 
are the following : 

sl + R-W-R'^o . . . . 44. 






45- 



Adding the two equations 45: 

R^R' ^w[i-j^) ^o . . . 46. 

Adding Eqs. 44 and 46: 

SI + 2R- 2w{i -j) ^o . . . 47. 

Combining the first of Eqs. 45 and Eq. 47: 

R = W {i- ^) 48. 



Eq. 46 then gives: 



-R'^-W"^ 49. 
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The negative sign is used for R' to indicate that it acts 
downward. The value of R' is the same as for a simply sup^ 
ported beam of length /. 

The second of Eqs. 45 now gives: 

4WX, 



5 = 



SO' 



In all these equations obviously xi must never exceed —• 

The bending moments and shears in the stiffening-trusses 
follow at once from the preceding equations. 




Fig. 3. 



Art. 22. — ^Bending Moments in the Stiff ening-Truss, for Single 

Moving Load, W. 

Three values of bending moments must now be written, one 

/ 
for the part Xi of the span, one for the part Xi, and one for 

the unloaded half span B C. The moment for the part Xi is: 

The moment for the part ( iCi j is: 

M'^Rx + ^-^-W(x^Xi)^Wxi{i -^+^').52. 

The forms of Eqs. 51 and 52 show that Eq. 51 takes its 
greatest value for the greatest value of x, i. c., Xi, and Eq. 52 
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for the smallest value of x, i. e., also Xi. This common greatest 
bending moment is then : , 

-S^mox = W^«i (i "-p + -y-) . . - S3- 

The bending moment for the unloaded half span is, measuring 
X from B: 

SX^ , X^ X f 2 X\ 

- — + R'^^W^{i--j) . . 54. 

This expression has its maximum value for a; = — , the centre 
of the unloaded half span. That value of x gives: 

-"^max o 55* 

This completes all required values of bending moments. 



M 



Art. 23. — Shears in the Stiff ening-Trusses, for Single Moving 

Load, W. 

Three values for shears are to be written, as for the bending 

moments, one for the part xi of the span, one for the part - / — Xi, 

and the third for the imloaded half of span. The first of the 
three values in which x must never exceed Xi is: 

S = R + sx = w{i-^^'+^-^--) . . 56. 
The second value, for the part - / — a;i of the span, is: 

Eq. 56 has its greatest value for x = Xii 

^max — ^^ \^ ~~ "T" "'" ~~F~) • • • • 5^* 
Eq. 57 has its greatest negative value for x = Xii 

S'max^ -^-jys - ^j) .... 59- 
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The least negative value will be found for « = — ; 



*^ min '' 1 



• • • • • 



60. 



The shear in the unloaded half span, measuring x from B, is: 



5i = -R' + sx= -Wj{^-^) 
Eq. 61 has a negative maximxmi for « = o: 



61. 



Also: 



S,= -Wj= -R' 



5i = o for « = — 

4 



• • 



62. 



• • • • • 



63 



Finally, Si has a positive maximum for jc = — : 



5i ^Wj=R' 



m • 



• • 



64. 



These expressions complete all values of the shears for the 
entire span. 



TABLES. 

The following tabular values aid greatly the convenient use 
of the equaUons of tl^ preceding Articles. Curves showing 
continuous values graphically may readily be constructed from 
them: 



JCl 


(^ -^jf) 


XI 
2l 


a xi' 


1^2 I ) 


.(3-4^)"' 

.1286 


XX /a XI 3\ 
/ W 2) 


.05 


.925 


.025 


.005 


.0225 


. - .07 


.1 


.85 


.05 


.02 


04 


.0923 


-.13 


.15 


•775 


.075 


.045 


.0525 


•0583 


-.18 


.2 


.7 


.1 


.08 


.06 


.0273 


— .22 


.25 


.625 


.125 


.125 


.0625 


.0 


-.25 


.3 


.55 


■15 


.18 


.06 


— .0222 


-.27 


.35 


.475 


.175 


•245 


.0525 


- .0375 


-.28 


.4 


4 


.2 


.32 


.04 


- .0429 


-.28 


.45 


.325 


.225 


.405 


.0225 


- 0333 


-.27 


.5 


.25 


•25 


•5 


.0 





-.25 
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m 


XI 

I 


(r-f) 


(i-?)(j-¥^) 


xi/i n\8 
7^2 1/ 


XiEq.43 


(-¥^) 


(-^T) 


.05 


.2475 


.1575 


.004556 


.1035 


.85 


855 




.1 


.24 


.08 


.0064 


.088 


.7 


.72 




15 


.2275 


.0175 


.006431 


.077 


.55 


595 




.2 


.21 


-.03 


.0054 


.069 


4 


48 




.25 


.1875 


—.0625 


.003906 


.0625 


.25 


.375 




.3 


.16 


-.08 


.0024 


.056 


.1 


.28 




.35 


.1275 


—.0825 


.001181 


.048 


-.05 


.195 




4 


.09 


-.07 


.0004 


•037 


—.2 


.12 




45 


.0475 


- .0425 


.0000563 


.0215 


-.35 


.055 


•5 


.0 


—.0 


.0 


.0 


-.5 


.0 



XI 

I 


-u— ) 


0-^+^) 


7(3-7) 


XI f 3x1 2XI«\ 


7(1-4-7) 


.05 


.01474 


.86 


.14 


.04275 


.005625 


.1 


.025714 


.74 


.26 


.072 


.01 


.15 


.033056 


.64 


.36 


.08925 


.013125 


.2 


.036964 


.56 


.44 


.096 


.015 


.25 


.0375 


.5 


.5 


.09375 


.015625 


.3 


.035 


.46 


.54 


.084 


.015 


.35 


.02968 


.44 


.56 


.06825 


.031125 


4 


.02182 


.44 


.56 


.048 


.01 


.45 


.01179 


.46 


.54 


.02475 


.005625 


.5 


.0 


.5 


.5 


.0 


.0 



CHAPTER m 

Art. 24* — ^The Problem of the Stiffened Suspension Bridge in 

General. 

The complete problem of the stiffened suspension bridge 
involves the treatment of the stiffening-tnisses as statically in- 
determinate. Equations of condition depending upon the 
elastic properties of the material are therefore required, and they 
will be formulated in this and succeeding Chapters. Prior to 
doing so, however, it is best to set forth a thorough treatment 
of a perfectly flexible cable or frame loaded vertically. 

Art. 25.— General Consideration of the Equilibrium Polygon for a 
Perfectly Flexible Cable or Frame Sustaining Vertical Loads. 

If a weightless cable or frame in tension carrying any system 
of loads, Wif Wif Wt, etc., be represented in Fig. i, its relation 
to the load or force polygon shown in Fig. 2 is at once apparent. 
The rays of the latter represent the directions of the sides of the 
former, and the stresses in those sides. The fimicular polygon 
of Fig. I is constructed from the force diagram of Fig. 2 by the 
usual methods of graphical statics. Both figures remain com- 
pletely unchanged, whether a frame in tension or compression 
be considered, except in the latter case Fig. i would be reversed 
so as to be convex upward instead of concave. This shows that 
the general treatment of flexible cables and arch ribs is identi- 
cally the same, but it must be observed that the equilibrium of 
the loaded flexible cable is stable, while that of the frame in 
compression with frictionless hinged joints is unstable. 

In Fig. I, at the points of support A and B the vertical com- 
ponents of the resultant stresses Ti and r« are F* and 7*. As 

57 
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the loading is wholly vertical no external horizontal force is 
applied to the cable or frame except at the two points of support 

« _ 

A and B. Hence the two horizontal forces H must be equal 



H-* 




to each other but opposite in direction. For the same reason 
the horizontal component of stress in each member of the cable 
or frame must have the same value H, 

The vertical component of the stress 
in any side or member T^ of Fig. i is: 

The angle ol^ made by the same 
member with a horizontal line is given 
by: 

Vrrt 

tan oCfn = -jj- 




2» 



The resultant stress in the member is: 



As H is constant the resultant stress is 
thus seen to be proportional to the sec- 
ant of the inclination to the horizontal. 
If Xm and y^ are horizontal and 
vertical co-ordinates, respectively, mea- 
sured from A as an origin to the joints of the polygon, Fig. i, 
there will result from similarity of triangles: 



Fig. 2. 
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, ^ m ^m — I •" 

Or, there may be written from Eq. 4: 

A ym = -^ A X = ^^ A X . S. 

A similax expression may obviously be written for any other 
member. 

If it be assumed that the loads Wi, Wzy etc., are at a small 
and uniform horizontal distance apart, which is permissible 
for the purpose of analysis, so that the distance a (or Ax) is 
constant; the variation of the third member of Eq. 5 will be: 



[ ff ) ^^ = - 



Ao; . 6. 



H J -- H 

Taking the variation, therefore, of the first member of 
Eq. 5, and writing a for Ax\ 



A^ym = ^—(^ 



By writing a value of tan 0^-1^ with the aid of Eq. 2, the 
diflference of consecutive tangents is found to be: 

tan OL^ — tan ot^^i=^ ^ — .... 8. 

It is obvious that the vertical reaction V^ may be obtained 
by the simple principle of the lever by taking moments about 
the other point of support, 5, as for an ordinary non-continuous 
beam, as follows: 

Wi (I - xi) + W2 (/ -rra) +etc. XWil-x) 



F. = 



/ " / 



Again, the two points of support being in the same horizontal 
plane, and / being the height of those points above the lowest 
joint or angle of the frame at the distance Xa from A, the value 
of the horizontal "force H may be written: 

„ VaXa - Wi (Xa - Xi) - Wz {Xa — X^) — etC. 

H = J . 10. 

Another expression for H may be given if the lengths of the 



6o SUSPENSION BRIDGES [ChaP. III. 

sides of the polygon are known. Let d, e^, e%^ etc., be these 
lengths, the cosines of whose inclinations to the horizontal 
are: 

E E 



cos a^ s= . =; cos ai « 



E 
cosa% = . , ^ -\ etc., etc. 

V (Fa - PFi - W^Y + E^ ' 

The length of span / is the sum of the lengths e multiplied 
by cos a. Hence: 

I 



E = 



ei €2 



V Fa^ + ^^ "J" y (Fa - WiY + E^'^ 



V {Va - IFi - Wi)^ + E^ 



+ etc. ... II. 



With a curved cable or arched rib, Eq. ii would be approxi- 
mate only, although the approximation might be made close. 

These comprise the principal general equations forming 
the basis of analytical treatment of perfectly flexible cables 
for tension and for hinged frames in compression, the former 
being convex downward and the latter convex upward. 

Art. 26. — ^Flexible Cables and Hinged Frames for Continuous 

Loading. 

The usual engineering structures, such as suspension bridges 
and arched ribs, generally carry continuous loads distributed 
according to some simple law. The most common case is a 
uniform distribution of loading, although concentrated loads 
are sometimes employed and the catenary must be used for 
some conditions. It is only necessary to adapt the preceding 
general equations to the special conditions of each case in order 
to reach the desired solution of any particular problem. 

If the loading is distributed according to any known law, 
and if w represents the intensity {i.e., amount per horizontal 
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foot in American engineering practice) of that loading, the sum 
of Wi + Wi + Wz + etc. is to be replaced hy/wdx. Hence 
Eq. 5 of Art. 25 becomes: 



, Va-fwdx, 
ay == U dx 



By differentiating once: 



H 






• • 



12. 



..... 



13- 



It is shown in differential calculus that ^r-r = se(^ oc, 

X* f 



^y 
d 



in which r is the radius of ciuvature. Consequently: 



E = 



wr 
sec^a 



= wr cos a 



• . • 



13a. 



The substitution of this value of JJ in Eq. 3 of Art. 25 gives 
the general value of the cable or frame stress at any point: 

T = wr co^ a 14. 

At the vertex of the curve where its radius is fo, and a = o, 
and where the vertical load per linear foot is w^: 

To = H '^ Woro 15. 



Art. 27. — The Parabolic Cable or Frame. 

If the intensity of loading w is constant, and if Eq. 13 be 
integrated twice, taking the origin of co-ordinates at the vertex 




Fig. 3. 



dy 



of the curve so that both 7^ = o and y — oiorx — o, there will 



dx 



result: 
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This is the equation of the ordinary parabola, and it shows 
that if a perfectly flexible cable carries a load uniform over a 
straight line, such as the span, the curve of the cable will be a 
parabola with its axis parallel to the direction of loading. 

If the two points of support are at the same elevation y = /, 
the versine or sag of the curve, and H takes the value: 

^ = -87 '7. 

Hence from Eq. i6: 

a:* 
y = 4/7i i8. 

The greatest stress in the cable or frame will be at the points 
of support where the inclination a is the greatest and its value 
will be: 

The radical in the third member of Eq. 19 is evidently the secant 
of incUnation of the cable to the horizontal at the point of 
support. 

Art. 28. — ^The Catenary. 

A catenary is the curve assumed by a cable of uniform sec- 
tional area loaded by its own weight only, or carrying a load of 
uniform intensity along its length. 

If g is the uniform load per linear unit (foot) along the curve, 
the load w per horizontal foot will be: 

w ^ gseca 20. 

And sec a ^ ^1 + \J~) • Hence by Eqs. 13 and 20, neg- 
lecting the negative sign in connection with the radical: 
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This diflFerential equation may readily be integrated by first 

• dy 

placing P = -1— and giving Eq. 21 the form: 

dp g , 

= T^dx 22. 



{i+p')^' H 

The integration of Eq. 22 gives, as the origin of x and y is 
at the vertex of the curve: 

log. (/^ + (i + p^)^) =-|ra: + (C = o) . . 23. 

The constant of integration C = o because when x — o, p — o. 

dy 
Hence by writing -r- for p and representing the base of the natu- 

Of X 

a 

ral system of logarithms by e, also placing c — -^: 

dx+V^ + dl^/ =" .... 24. 

Observing that {dx!^ + d y)* = ds, the diflFerential .of the 
ciuve length, Eq. 24 may take the form: 

ds = e^* dx — dy. 

Hence, integrating, the length of the curve from the vertex is: 

^ ex I 

s ^ - e — y 25. 

As the origin of co-ordinates is at the vertex of the curve 

y and s are zero f or a; = o and the constant of integration is . 

dy 
Again, transposing -j— in Eq. 24 to the right-hand member 

a X 

and squaring both sides, there will result: 

■J— = i e^* — \ e~'* 26. 

dx ^ 

Hence, as the origin of x and y is at the vertex of the curve: 

y =^G'' + «~''- .... 27. 

Eq. 27 is the equation of the catenary, C, Fig. 4, being the 
vertex of the curve and the origin of co-ordinates. The length 
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of any part of the curve, as between C and Z), is found conve- 
niently by substituting y from Eq. 27 in Eq. 25: 



=7^G"-''"i 



28. 



By comparing s'^ and y^ by the aid of Eqs. 27 and 28 it may 
readily be seen, also, that: 



-4 



y1 + 



2 V 



29, 



These are all the principal equations necessary for the solution 
of catenary problems. 




It is sometimes desirable to express x in terms of s and c. 
This may be done in the following manner: 



iana = 



V 



dx^ 



I — 



I — 



d^ 



= c^s^ 



d s^ ^g_s _^ 

ds 
dx^ . dx I 



30- 



ds^"ds Vi+c*^^ 



31 



Hence: 
cdx = 



d(c5) 

ViT 



c^s^ 



;and: oc = - log. ((;5 + Vi H-c^^*) . 32. 



The trigonometric quantities giving the inclination of the 
curve to a horizontal line at any point are: 

dy 



tan a = -r~^he^'--\e 
dx 



— ex 



33' 
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ax ^ 



\ y' + 



2y 

dy ^ -^ ' c 

sin a = -T~ = ; .... 35. 

ds cy + i ^^ 

Eq. 35 is obtained by dividing Eq. 33 by Eq. 34 and sub- 
stituting values from Eqs. 27 and 29. 

The preceding equations are readily applicable for the 

g 
solution of all problems when the quantity c =^ r= is known. 

This quantity is the parameter of the curve. 

In consequence of the exponential character of most of the 
equations in which c enters, its value must be found by trial 
except in the case where the length j of the curve and the ordinate 
y are known. Eq. 29 will give: 

If the two points of support A and B in Fig. 4 are at the same 
elevation, while / is the span and/ the sag or dip of the cable; 
and finally if 5 is the known total length of the cable AC B, the 
value of c becomes : 

2/ 8/ 

^ ^S^^jt S^^^p • • • • 37- 

If/ is not known, Eq. 32 gives: 

e*'' = ic^+Vi + id^S^ 38. 

In this case c must be found by trial by the aid of Eq. 38. 
When a value of c which numerically satisfies Eq. 38 has been 
found or when it has been found from Eq. 37, the horizontal 
tension H at the vertex C of the curve at once results: 

■" > 39* 

c 

g being the known weight per linear foot of the cable. 

If 5 is not known while/ and / are given, Eq. 27 will take the 
form: 



/-r?(''"+«"'"-0- • • • 



40. 
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The paxameter c is the only unknown quaxitity, and it can 
be found at once by trial. 

If the elevations of the two points of support A and JB, Fig. 
5, are not the same the determinations of the two abscissae 




■f" 

I 

■ 
I 
I 



L 



h and U of the vertex C of the cable, and of the parameter c, 
are not so simple. Let Si be the length of the curve A C and St 
the length of B C, while the total length 5 = 5i + ^2 is supposed 
to be known. Then by Eq. 28: 



2C V 



e-"i+e"'- 



>-*'•) . 



41, 



Also by the aid of Eq. 27: 

/,_/, = * = i-(,"" -/'• + «-'"- e-"') . 42. 

The two equations 41 and 42 contain but two imknown 
quantities c and /i, when S and k are given, as fc = / — /i, / being 
the length of span A B. Hence the values of c and h may be 
found from them^by trial. The abscissae h and U thus computed 
or found will locate the vertex C. The ordinates /i and f% of 
the vertex may then at once be computed by Eq. 27. 
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When 5 is not known but/i and/2 are given, Eq. 27 yields 
the two equations of condition: 

■^^ = I7G"'+*""'-0 • • • • 43. 

f*-rc{'^"'+'""-') • • • • 44. 

Ash = I — h there are two unknown quantities only in Eqs. 43 
and 44, i. e., c and A, and they can at once be found by trial. 
The length of the curve can then be computed by either Eq. 28 
or 29. 

In seeking a trial value oi c = -j^, H can be taken in the 

first trial as if it belonged to a parabolic cable, and then subjected 
to a suitable correction. 

After c has been determined, the horizontal component, 
H, of the cable stress is at once known: 

H = ^ 45- 

c ^^ 

The cable stress at any point whose abscissa from the vertex 
is a; at once results by the aid of Eq. 34: 

T = Hseca^'hHie" + e~") ... 46. 

The greatest value of T exists at the points of support where 

max. T = hH (c*" + e "♦") .... 47. 

dy 
At any point H tan a = H-r- = gsis the vertical component 

Of % 

of the cable stress, i, e., the weight of the cable between that 
point and the vertex. Therefore by the aid of Eq. 33 : 

Ftona = gj = iF(c'* - e""') ... 48. 

In all the preceding equations, the quantity 6, the base of 
the system of natural logarithms, has the value 2.71828, and 
its common logarithm is 0.4342945. 
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Art. 29. — Stresses in the Cable Caused by the Weight of the 
Structure and by a Load Uniform over the Span. 
Horizontal Component H of Cable Stress. 

As the moving load will be assumed to be uniform over the 
entire span in this Article, the results will be equally applicable 
to unstiffened and stiffened suspension bridges for that condition 
of moving load. 

Let the total own weight or dead load of the entire structure, 
including that of the cable and suspension rods, be supposed 
uniformly distributed over the span, which is sufficiently accurate 
for all practical purposes. It has been shown in Art. 27 that the 
curve of the cable will then be a parabola with the vertex at the 
lowest point. If ^0 is the weight of the chain or cable per unit 
of length at its lowest point or vertex, and if any normal sec- 
tional area of the cable is proportional to its total stress, and, 
finally, if its inclination to a horizontal line at any point is a, the 
weight gj. per linear foot of span of the chain or cable will be: 

?x = fo ^^ a seca ^ go sec? a. 
By Eq. 18 of Art. 27: 

''^" = ' + ld^y =^+-F- • • . 49. 

Hence: 

gx = ?o ^i H ^i — ) 50- 

If g^ be the weight of the suspenders per square unit of 
vertical plane of the cable, so that g^ y is the weight per linear 
horizontal foot of that part of the suspenders above the vertex 
of the cable,* then: 

g'y = Ag'jf SI- 

By placing w for the total uniform moving and dead loads per 
horizontal foot of the structure, including both the weight of 

* That part of the suspenders lying below the. vertex of the cable forms a 
uniform load over the span. 
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that part of the suspenders below the vertex of the cable and go, 
and by the aid of Eqs. 50 and 51, Eq. 13 of Art. 26 becomes: 

Integrating Eq. 52 twiqe between the limits of x and o, and 

placing J ^(16 j^go + ^) = *' : 

y ^ f]^\^ + f^^^J S3- 

in which H is the horizontal component of the cable stress. By 
placing ac = — and y ^ fin. Eq. 53 : 

fl' = g-7 \^w + *' — - j 54. 

This value of H will permit the resultant cable stress to be 
found at any point where the inclination is a, since that stress is: 

T = Hseca = -^\w + k — ] seca . . 55. 

If the length P of the floor construction or stiffening-trusses 
supported by the cable is less than the length of span / of the 
cable, that difference in length may readily be allowed for, 
in finding the value of H, in the following manner: 

Let the assumed uniform weight per linear foot of the length 
t^ of the suspenders, the floor, and the stiffening-trusses, be 
represented by gi. Then the centre bending moment in the 
span / produced by the symmetrically placed moving load Wi P- 
concurrently with the fixed load gi l^ will be: 

Hence that part of H due to Af is : 

g" = ^ = {w, + gx) ^ " ^3 ~ ^'^' . . . s6. 

That part of H due to the weight of the cable is readily found 
from Eq. 52: 



70 SUSPENSION BRIDGES [Chap. III. 

Two integrations, the first between x and o and the second 
between— and o, give: 

^ = ?o (^i + - -^j gy 57- 

The horizontal cable stress H will then take the value: 

Art. 30. — ^Weight of Cable and Suspenders. 

Let Fo be the area of cross-section of the cable in square 
inches at the vertex, 7 the specific weight of the metal in lbs. 
per cu. inch, t the greatest permissible working stress in the 
cable in pounds per sq. in., then the weight per linear foot of 

H 

the cable at the vertex will be, since F© = ~r: 

¥ 

i2Fr 

go = 12^07= ^ 59- 

Similarly, if Wo is the total uniform load per linear foot of 
span, moving and fixed, carried by the suspenders (including 
that part of the latter below the lowest point of the cable), and if 
t^ is the greatest permissible working stress in them, their weight 
per vertical foot for each foot of span will be: 

The substitution of ga and g^ in Eq. 54, remembering that 
w = w^o + go, gives: 

^max = ~^^ i^r: >« ' .... 00. 



8/ ,_irJlL + ^fl\ 



f^ ' 3 

An equation similar to Eq. 60 can also be readily established 
for a wire or other cable of uniform section. If to is the intensity 
of tension in the cable at its lowest point of vertex, 
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The weight of the cable per linear foot is 12 Fo 7. It will be 
shown by Eq. 70 of this Article that the total length of the 

cable is approximately / (i + ji)- Hence the weight of the 

entire cable is the product of the preceding two quantities. Let 
Tju^i represent the total dead and live load per linear foot of the 
whole structure except the cable whose weight is expressed above. 
Then by taking moments, the horizontal component of the 
cable stress, i. c, the cable stress itself at the vertex is: 

Fo to = [12 Fo rl{i+ Yi^ + w\ /]gy, 

If it be remembered that w\ includes the weight of the 

suspenders it will be seen that Eq. 61 is nearly identical with 

32 /* 
Eq. 60. If greater accuracy should be desired, the term — jr 

from Eq. 21 can be added to the parenthesis in the denominator 
of the second member of Eq. 61. 

The weight of one-half of the cable whose sectional area is 
proportioned to its total stress becomes by the aid of Eqs. 50 
and 59: 

G = fJg,dx^H^^^{i+^^-^) . . 62. 

Eq. 51 shows that the weight of that part of the suspenders 
above the vertex of the cable, per linear foot of span, is 4 g*/ ^. 

It is also shown immediately preceding Eq. 60 that g^ = — ^ — • 
The total weight of the suspenders for the half span, therefore, is: 

l^^~W'^^'''^~~r ' • • • 63. 

Hence the vertical component of the cable stress at the 
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extremity of the span (one-half of the total moving load and own 
weight of the entire structure) may be written: 

Vmax = "7" V^ + ~^j + G .... 64. 

The greatest stress in the cable, i, e., at the points of support 
will be: 

T = VF2 J_ 772 6r 

-■• max ' ' max 1 *-* mnx .... v^^. 

The inclination of the cable at the points of support, a^, is 
at once determined by the expression: 



tdfl CCfn = ^ 
II 



max 



66. 



max 



Art. 31. — ^Length of Cable or Chain. 

The length, L, of the parabolic cable or chain may readily 
be determined by the aid of the equation of the parabola: 

y^j^^ 67. 

The length of the entire chain will be: 

dy 
Taking the value of -i- from Eq. 67: 

Or X 

L ^ 2 J^[i + ^^-x^J dx . . . 69. 

Developing the radical by the binomial formula to three 
terms, and then performing the integration indicated: 

^ = K^ + H*"7^) .... 70. 

Greater accuracy could be attained by integrating more terms 
of the binomial series but it is not needed for this purpose. In 
fact, the third term of the second member of Eq. 70 is often 
neglected in approximate computations. 
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I£Y = ^+""7r"*~7*"' ^^' 7^ ^^y ^^ written: 



8/! « 32/* 

3^ S 

L — lY 70a. 

Practically all ratios of -r- will be found between .2 and .05. 

The following table of values of F may then be written: 

f^l Y 

.2 1 .09643 

.17s 1 .07566 

.15 1 .05676 

.125 1. 040104 

.1 1 .026027 

.075 1 .014797 

.05 1 .006627 

These results are very near to those found by the exact 
formula in Art. 5. 

Art. 32. — ^Approximate Greatest Length of Span. 

An examination of the denominators of Eqs. 60 and 61 

shows that for certain values of the working stress / and ratio -y 

the second part of that denominator will become zero, making 
the horizontal stress Enax infinitely great. The span length / 
so found is evidently the greatest possible for the given values 

of / or /o and y . Placing: 
there will result: 

2j/ 

'-, + 5/J "■ 

The value of / given by Eq. 72 is the greatest possible imder 
the conditions of the analysis. 
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If the weight of a cubic inch of steel, 7, be taken as .2836 
lb., the following table will give the greatest spans for the 

corresponding working stresses and ratios -j : 

Table i. Approximate Greatest Lengths of Span. 



f^^-T 



to 
t 

to 

t 



27,500 

30,000 

55,000 



6,985 ft. 

7,620 ft. 

13,970 ft. 



= 60,000 15,240 ft. 



I 

10 



6,300 ft. 

6,870 ft. 
12,600 ft. 
13,740 ft. 



I 
12 



5,290 ft. 

5,770 ft. 
10,580 ft. 
11,540 ft. 



I 
14 



4,560 ft. 

4,970 ftr. 
9, 1 10 ft. 
9,940 ft. 



I 
16 



3,970 ft. 
4,360 ft. 
7.990 ft. 
8,720 ft. 



I 

z8 



3,590 ft. 
3,920 ft. 
7,190 ft. 
7,840 ft. 



The value of ^ = 60,000 lbs. per sq. in. is a proper working 
stress for a steel wire cable, while / = 30,000 lbs. per sq. in., is 
suitable for a nickel steel eye-bar cable. 



Art. 33. — ^Economical Ratio of Sag or Versine of Cable to Span. 

The weights of the cable and suspenders, and hence their 
cost, as well as the weight and cost of the towers, depend directly 
on the sag or versine of the cable. If the eflFect of the height 
of the towers on the cost of the back stays and anchorage be 

neglected, the most economical ratio 7 = w can readily be de- 
termined with close approximation. 

Let R be the quotient of the total cost per foot of height 
of the two towers for one span, divided by the average cost per 
pound of the iron or steel of the suspenders and cables, so that 
Rf = R.n.l will be the weight of metal whose cost is equal 
to that of the towers. 

The weight of the suspenders above the elevation of the 
vertex of the cable for the entire span is shown by Eq. 63 to be 

4/r 



Wo I 



t' 



The weight of the cable for the span is found directly by 
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the aid of Eqs. 62 and 60. The combined weights of the cable, 
the suspenders, and the equivalent of the towers then become: 



4r^ 



sjHoi^f 16 2ri 32 r I A 

The terms — jp n' and ^^-7- ( i H — »' ) are each so small 
3^ 2M 3 / 

compared with the terms to which they are added or subtracted 
that they may be neglected without sensible error. 
Hence the value of W becomes: 

Placing -T — = o and solving for n: 



n = 1 — ^-r: = • • • • 74- 

i6 8< 2Rt 

^ 3 3^' 3W0/7 

If, approximately, I = 3,000 feet; / = 60,000 lbs. per sq. 
in.; i^ = }4t; Wg = 22,000 lbs. per lin. ft.; and R = 30,000: 

«=-p^i_=g^, nearly. 
V^ + 64 

This application of Eq. 74 shows how the economic ratio of 
J -^ lis affected by the cost of the towers. 



Art. 34. — ^Deflection at Centre of Span Due to Deformation of 

Cable by Symmetrical Loading. 

Let an unstiff ened cable carry a symmetrical uniform moving 
load, Wiy per linear foot, the length of such load being h, as 
shown in Fig. 6. Also let the total dead or fixed load of the 
structure, including cable and suspenders, and assumed to be 
imiformly distributed over the span, be represented by g per 
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linear foot. The curve of the cable will then be a parabola. 
If / is the span and L the length of the cable in the same unit 
{i. e,y the foot), then by Eq. 70: 

L =^ I \i + --y j; 



75- 



omitting the small third term of the second member of Eq. 70 
without sensible error. 

It will be further assumed that the cable or chain is per- 




FiG. 6. 

fectly flexible, and that the saddles or points of support at the 
tops of the towers are not moved by the loading. 

The versine or sag/^ of the cable after the load Wi h is applied 
is found by taking moments about the centre of span in the 
usual manner, H being the cable stress also at the centre of span: 



/■-«' 



■T 



8H ' 4 H .... 76. 

The loaded and unloaded portions of the cable or chain are 
parts of different parabolas, but in which the horizontal stress 
H is the same. The versine /i of the loaded part may therefore 
be written: 

(wi + g) h^ 



/i = 



SH 



As the vertical component of the cable stress must be the 
same for both parts of the cable at the extremities of the 
loaded portion, the horizontal length of that part of the new 
cable curve, if it were a continuous parabola carrying the load g 
only, corresponding to /i, is 

h^ = — - — /i = \^ I + — j h'y and Its sag is /i^ "^~^^ • 
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Similarly, the length of span /" of that continuous cable curve 
carrying g, and its sag f\ will be : 

and,r= g^ 

The length L of the cable in terms of parts produced by 
the loading will then be: 

Using the preceding values for /'i, /", /i, /' and /i in the 
second member of Eq. 77, and equating the values of Z in Eqs. 
75 and 77: 

- {Wig + 2W^)llj 78. 

Hence : 

B =87 -yl I i/J^ + 3 w'l g P/i + 3 wiHh^-Wiijg + 2Wi) /i»j . 79. 

By combining Eqs. 76 and 79: 

r ^ gl^ + 'Wlll{2l-li) 

This equation can be put in more convenient form by dividing 
both numerator and denominator of the second member by g 1% 
and then subtracting unity from each member: 

The desired centre deflection may readily be computed from 
Eq. 81. 

That equation shows that A =* o for both h =0 and h = /, 
as the deflection is due only to change of form of the curve. 
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h , Wi 

-T and — 
i g 



There is some ratio of h -^ /, which will give a maximum value 
of A. That ratio can be found by placing equal to zero the 
first derivative of A with h -^ I or h as the variable. That 
process however leads to an equation of the fourth degree, and 
it is much more convenient to construct a diagram by the aid 
of Eq. 8 1 which will show the value of A for diflFerent values of 

This can easily be done by using the following tabu- 
lated values of the centre deflections f or / = i. The centre 
deflections for other values of/ are found by simply multiplying 
the values in the table by the proper value of /. By la3dng 
down the tabular quantities to a conveniently exaggerated 

scale curves for the various ratios, — and -r will at once result. 

g I 

The greatest deflections given by the table are seen to occur for 

/i = .2 / when — = 2 or 3, and for h = *3l for the other ratios 

s 

of—. 

g 

The ^centre deflections due to combined stretching and 
deformation of the cable are to be found by computing each 
part separately, using the value of / existing with the stretched 
cable by the methods set forth and adding the results. 



Centre Deflections for f==i' 





^l 






i»i -rg 






h- 


* 














.2 


.6 


1 


d 


8 




.1 


.0077 


.019 


•033 


.0553 


.071 




.2 


.0118 


.026 


.0445 


.0667 


.0798 




■3 


.01305 


.028 


.045 


.063 


.073 




■4 


.0126 


.026 


.0425 


.054 


.061 




-5 


.0106 


.02 


.032 


.043 


.048 




.6 


.0079 


.016 


.0234 


.031 


.0342 




• 7 


.0051 


.0104 


.0149 


.0195 


.0217 




8 


.00252 


.0054 


.0077 


.0078 


.0112 




9 


.00075 


.0013 


.002 


.0029 


.0032 


I. 




.00 


.00 


.00 


.00 


.00 
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Art. 35. — Centre Deflection Due to a Change of Length of Cable. 

The approximate length of cable as given by Eq. 70 will 
be used for this purpose. By differentiation of that equation, 

after placing y = n: 

A / = -2-? ;r A Z • . . .82. 

16 (5 n — 24 n^) 

The change of length of the cable between the towers may 
be produced by elastic extension, change of temperature, or 
by the strains in the masonry of the anchorages. If j is the 
imiform intensity of stress in the cables due to the moving load 
Wi and dead load g per linear foot of span, the elastic stretch of 
the cable due to the total fixed or dead load g per linear foot 
will be: 

r _ A ^ r 

^ E g + wi ^ 

Similarly, the elastic stretch due to the moving load will be: 

^Li^-^-^L 84. 

E g + wi 

The total elastic stretch due to dead and live load combined 
will be 

AZ^+AZi = ~L 85. 

The change of length due to =*= 7^ change of temperatiu'e, 
if the coefficient of expansion per degree is C, will be: 

AL| = ± CT^L 86. 

There may be taken for the Centigrade scale, C = .000,012,4. 
There may be taken for the Fahrenheit scale, C = .000,006,9. 
If the cable extends over the towers (carrying fixed saddles 
at their tops) to anchorages, and if the cables slide over these 
saddles, then if h is the length of the straight backstay span, 
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as shown in Fig. 7, Art. 37, there must be placed for L in Eqs. 
83 to 86, both included: 

L-=-l{i + -fi? -'^n^j •\-2lisecai . . 87. 

The angle ai is the inclination of the straight backstay to a 
horizontal line. 

If a horizontal displacement of the saddle takes place, as is 
usually the case, its value will be closely: 

^L^secai = }4 ^l\ 88. 

in which L, and sec ai are the change of length of backstay and 
the secant of its inclination to a horizontal line, respectively, 
while A / is the change of length of the mam or carr>dng span 
of the cable caused by the horizontal displacement at the top of 
the two towers. The deflection ( A /) ^ produced by this horizontal 
displacement will be found by differentiating Eq. 70, considering 
L constant and / and / the variables. That operation will 
give, remembering that L -?- / is given in terms of n by Eq. 70: 

The negative sign indicates that A/ and A/ take place in 
opposite directions. 

It is shown in Eq. 88 that A/ = 2 AL, 5ecai; hence the 
total deflection will become: 

A/+ {^j)' = (A/), = ^7 ^^ ;r ^L 

•^ ^ •'^ ^ •'^^ 16 (5» — 24»») 

. IS ~8(5«2-.36n0 

H ^-7 ,N — AL.secai , . 00. 

8 (s » — 24 M^) • ^ 

If, to form a general expression, there be placed: 

AL = cL = cl(i + -n^-^n*); 

^3 5 / 

and A L, = c Lg = c h sec ai; 

in which the values of c are shown in Eqs. 83 to 86, and if these 
values be substituted in Eq. 90: 

(•A A= j (j -h se^ a) »+ ,6(g^!.^,^„,) a+2^x sec'^cL^ [c . 91. 
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Art 36. — ^Deflection at the Centre of Span Due to Displacement 

of Saddles. 

I' 

If the saddles are horizontally displaced while the cables 
do not slide on them, the centre deflection due to that dis- 
placement alone is, as has already been shown: 

{Afy = 7-7 7\ — A f . . .02. 

^ -^ ^ 16 (5 n — 24 nv 

The negative sign in Eq. 89 not being essential is omitted. 

If the displacement of the saddles is accompanied by such 
a sliding of the cables over them that the total length of the 
cable between anchorages remains imchanged, the resulting 
centre deflection can be obtained by differentiating Eq. 87, re- 
membering that A L = o and that /, h and / are the variables, 
while 2 A/i = — A /: 

(^-^ = i6(sn-24n3) ^^ -.93. 

In Eq. 93, as in Eq. 89, the negative sign of the second member 
indicates only that the deflection and change of span A / take 
place in opposite directions. 

If the cables or chains are secured directly to the tops of the 
towers so that under different conditions of loading the span is 
changed by the elastic motions of those tops, the resulting centre 
deflections of the cables will be given by Eq. 89. It is only 
necessary to have A / in that equation represent the sum of the 
horizontal displacements of the tops of the two towers. 

Art. 37. — ^Unsymmetrical Deflections of the Cable. 

The greatest unsymmetrical deflections of a paraboUc cable 
will be produced by continuous uniform loads extending from 
one end of the span to any point in it, as shown in Fig. 7. Let 
the length of the moving load Wi from the right end of the span 
be 2, while the distance x^ from the left end of the span to that 
point of the cable which is horizontal {i. e., where the deflection 
is greatest) is desired to be found. Two cases arise, one in which 
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the point of greatest deflection is in the unloaded part of the 
span, and the other when it is in the loaded part. The former 
case will be treated first. 

By taking moments about any point of the tmloaded part 
of the span: 

^= l^g^ + ^y-;^-— • ... 94. 



The point of greatest sag of cable is at the point of greatest 
moment, as expressed by Eq. 94. Hence at that point: 



dM 1 N . I «* 

7^ = ;^/- 2X)+-W,J 



=5 o 



95- 



Therefore: 



x^ I / . Wl z^\ 



96- 



Eq. 96 will locate the point of greatest deflection or sag 
when it is in the unloaded part of the span. 

If the length of moving load z is so extended that the point 




Fig. 7. 

of greatest sag is in it, an expression for the bending about any 
point of z must be taken, x now being measured from the right- 
hand end of the span: 

97- 



WiZ 



M =^ - glx + 
2 



(Wi + g) x^ 



I 



Again, for the point where the cable is horizontal: 
dM 



dx 



l\ , WiZ (2 1 — z) . . ) 

= o = - j g / + J ^ {Wi + g)x>== o ,98. 



Art. 37.] UNSYMMETRICAL LOADING 83 

Hence: x^ 




-^i'-m 



99- 



I + - 

Wi 



Eq. 99 will determine the point of greatest sag of the cable 
when it is in the loaded part of the span, remembering that x^ 
is measured, in this case, from the right-hand end of the span. 

Both Eqs. 96 and 99 show that x^ increases with z, hence, 

with the moving load as taken, the point of greatest sag of the 

cable first makes an excursion to the right at the limit of which 

that sag or deflection has its maximum value, and then as the 

length z of the moving load increases it moves back toward the 

centre of span. It follows from these considerations that the 

greatest sag occurs at the head of the moving load when the 

latter has the length z^ = I — x^, or when: 

x^ gi ^ x^ 

-- r= I — y. The substitutionof this value of -r in Eq. 96 gives 

-7 =— l\ii iJ . . . . 100. 

I Wi^ ^ g ^ 

Eq. 100 will give the proportionate part of the span to be 
covered with the moving load in order to produce (at the head 
of that moving load) the greatest possible unsymmetrical sag. 

The greatest excursion of the lowest point of the cable from 
the centre of the span is: 



e t z^ 






I 2 I 2 Wi^ ^ g / 

Neglecting the stretch of the cable, its versine while subjected 
to unsjrmmetrical deflections may be considered constant and 
equal to / without essential error. The middle point of the 
cable, however, will be raised or suffer a negative deflection 
(—a/) which may be taken equal to the versine of a parabola 
whose spap is 2 e. Since the parabolas whose spans are 2 e 
and 1 + 26 have the same parameter: . v , 



'l 



y + ^j) 



f . . 102. 



84 



SUSPENSION BRIDGES 



[Chap. III. 



The following values can be computed by the aid of Eqs. 



ICO, loi, and 102: 



Wl 


4 


2 


3_ 

4 


I 


2 


3 


4 


5 


Ml 

I 


•309 


.366 


.395 


.414 


.45 


.464 


.472 


.475 


e 
I 


.191 


.134 


.105 


.086 


.05 


.036 


.028 


.025 


A/ 

/ 


.0765 


.04*7 


.0302 


.0214 


.0083 


.0045 


.60281 


.00227 



A diagram may readUy be constructed from this table which 
would represent the results more satisfactorily. 

The numerical results in the tabular statement are values 
for the length imity of span, i, e., I = i. For any other length 
of span, obviously, those values must be multiplied by that 
length. 

Art. 38. — Secondary Stresses. 

The preceding theory of the unstiffened suspension bridge 
is based on the assumption that the chain or cable is perfectly 
flexible. Under this assimiption the resistance, due eith^ to 
friction on the pins of the chain or to the stiffness of the cable, 
has been neglected. While the latter is too small in its influence 
on the stresses in the cable to be of any material consequence, it 
may be necessary to recognize the former. Observations made 
on existing chain suspension bridges by Steiner and Fraenkel, by 
means of the grapho-automatic apparatus of the latter, have 
shown the existence of no inconsiderable bending stresses in 
single members of the chain. If T represent the total direct or 
tensile stress in a bar of the chain, d the diameter of the pin, 
and <l> the coefficient of friction, the bending moment produced 
in that bar by the friction may be taken as : 



M = <t>T- 
2 



103. 
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Approximately, for the bar in greatest tension, T=H^ .i + 16-^; 

I ¥ 

hence, if <^^ = -^ i + i6 -^, then T = <t>^ H. In order to 

find the maximiim value of the bending moment, H must be 
determined for that condition of unsymmetrical loading which 
produces the greatest deformation of the cable and to which the 

moment of friction 4>^ H— corresponds. 

The friction on the pins and the stiffness of the cable act 
like a stiffening-truss in preventing a little deformation. If 
this moment of friction were the greatest moment in a stiffening- 
truss produced by an unsymmetrical moving load v^ per unit 
of span, it may have the approximate value .0165 w^ P. It 
may therefore be supposed that the actual moving load ivi per 
linear foot is equal tow^ + w'\ the first being the imsymmetrical 
load described above, and the second, vf\ a uniform load over 
the entire span. It may further be supposed that the horizontal 
stress H is due to the own weight g and vf' only. Hence, ap- 
proximately 

.0165 le;^ /* = «^ ff J = «^ ^ («;" + ^) J . j, 
„ . .264 w^ .264 (wi — w"^ 

••^ +« = 7T — -77 — • • '°4- 

Multiplying the first and third members of this equation by 
^^ -^and then adding .264 {;ijJ' + g) to both sides: 

w ' + g = ^— ^ .... 105. 

The greatest bending moment will then be: 

Mp = .0165 w r = ~7r-t TTj V — 2 — J • • io6- 

Frequently, and perhaps usually, 3.79 <^*i is very small in 



M^ = 7^-7 (very nearly) = ^^^7 . . 107. 
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comparison witJy/, and may be neglected. This approximation 
will then give: 

-T-T (very nearly) = ^^ 5 - 

These values of the bending moment will enable that quantity 
to be computed when the dimensions are given; or, on the other 
hand, they will enable the dimensions of the bars so to be de- 
termined as to aUow for the bending stresses in addition to those 
of direct tension. In consequence of the probable corrosion 
between the pin and eye bar heads ^ should be taken rather high 
and never less than 0.20. 

Example. In an existing chain suspension bridge, the span 
= / = 1000 ft. ; the versine = /" = 100 ft. ; g (for one chain) = 
3000 lbs. per lin. ft.; Wi (for one chain) = 1200 lbs. per lin. ft.; 

(wi + g) P 
and a = .666 ft. By computation H = —t. = 5,250,000 

11 TT -MM- -25 X .666 - „ 

lbs. Hence, Mp= X 5,250,000 = 437,500 ft. lbs. 

This moment is divided among 7 bars, each 10" x 2", and each 
carrying 62,500 ft. lbs. of bending moment. The apparent bend- 
ing stress in the extreme fibres will therefore be 18,000 lbs. per sq. 
in., which is six- tenths of the direct tensile stress. The direct 
tension in the bar will reduce this bending, but the resultant 
greatest intensity can readily be computed by the formulae 
for combined direct tension and bending in an eye bar. 



CHAPTER IV 

Statically Indeterminate Stiffening-Trusses 

Art. 39* — ^Theory of fhe Straight Stiffening-Truss Based Upon 
the Elastic Deformation of the Structure. 

The statical deformation of a flexible cable is usually pre- 
vented by connecting it with a straight or nearly straight truss, 
either partially or wholly below the cable, by means of parallel 
suspenders in its own plane. The truss so used is called a 
stiffening-truss. Its function is to distribute to the cable or 
frame, uniformly along a straight line, any load whatever applied 
to the structure, so that the parabolic form of the cable or frame 
shall be preserved under all conditions of loading. 

It wiU be found that the stresses in the resulting stiffened 
structure are, in general, not statically determinate. As has 
already been shown, a simple sissumption can be made which 
will render the stiffening-truss statically determinate with a fairly 
close degree of approximation. A more closely approximate 
theory of the stiffening-truss, based upon the elastic deformation 
of the structure, will next be given. 

In both these theories it is assumed that there is no sensible 
variation from the parabolic form of cable or frame, statical 
or elastic, under any condition of loading. 

Art. 40. — General Considerations. 

Although the theory set forth in this chapter cannot be con- 
sidered exact, for the reasons that it does not recognize any change 
in the parabolic form of the cable imder different conditions of 
loading and that strictly accurate expressions for the work ex- 

87 
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pended in the elastic deformations of the diflferent parts of the 
structure are not used in all cases, yet it is sufficiently accurate 
for the design of long span suspension bridges with modem 
stiffening-trusses which prevent sensible deformation of the 
cable. Another nearly exact theory, based upon the equality 
between cable and truss deflections, will be set forth in a subse- 
quent chapter. 

Art. 41. — General Fundamental Formulas. 

The equations of Art. 25 and those of Art. 27 relating to the 
parabolic cable or frame are directly applicable to this case as 
they stand. The external forces P induce the moving load 
stresses s in the suspenders which are added to the panel loads 
K due to the weights of the trusses, suspenders, and cable. If 
the suspenders are placed the constant distance a apart along 
some assumed straight line, usually the horizontal span, Eq. 7 of 
Art. 25 will take the form: 

--n ^'y^^{Sm-,-\'K)a .... I. 

If the comers of the polygonal frame lie in a parabola with 
its axis parallel to the suspenders and having the versine f and 
span /, with the suspenders equidistant from each other, it is 
obvious from the considerations set forth in Art. 27 that the 
stress in each suspender must be the same as that in any other, 
assuming concurrently that the weight of the cable is uniform 
per unit of span. Under the same conditions, if the suspenders are 
not equidistant from each other the loads which they carry will be 
in proportion to the distances between them. The function of 
the stififening-truss is thus seen to be the distribution of the 
varying moving load equally to the suspenders. 

Referring to Fig. 8 of Art. 42, the equation of the parabolic 
centre line of the cable when the origin of co-ordinates is at the 
top of one of the towers is: 



t 
If A X is written for a in Eq. i, that equation will give in 
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connection with the preceding expression for y\ 






H -i^ Ax^S^ + K 



If the curve of the frame (arch) or cable is continuous, and 
if the load is vertical, the equations already found take simple 
forms. As its use has already indicated, K represents the weight 
per panel, a, of the frame, trusses, or cable, but in the case of the 
continuous curve that panel length is indefinitely short and equal 
to d X. For that reason if s^ is the intensity or amount of the 
moving load, suspender stress per unit of span s^ d x must be 
substituted for S^ in Eqs. i and 2. Also, if wa is the intensity or 
weight per horizontal unit of the total fixed load or own weight 
of the structure and cable, Wadx must take the place of K. 
There will then result for the general case, Eq. i : 

dx^ 



^m + «^ = -H ~ 



And for the parabolic curve, Eq. 2 : 

5 + W\) = H-y 



It will be assumed in the following theory that the equations 
I to 4, inclusive, hold true after deformation. In other words, 
it will be assumed that the elastic deformations of the truss and 
suspenders are so small that the uniformity of distribution of 
loading among the suspenders is not materially disturbed. This 
is more nearly true the more rigid the stiffening-truss is con- 
structed. 

This latter observation does not exclude the consideration 
of the effects of deformation of the cable or stiffening-trusses, 
or of the stretching of the suspenders. It is sometimes ad- 
visable to allow for the change of length of cable in the value 
of/, and again, it is usual to employ special formulae to determine 
the effects of thermal or other deformations, all of which will 
be clearly indicated in the proper place. 
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Art. 42. — ^Bending Moments and Shears in the Stiff ening-Truss. 

Bending Moments. 

The forces acting on the stiff ening-truss are its weight (in- 
cluding all bracing, floor system, and flooring), the reactions, the 
moving load, and the upward pull of the suspenders. If the pull 
of the suspenders were absent the moments Jf ^ and the shears 
5^ for any section x would be determined precisely as for an 
ordinary, simply supported beam, continuous or non-continuous 
as the case may be; or, in other words, such moments and shears 
would exist if there were no cable and the loads stated were 
wholly supported by the truss. 

The stresses in the suspenders produce bending moments 
Mg in the trusses opposite, in general, to those caused by the 
vertical loading; hence, the resultant bending moment at any 
section of a stiff ening-truss will be: 

M = M^ — Mg 5. 

In developing the following general equations for moments 
and shears it should be clearly observed that the entire own weight 
of the stiffening-trusses, including floor system and bracing, 
hangs wholly and directly on the cable, at mean temperature, 
through the action of the suspenders, thus causing neither 
bending moment nor shear at any point of the span. The 
moving load only causes such moments and shears. The effects 
of varying temperature will be treated in subsequent articles. 
In what follows in this chapter, therefore, the moment M^ will 
be considered as due to the uniform moving load suspender 
pull s\ Similarly the moment M5 will hereafter be treated as 
the ordinary bending moment in a non-continuous or continuous 
beam due to moving load only. This in no way whatever 
militates against the general principle expressed by Eq. 5. 

Bending Moments for Non-Continuous Stiff ening-Trusses, 

In Fig. 8, let the straight line AB, drawn through the points 
of support A and B of the cable of a stiffened suspension bridge, 
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be taken as the axis of x with A as the origin, then let y be any 
ordinate of the cable. If Wo is the (assumed) uniformly dis- 
tributed weight of the stiff ening-trusses, cable, and suspenders 
per imit of span, and if / is the length of the latter, the funicular 
polygon for the moving load stresses in the suspenders, combined 
with the weight of the trusses, suspenders, and cable, may be 
constructed in the usual manner from the following equation of 
moments: 

M. + iwoxQ-x) == Hy .... 6.* 

If a funicular polygon next be constructed with the weights 
of the cable and suspenders added to the loads on the stiflfening- 
truss as a simply supported beam, the resulting moments will 




Fig. 8. 

be represented by M ^ + ^wqxQ — x) = Hy', in which y' 
is the ordinate of the polygon and H the same pole distance. 
The moment M 5 may be composed, in general, of the uniform 
dead load moment and that of the moving load which may have 
any amount and distribution, but it is convenient to consider 
it due to moving load only. The substitution of M^ and Af, 



* In all the following analysis relating to this method of treating the 
stiffened suspension bridge, the ordinate y of the cable, and especially its value 
/ for the centre of the span, should, for accuracy, be given the value which 
belongs to the cable for the stressed condition due to the loads which it is 
carrying for any particular condition or case. If y or / be given their values 
for no loading in the formulae to be established hereafter, a small error will 
exist for the reason that such values do not belong to what may be termed the 
loaded configuration of the cable. In order to give the formulae their greatest 
accuracy, therefore, the central sag/ should have the value which it takes for 
the particular condition of temperature or loading under which the formulae are 
supposed to be applied. 
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from the two preceding equations in the value of M will give : 

M ^^ n{y -y) 7. 

This equation expresses the application of a well-known 
general principle in graphical statics; the momenUn the stiffening- 
truss is proportional to and may be represented by the vertical 
intercept between the equilibrium polygon of the actual loads {dead 
and moving) in the span and tlte actual frame (cable or arch), as 
shown in Fig. 8. 

Bending Moments for Continuous Stiffening-Truss. 

The same general form of equation or expression is equally 
applicable to a continuous stiffening-truss of three spans, i.e., 
one centre span and two side spans. 

Let Af' and Jkf" represent the moments in the continuous 
truss at each end of a span caused by the pull of the suspenders due 
to moving load, then the ordinary theory of continuous beams* 
shows that Eq. 6 of this article will take the following form for 
the centre span, remembering that Af, is now the moment caused 
by the suspender pull in a continuous truss, so that M' and M^' 
must be affected by a negative sign: 

M, + -Wox{l-x) - M'^Y" M' ^^ = Hy. 

2 ¥ t 

It is convenient to write M" = Hw" and M' = Hm^ in 
which expressions w" and w' are distances or lever arms whose 
signs may be the same as that of y or different from it, according 
as M " or Af ' is a positive or negative bending moment. Hence 
the bending moment Af, in the continuous truss, due to the 
stresses in the suspenders, will become: 

*See "Resistance of Materials," by Wm. H. Burr, page 84, where 

Mi^ M -Ma -7-^- Mb J • 

In this equation Mi is identical with Ms of Eq. 6 above, and M with Ms 
in the two equations preceding Eq. 8. Also M^ = M' and Mi, = M", 
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M, = Hy-- woxd - jc) + M" 7 + M'^-^ = 

H (y + fn^^ -.+ m' — i — ) wox (I -- x). 

Hence, for the centre or main span: 



. 8. 



For the side span, /i, since the end moment is zero: 

M -= Mf H (ji + m' ^) + ^ wox (li - x) . . 8a. 

If a: be measured from the left end of the span, for the span U: 
JIf = JIfft - F (ya + w"^^-^) +iwox{h - x) . 8a'. 

The moments M " and M', or the distances m" and m', are 
readily computed by the aid of the theorem of three moments or 
constructed for the pole distance H = i for a given form of cable. 

The Eqs. 8, 8a, and 8a' may be put into still simpler forms 
by observing that if -ff ' is that part of H due to the moving load 
and 5" that due to the dead or fixed load, then H == H' + H". 
Furthermore: 

fl"" y = \wqx{1 — x). 

A precisely similar equation holds for each of the side spans, 
/i and Iz' Hence, the values for M will take the following forms: 
For the centre span: 

M = M5-£r'(>; + w"^+w'^-^) . . 8J. 

For the side span, h: 

M = Mt,-H'{yi + m'j) . . . . 8^;. 

For the side span, /$: 

if = ^^-^'(ya + w"^^^) . . . 8d. 
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In Eqs. Sb, Sc, and 8d the quantities w' and w" will have the 
values ^ and jjj respectively: 

As the dead load is known, the horizontal stress -ff" may 
always be regarded as a known quantity. 

In all the equations which follow, if all terms in which wo 
and k appear be cancelled (i.e., be made zero), H' must be written 
in them instead of H, 



Special Cases of Symmetrically Conditioned Spans. 

Fig. 9 represents the case of the symmetrically conditioned 
continuous stiffening-truss carried over two side spans, but 
with no connection with the cables in the latter. Equal moments 
exist at the two piers, i.e., at the bases of the two towers, and 

the only moments in the side spans are M^ and M j = M 7. 

n n 

Hence, from Eqs. 8 and 8a: 

For centre span: M=Mi,— H (y +w'0 + i'u^ox{l — x) 

For side spans: M = Mi^—Hm'^ j 

If the curve of the cable is parabolic, or approximately if 
there is a parabolic polygon, the pull on the suspenders will be 
uniform or constant per linear unit of span. The truss, con- 




Fig. 9. 

tinuous over three spans, will then be subjected to the uniform 
upward pull of the suspenders in the span /but to no suspender 
pull in the two side spans h. 

In computing the end moments, M" = M\ produced by 
the uniform upward pull of the suspenders, due to the moving 
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load only, careful consideration must be given as to the dead 
load of the trusses, including bracing and floor system. If the 
trusses in the centre span / are erected complete and attached 
to the cables by the suspenders, and if the side spans are also 
erected complete, but simply supported at their ends, and if the 
connections between the centre span and the end spans be then 
made at mean temperature the suspender pull in the centre 
span due to dead load will produce no bending either at the ends 
or at any other point of that span. This condition will be 
assumed in the present case, as it or an equivalent condition 
should be attained in the actual construction of such a 
bridge. 

If Af " is the bending moment at either end of the span /, due 
to the uniform moving load pull s' on the suspender (the dead 
load of the trusses producing no bending moment at the ends of 
the span as explained in the preceding pa]:agraph), the theorem 
of three moments gives : 

M''(2h + 3r)^ -^ .... 9^. 

4 

If f = T and if H^f = -r-, / being the sag of the cable, the 
preceding equation becomes, if w be written for m": 

2r + 3 






10. 



2r + 3 

Remembering that H^^ y ^ iwoxQ — x), for the centre 
span, Eq. 9 will become: 



2f + 3- 

For side spans: 



II. 



2 f + 3 ^1 

Under the conditions to which Eqs. 11 apply, the moment 
Af 5 in the first of those equations is due wholly to the moving 
load, while in the second of those equations the moment Mi, is 
due to the moving load combined with the dead' load of the 
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complete trusses of the side spans considered as simply sup- 
ported at their ends. 

When the trusses in each of the side spans are connected by 
suspenders with the cable, as is the centre span, let the ordinate 
measured downward from the straight line connecting the 
extremities of the cable in that span, Fig. lo, be represented by 
yi. The side spans will then be subjected to the uniform upward 
pull of the suspenders due to both dead and moving loads. 
Again, assimdng the proper condition of the entire own weight 
of the spans and bracing to be carried directly and uniformly by 
the suspenders, in consequence of making the connections be- 
tween the ends of the centre and side spans only after the com- 
plete trusses are erected and hung from the cables, the bending 
moments Af " at the ends of the centre span will be due wholly 
to the moving load. A similar application of the theorem of 
three moments to that already made will give for symmetrical 
conditions: 

4 

Again representing the horizontal component of cable stress, 
due to the moving load only by H\ and by 5', the imiform 

suspender pull, due to moving load only, H' f ^ -r~. Placing 
J- = f the preceding equation will give, if m be written for m": 

M" = -H''-^^-^^ = H'm\ 

2r + 3 



12. 



2f + 3 

Equations corresponding to Eqs. 9 then take the forms: 
For centre span: 

3 
For side spans: 



^ V 2 f + 3 / 






13 
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In connection with the preceding equations the horizontal 
component H" of the cable stress due to the dead load Wo only 
may be at once computed when that dead load is known, as 
already indicated; hence it may be treated as a known quantity. 
The horizontal component H' of the cable stress due to moving 
load only will be determined later on. 

The Ordinary Beam Moments Mj, Due to Moving Loads. 

The application of the preceding formulae involves the use of 
the moments M^, which may readily be determined for continuous 
trusses by the theorem of three moments. The formula for the 
general case shown in Fig. 10 will be given. 

The moments of inertia of the normal sections of the trusses 
in the three spans l\, k, and h are 7i, It, and !». Furthermore, 
if / be written for /», 

/, = r/, = r/and/, = 7 = r'/,. 

Tlie co-ordinate z locating a load in any span will be measured 
from the left end of each span. Then the following notation 
will be employed: 

h , 1m a z , z 

If Mi is the moment over the support between spans h and 



It, while Mt is the moment between spans It and U, remembering 
that the extreme end moments are zero, and if any loads P are 
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on any or all spans, the equations of the theorem of three moments 
show: 

^'"^ 4(a+f)(&f*+i)-f • ^^• 

r-j^ + a^X P(i-«»)«+f S P(i-y2)? 
JI/2 = — h 7 — ; ^ • • IS- 

In the ordinary case h ^ h and, hence, a = b. Also /i = /a, 
and, hence, r' = - . 

Let Mq be the bending moment produced by any loads P 
on any span considered as a simply supported non-continuous 
span, then will th^ ordinary beam moment M 5 take the following 
form for the span h: 

M^^Mtj + Mo 16. 

n 

For the span h* 

h " X X 

Ml, = Afa — T h Mi-r+ Mo .... 17. 

For the span h: 

Mfc^Ma^-^ + Mo 18. 

In each span x is measured from the left end. 

Equations 14 to 18, both inclusive, enable every value of M^ 
to be found for every possible condition of loading. 

If suspenders are in all three spans and if there is no moving 
load in any given span, Mo will be zero for that span, and the 
corresponding term in Eqs. 14 and 15 will also be zero. 

If there are no suspenders in the side or backstay spans. Mo 
will be the moment produced by both the dead and moving load 
in those spans considered as simply supported at their ends, 
while Mo, for the centre span, will be the moment due to moving 
load only in that span. If, however, the side or backstay spans 
are so arranged as to carry no moving load, obviously Mo will 
be caused by dead load only in those spans. 
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Finally, if the stiffening-trusses are non-continuous (i.e.y 
simply supported at their ends), Af 2 = Af 1 = o and Mf, = Mo 
for each span. 

The Moments M' and M" Due to Suspender PuU. 

The moments Af' and M" in the stiifening-trusses* at the 
points of support between the centre and side spans caused by the 
uniform, upward, suspender pull s' per linear unit (foot) of span 
due to the moving load are readily written by the aid of Eqs. 14 
and 15. In those equations, P =^ s' dz. Then, by observing 
the notation given above Eq. 14, there will result: 

a»S P(i '-n^)n = j^s^ J \h^ r- z^)zdz = a^s'- 

(2 a + f) S i> (i - y*) y - ^(2a + r). 

4 

2ft«(a + f)r'S P{i -wOw«26»(a + f)fV- 

4 

fS P{i-q^)q^rsrK 

4 

Hence by Eq. 14: 

5^ y g* -- 2 g - f 2 y (g + f ) f ' ,„ 

M = 7 — ; — V /t / , — V == 5 /> • 19. 

4 4 (g + f) (6 / + i) - f ^ 

AndEq. 15: 

The values of B and C are obvious. 

Ordinarily in the analysis which follows, h is written as /, 
the main or centre span. 

Shears 

In order to determine the total transverse shear in the 
stiflFening-truss, let 5^ be the general expression for the corre- 
sponding shear in an ordinary truss, non-continuous or continuous, 
as the case may be, and carrying the same moving load as the 
stiffened suspension bridge, but on the supposition that the 



lOO 



SUSPENSION BRIDGES 



[Chap. IV. 



suspenders carry no load. Also, as before, let a represent the 
angle between the cable at any point, and a horizontal line, while 
p is the angle between a horizontal line and the line connecting 
the summits of the cable or frame of a single span at the towers 
in the case of the latter having unequal heights. The angle fi 
is positive when measured downward from a horizontal line as 
shown in Fig. ii. Suppose the cables to the right of B' and 
left of il' to be removed and the straight bar or strut A' B^ to 
be put in place. The latter acts on the stiffening-truss at E 
through the member A' E, while the reaction due to the pull of 
the suspenders only acts directly at E. The bar A' B' would 
exert an upward thrust at B' and a downward thrust at A\ each 
equal in amount to Htanp. Each of these thrusts may be 




Fig. II. 

supposed to be displaced by a horizontal force H and the vertical 
component Htanfi, as shown in Fig. ii. The external vertical 
forces or shear, 5„ acting upon any part of the stiffening-truss, 
asA^GKEf and due only to the stresses in the suspenders, will 
then be: 

-Htanp-S' + sx^S, 

in which x is the distance E K and — 5' is the downward shear 
at E due to the upward (positive) pull of the suspenders. Re- 
membering that — 5' + 5 X = 5 tan a, the above expression 
for the vertical shear in the stiffening-truss due to the pull of 
the suspenders only becomes: 

Sg — H tan a — H tanp — H (tan a — tan P) . 21. 

This equation is general and H may include the horizontal 
cable stress due to the dead or fixed load. It will be more con- 
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venient, however, to make 5, represent the shear produced by 
the suspender pull $' due to moving load only, and to make the 
ordinary continuous or non-continuous truss shear 5^ also due 
to moving load only. The horizontal cable stress H' caused by 
the moving load must then take the place of H. In the following 
equations, therefore, 5,, 5^, and H' are to be taken as indicated 
in this paragraph. 

Observing that H' m' ^ M' and ff'm" = Jf",/and re- 
membering that S^ is now the moving load transverse shear at 
any section of an ordinary continuous or non-continuous beam, 
the following values for the shears in a straight stifiFening-truss 
will result: 

For a non-cofUintums truss over One span with towers of un- 
equal height: 

S =- Sb- H' (tan a - tanpy 

If the towers are of equal height: 

S = Sb- H'tana 

For a continuous truss with towers of unequal height j in general: 
Remembering that in the case of an ordinary continuous 

beam, the shear at any pomt is 05 H 1 ; there may at 

once be written: 

S ^ St- H' [tan a - tan M 7 ) 

If the towers are of equal height, in general: 

5 = 5^ - ff' \tana -I- ^ ) 



22. 



> 



23- 



— m 



The term — W -. will be recognized as the shear 

transferred from one end of a continuous span to the other in 
consequence of the diflference between the end moments M' and 
Jf ", as shown in the theorem of three moments. 

If the end spans are of equal length the uniform suspender 

pull in all the spans will make rrt! = m" and, hence, -. — = o. 

Adapting Eqs. 23 to the usual case of one centre or main 



102 SUSPENSION BRIDGES [Chap. IV. 

span and two side or backstay spans with equal height of towers, 
and remembering that as the equations are written the ordinary 
span shears Si, are to be computed from the left end of each 
span, there will result: 

For side span /i (end moments zero) : 

tana — tan pi — j-j . . 24. 

For centre span k- 

S — Si, — H' (tan a H j- j . . . 25. 

For side span h (end moment zero) : 

tana- tan p3 + -j-J . . 26. 

The value of the moments Af ' = H m' and M" = B. m" 
for every possible condition of loading are given by Eqs. 15 and 
14, or 20 and 19. 

If the side spans have ho suspenders, but if they are con- 
tinueus with the centre span, they may carry both dead and mov- 
ing loads, which may materially affect the moments Jf 5 in the 
centre span, the latter also carrying both dead and moving 
loads. These are important considerations and they should 
carefully be recognized in every design to which they apply; 

Again, if the side spans have no suspenders and if the centre 
or main span be symmetrically conditioned, as indicated in 
Eqs. 9 to 1 1 , it is only necessary to make m' = w", or m' — m'* = 
d in Eqs. 21 and 23. 

Under these conditions the ends of the side spans may not 
need to be anchored down to their supports. This can be tested 
by covering the centre span with moving load and at the same 
time removing it entirely from the side spans. That condition 
of loading will show how much anchorage is required, if any, 
by comparison of the moving load reactions with the dead load 
reactions at the same points when no moving load is on any of 
the spans. 

Art. 43. — Determination of the Horizontal Stress H. 

In the preceding treatment of the stiffening-trusses the 
horizontal stress B. is not determinable by purely static processes 
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unless the system of construction is such as to introduce special 
features or conditions which will remove the statical indetermina- 
tion. Thus a constant horizontal stress might be given to the 
cable by making the anchorage a definite weight suspended from 
a lever or system of levers, so that the stiffening-truss would 
be subjected to an unchanging upward pull of the suspenders. 

Another suggestion for the accomplishment of the same 
purpose is the "weighing" of the reactions by means of the 
simple lever arrangement shown in Fig. 12. If v P is that part of 




Fig. 13. 



P carried by the stiffening-truss by the simple law of the lever 
while (i — z;) P is carried to the cable by the suspenders, the 
conditions shown in Fig. 12 will give the following two equations: 



z 
2 H tan a<h "^ vP paj ; 

2ntana + vP = P. 

In these equations H must be taken as due to the pull on the 
suspenders only. 

If — = n, the elimination of v from the two preceding equa- 



tions will yield: 



Pz 



n 



2 1 'z 

i + jn 



cos CL 



• • 



27, 



In this case the stiffening-truss will be subjected to the 
ordinary bending and shear of a beam loaded with v P in addition 
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to the bending and shear due to its function as a stifFening-truss 
with its load (i — v) P. Obviously, similar observations apply 
to a uniform load. 

Again, statical determination can satisfactorily be attained 
by the introduction of a centre hinge in the stifFening-truss, since 
the bending moment M in that truss will then be zero for the 
centre section. If the moment at the centre of the span of all 
the load on the structure (the moving load corresponding to 
(i — v) P)y taken as if resting on a beam simply supported at 
each end, be represented by M^ the versine or sag of the cable 
being represented by /, as heretofore, there will result : 

a ^ -J 27a. 

or^ for a continuous truss, in the case represented by £q. 9, 
Art. 42 : 

J? = -7 ...... 276- 

J — m 

The preceding methods of avoiding statical indetermination 
except by the use of a centre pin or hinge, are attended with too 
many practical dijficulties to make them generally available. 
Hence, for the determination of ff, recourse must be had to the 
elastic deformations of the system by means of some one of 
several methods. The change in the ordinates of the points of 
the cable added to the elongations of the suspenders can be made 
equal to the deflections of the corresponding points of the 
stiffemng-truss, and the horizontal stress E can be determined 
from the resulting conditions, as has been done in Chap. V. 
Another method is the application of the "Theorem of Least 
Work of Deformation." This theorem is simply the application 
of the principle of "Least- Work" of elastic forces to this case. 
It is based upon the condition that the elastic deformations of 
a given structure by a given set of loads or forces must be such 
that the internal work performed in producing them will be the 
least possible. In this case the only elastic deformations to be 
ccmsidered are those produced by direct stresses (tension and 
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compression) and by bending moments; hence a general expres- 
sion for the work performed in these two ways must be written. 
Let P represent the direct stress acting along the aids of any 
piece, M the moment at any normal section of any single piece 
subjected to bending, L the length of any piece, F the area of a 
normal section of the piece, / the moment of inertia of any 
normal section of the latter about an axis through its centre 
of gravity, and E the coeflBident of elasticity. Then the ex- 
pression of the work performed by the tensile or compressive 
stresses of the entire piece will be: 

In the case of the piece subjected to flexure, the work per- 
formed upon the entire member by bending it will be: 

2 EI 

The expression for the total work expended upon all the 
pieces or membere of a structure for the production of elastic 
deformation, which must be a mimmum, will then take the 
general form: 

^^dL+xJ ^dL^min. . 28. 

The problem of the stiffened suspension bridge, so far as this 
feature is concerned, is the determination of that horizontal 
stress -ET, which will make the expression for the work X a mini- 
mum, i.e., X considered as a function of the variable H, is to 
be made a minimum. In the third member of Eq. 28, P and M 
are the only variables, since / is assumed to be constant for any 
piece or member. Hence, the analytic condition to be fulfilled 
and under which H is to be determined is: 

dX r P dP ^^ rM dM ^ ^ 

dH^^JEFdH^^^^JETd'H^^^'' ' • "9. 

*" Elasticity dnd Resistance of Materials," by Wm. H. Burr, pages 150 
and 152. 
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In order to apply this ge^al equation to the particular case 
considered it is necessary to express the direct stresses P and 
the bending moments M in terms of the known external forces 
and the unknown horizontal force H. 

The case of a suspension bridge with the stiffening-truss 
continuous over the main and two side spans, as represented 
in Fig. lo of Art. 42, will first be considered. The lengths of 
the side spans are h and k- 

The following notation will be employed: 

h, h or / and h are lengths of side and main or centre spans. 

F = area of cross-section of the cable or chain. 

F = FoSit the apex of the curve. 

X » length of an eye-bar of a chain taken as a side of a 
polygonal frame. 

a = horizontal distance or panel length between two 
consecutive suspenders. 

2 Ft ^ area of cross-section of stiflfening-girder or truss (in 
an articulated truss, the crosS'Sectional area of 
two chords). 

M = bending moment at any point in the stiffening-truss 
of any span (Eqs. 8 to 8d of Art. 42). 

El = coefficient of elasticity for towers or piers if they 

are not of steel. In such a case, in the following 

E 
tabulation, for A' there must be written tt A'. 

I ^ moment of inertia of 2 Fi about axis through centre 
of gravity for the main or centre span. 

/i and 7s = moments of inertia for the side spans h and /j, re- 
spectively. 

/i = r 7 and I = / 1%. 

Ft = area of cross-section of a suspender for each unit of 
length of span. 

y ^ length of a suspender (i.e., vertical projection of 
actual suspender if the cable is cradled). 
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y » length of ordinate of curve or polygonal frame 
measured from the chord connecting the sup- 
porting points of the cable or frame (See Fig. 10). 

i; = vertical distance of apex of cable above lower ends 
of suspenders. Hence / = / — y + ». 

A, = height of stiflFening-truss (between centres of gravity 
of chords). 

i = versine of cable, i.e., sag of cable at vertex. 

V = height of tower whose cross-sectional area is F%. 

V s= height of tower from lower chord of stiffening-truss 

to top, or length of longest suspender. 

a\ » angle of inclination of the anchor or side-span cable 
to horizontal at top of tower. 

a = angle of inclination of the main cable to horizontal 
at points of support or tops of tower. 

OL = inclination of cable or frame to horizontal at any 
point. 

S P = total moving load acting on the stiflFem'ng-truss =■ 
WxL\ when length of imiform moving load 
W\ is Li. 

A and B = reactions produced by 2 P with the stiffening-truss 

taken as an ordinary non-continuous or con- 
tinuous beam. 

Wo ^ total dead load of structure, including cable, per 
linear foot. 

K = panel load produced by own weight of cabL or frame, 
k being the uniformly distributed weight per 
linear unit. If panel length is a, iST = jfe a. 

5 = suspender pull per linear unit (foot) of span due to 
dead and moving load. 

5' == suspender pull per linear imit due to moving load 
only. 
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If it be considered that the stress in the cable or chain at any 
point is: 

X 
T^ = H- = H seca . . . . 30. 

and if the cross-section of the cable is proportioned to the stress, 
then will F == Fq- = Fosec a. 



a 
Again, 5«pa J- = to + ij. . . 



30a. 



It is assumed that the stiffening-truss is supported directly 
by the towers, at the elevation of the roadway, as that is the 
usual practice. 

The general value of any single weight (moving load) in any 
span is P. This may be a moving panel load, or in case of a 
um'form moving load it may he pdz, p being the uniform load 
per linear imit (foot), as will be explained in the different cases 
arising. 

The distance of P from the left end of any span will be 
represented by z. As shown in Fig. 10 the greatest versine or 
sag of the parabolic cable in the span h will be /ij it will be 
measured vertically downward from the centre of A D or B O. 
The ordinate A G = h^' will represent the vertical distance of 
the point G in the lower chord of the truss below the supporting 
fk>int. A, of the cable at the top of the tower. In the determi- 
nation of the moment Jfj,, the abscissa x will be measured 
from the left end of each of the spans, /i, k, and h- 

If there are no suspenders in the side spans /i and ^, the 
cross-section of the anchor cable or chain will be: 

F' = Fosecai 31. 

Eq. 29 must now be evaluated for the single members of 
the system, and for that purpose the following tabulation will be 
of service. In the table the stresses in the suspenders are taken 

from Eq. 7 of Art. 25, remembering that for a parabola is 

a positive quantity. 



32. 



Art. 43.1 SUSPENDER PULL IO9 

The parabolic curve will enable the following values to be 
written, taking the origin of co-ordinates at A or -B, the top of a 
tower, or at D for the span /i. 

yi = ^(/.-«)* 

yi is measured vertically downward from the line ADva 
Fig. 10, and x in the second equation is to be taken as a horizontal 
co-ordinate. If x were an inclined ordinate parallel to A Z), it 
would be necessary to write A D for W. 

£q. 32 shows that if a is taken dj&dx: 

As s is the combined dead and moving load suspender pull per 
linear unit (foot) of span, except that of the cable, and as ib is the 
corresponding weight of the cable: 

s + k ^ H -^, or: 

8 / 
s = Suspender pull per unit of span = -ET -~ — ife . 33. 

If moving load alone is considered: 

s'-H'^- 33a. 

The work performed, therefore, per unit of span in stretching 
the suspenders, is: 

This expression must be mxiltiplied hy dx and then integrated 
for the entire span. That operation will give: 



t^e/C^V-*)*^'^*- • • • 



34. 
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Referring to £q. 29: 
dH 12 



(for suspenders) = f^J [^"jT ^ '^J'py ^^ • 35- 



This expression is not strictly correct, for both k and y' vary 
with H, but that variation in ^-^ is relatively small. 



The Effect of Shearing in the Web on the Value of the 

Horizontal Stress H. 

The expression for work expended in transverse and longitu- 
dinal shear may be written in two ways, i.e., first, as if a solid 
plate web existed and sustained transverse and longitudinal shear 
like a solid beam with rectangular section, and second, for a 
web system composed of inclined or inclined and vertical com- 
pression and tension members as in ordinary stiffening-trusses of 
long span structures. 

If A is the depth (or height) of the plate web of a stiflFening- 
beam, 6, its thickness, and if G is the modulus of elasticity, while 
S is the total transverse shear at any section, the total work of 
transverse and longitudinal shear for the entire span is: 

^"'-jG^Vhf^^'' ■ ' ' 35«. 

The limits of the integration indicated belong to those parts 
of L over each of which J A is constant. The general summation 
sign S simply shows that a summation of such integrations must 
be taken so as to cover the entire span. If the cross-section of 
the plate web is constant throughout the span the limits of the 
integral would be those of the span and the result would be: 

^"'^YVhcf''^^^ • • • • 3S6. 

In order to provide for the work expended in producing 
shearing strains in a plate web or its equivalent, it will only be 
necessary to add to the second member of Eq. 28 one of the 
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expressions for X'" in Eqs. 35a and 356. Also there would be 
added to the second member of Eq. 29: 



Or 



dH sG^bhJ ^dH^^ • • • 35^- 

dr'^ 12 r^^dS^.r A 

dH " sbhG^. ^dH^^ • • • 35^' 



The values of the shears 5 for the centre and side spans are 
given, by Eqs. 21 to 26 of Art. 42. Remembering that d W 
« i (if — ff ") = dH, there may at once be written for the 
centre span, with towers of equal height and side spans of 
equal length, by Eq. 23: 

— = - /ana=--y (/ - 2x) . . . 35^. 

For either side span it is only necessary to give / in the 
parenthesis of the third member of this equation the proper 
subscript, ix,, I or 3, and add + tan P. 

Inasmuch as the general value of the horizontal stress -ET, 
due to both moving and dead load, is to be found, and as H'\y ^ 

— (I " x) X, there must be written: 

- F y (/ - 2 x) + ^' (/ - 2 x) f or - F' ^ (/ - 2 x) 

in the values of S indicated above. 

Usually a mean cross-section of web may be determined with 

sufficient accuracy for the entire span, thus making it feasible to 

use Eq. 35^, and equations for that case will be developed. 

Af 3 — i/ 2 
If ma = -J and if So is the shear due to a load P at 

any point 2; in a simple non-continuous span, then, if /i = Zs so 
that w' = w", will the second of Eqs. 23 of Art. 42 give the 
general expression for the shear in the centre span written with 
H in place of H': 
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Hence: 

Remembering that dL — dxy and observing that / (/ — 

(/ — 2 xy dx ^ -y 

O 

/*5f|.,.-V(/5.C/— )^«+'f)+irff . 35*. 

If a single load P placed at the distance z from the left end 
of the span be taken, the shear for the part z of the span will be 

/ — 2 Z 

•So =» --J— P, and for the part / — 0, 5o = y P. Hence: 

-^f/so(l-2x)dx=-4fP{i-^){i-j)f . 35*. 
By the aid of Eqs. 35* and 35*, Eq. $$d will become: 

g / g / 

It should be observed that wq '- H ^ — -^ ^~n' 

As the load P may be placed at any point z in the span, Eq. 35; 
is perfectly general and suffices for any loading whatever. 

The second member of Eq. 35J should now be placed in the 
second member of Eq. 29, and its terms will then appear in the 
last column of the tabulation following Eq. 35 under the heading 

E j-^. G, however, in Eq. 35^* should be displaced by n £ = ^ E. 
This procedure will introduce the term+Fo 7 / i x] P 

(2Z\ / z\z Wol\ 

I — j] ( I — TJY + ^J ^^^ ^^ numerator of Eq. 36 and 

64 /«. 
the term + Fo , , j- into the denominator of the same equa- 
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don. If there is but one load P applied to the truss, the 
summation sign 2) should be omitted. 

The preceding method may properly be used for an ordinary 
stififem*ng-truss by assuming a web plate approximately equiva- 
lent in its shearing capacity to the web members of the 
truss. 

If desired, however, a form of expression for the work per- 
formed in resisting shear and adapted to individual web members 
may easily be written for a truss of uniform depth. 

If S is the vertical shear in the truss at the point x^ and if 
a is the angle which the web member at the same point (in 
tension or compression) makes with a vertical line, the total 
stress in that web member will be: 

S StCa. 

The expression X' (Eq. 28), for the work expended in stress- 
ing this member, the area of whose normal cross-section 
is F, is: 



/ 



S*sec*a 



Hence: 



dX' _ r Sseca djSseca) 
dH "J EF dH ^^' 



Obviously d {S seca) ^ sec ad S. Hence, for all the web 
members of the truss: 



^ E J FdH^^ • • • 35^- 



dX' ^s^sec^a rSdS 
dH 



Usually the cross-section F of the member is constant through- 
out its length, and in that case F will be written outside of the 
integral sign. 

Remembering that L, the length of the web member, is 
wholly independent of 5, if /^ is constant for each member the 



114 SUSPENSION BRIDGES [Chap. IV; 

integral sign applies to dL only, and there is to be written 
I dL = Z. Eq. 3sJfc then takes the form: 

dX' I ^ Lsec^a dS 

dH" E^. F ^dH ' • • • 3^ 

If L and a are uniform for a number, or even all, of the web 
members, L sec^a would come outside of the summation sign 2 
for such members. 

d. S" 

The quantity S -i-jj ^^^ ^^^h value of x to be taken is given by 

Eq. 35^. The simamation is to be made for the entire span for 
each single load P or such other load as may be used in finding H. 
After the terms produced by using Eqs. 35/ and 35^ in Eq. 29 
are introduced in the tabulation below, it will be found that 
the quantity: 

+^^Z^ F V^ + -S^o + - (/ -2 ^))^ (/-2 a:) 
must be added to the numerator of Eq. 36, and 

to the denominator of the same equation. 

The influence of the web members on the value of the hori- 
zontal stress H may be treated by either of the preceding methods, 
the first, perhaps, being the simplest. 

It will be found, however, that there is no material error in 
ignoring the effect of the web members and the formulae for H 
in this chapter will be written on that basis. If necessary the 
effect of the web for any special case can easily be introduced, as 
indicated above. 

The preceding analysis is applicable precisely as it stands to 
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the side spans by simply using the proper subscript and, first, 
making: 

For span h^ ^2 = y"; 

^ • M% 

For span fc, wg = - -7-. 

Then there must be written — H (j^ (Z — 2 «) — ftwi i^j 
for — J? -5r (/ — 2 x), in which tanP = r- 



Tabulated Staiement from which H is Found* 
The tabulated statement for finding H may now be written 

as follows, remembering that in finding 1-^ M" and M' are taken 

from Eqs. 19 and 20 and that s ^ H -^ — k^ also that 5'= J?' -jj- 

Finally, since H ^ H^ + H'\ ff" being constant, there may be 
written: 

dH ^dH\ 

* Tabulated StaUment for Nan^Cantinuous Spans, 

The tabulated statement which follows is written in the most general form 
for continuous stiff ening-trusses. If it should be desired to make this tabula- 
tion for non-continuous stiffening-trusses and thus avoid the additional work 
required in the general case, it can be simply done by omitting all terms in 
which M'f M'\ B, and C occur, as such terms are caused by the condition of 
continuity of the trusses. If the tabulated statement be written as it stands, 
but with the omission of the terms indicated, and if the solution for the 
horizontal component H of the cable stress be made precisely as is done in 
the text, Eq. 70 will at once follow. By this means the analysis required by 
the condition of continuity of trusses will be entirely eliminated. 
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Art, 43.1 VALUES OP INTEGRALS II7 

The effect of the moving load reactions on that part of the 
towers below the points of support of the stiffening-trusses is so 
small as to be negligible and, consequently, it is neglected in the 
preceding tabulation. 

Remembering the preceding observations, also that differ- 
entials are to be used, and hence that a = d x, while ^ and ^i 
are differentials of cable curves in the spans I and /i, there may 
at once be written: 

/^i/dyi^ \ ( 16 /«\ 

I -j^ +lJJa; = 2/i^l + — -^J (See note on Page 116.) 

J J yxdx=-;]-J {l-x)ydx=—; j-J 'yixdx=^-~^. 
y'-h"-^il-x)x;fy'dx=^l{h"-^. 

y. = '{x-y.^{k"-f(k-x))l. 
2H-^T-J^ y,dx = n~^j-.[jj^-j).2k-^J^ y,dx 

h \2 fi 3/ 

P 8 8 y^ rhh 

nj y^dx=H-fU=n-/jiP.nJ y,^dx 

•The double limits of integration indicate that the integration covers 
two equal side spans. If the latter are unequal the same integration must be 
applied to each of the side spans l\ and /s> for which also Ii = r I and I — / 1%, 

Again, if the modulus of elasticity for the suspenders is £' = r' £, there 
must be Written r' F% for Ft in the above expressions. Suspenders are fre- 
quently of steel cables for which it is sometimes assumed r' = ^. 
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2Wo 2Wo /i 

15 •'' V 15 /i 

In the case of the side spans having their stiffening-tnisses 
carried by suspension rods it will be supposed that the side cables 
are parts of parabolas with the same parameter as the parabola 
of the main cable, and the value of yx abj^ve is written on that 
condition. In this case usually a = ai and tan a = tan ai. 

If, on the other hand, there are no suspenders in the side 
spans it will be supposed that the side cables or backstays are 
carried straight from the supporting point T to the anchorage, 
in which case tan ai = tan p. 

The vjJues of M' and if are taken from Eqs. 19 and 20 of 

8 f 
Art. 42, in which s = H -j- — k, sls shown by Eq. 33. 

h 

d X 
By placing the sum of the quantities E -rfj in the last column 

of the tabulation equal to zero and then introducing the values 
established above, the following value of H will result: 

Fo , ( if^fW' 2\ ^ i6/xYi h[' 2\ I ^ Fo{ n^ , 

^ClfM,dx\^%cf^^^^^^^^ 
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+^(j.-C (B-q) + '^l,C \ -£^\'^C-ii^B-C) \ 



Y^ , 

In this equation, (tan a + tan ai)* = ~j^\f + "") • 

4/ 
If tana = to»ai = -^, as is frequently the case: 

^0 ,,/ . V. ^0 128 h'f 

-p 2W {tan a + tan ai)^ = — — ^ . . 37. 

Eq. 36 has been written as if the two side spans were of the 
same length, which is the usual case. If, however, the spans h 
and h are not the same, it is only necessary to write for each 
term of Eq. 36, containing hy two such identical terms except that 
h will be written for h in one of those terms and the numerical 
coefficient of each will be half of that of the original term. As 



ex 



amples, for — r— I i ^ ) there would be wntten -7 — 

I rh I rh 

there would be written —J Af 5 yidx '\-— J Mi, yz d x. Other 

terms containing h would be replaced in precisely the same 
manner. 

Eq. 36 is perfectly general, the value of / being a correct 
mean established wherever advisable by a method shown below. 

If Wo and k be made zero in Eq. 36, the first member becomes 
H\ i.e., the horizontal component of the cable stress due to 
moving load only. This value H^ will usually be needed. 

It should also be observed that the horizontal component 
H^' of the dead load cable stress at mean temperature is to be 
computed by assuming the dead load as uniform and hanging 
directly on the cable. 

If the towers are not of steel, but of a material whose modulus 
of elasticity is £1, it is only necessary, as was stated on page 106, 

to write i=r A' for A' in Eq. 36. 
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The Moment of Inertia 7. 

It is not difficult to determine with sufficient approximation 
the mean value I of the moment of inertia of the cross-section 
of the stiflFening-trufts, assuming that section to vary in all the 
spans. Remembering that the chord sections only enter the 
moment of inertia, and taking d as the depth of the truss or 
girder, the area of the upper or lower chord section of which 
is Fi, there may be written for any point: 

d^ d^ 

By using the approximate methods of Chapter I, especially 
if other designs of stiflfening-trusses or girders are available for 
reference, reasonably close vjJues of Fi may be estimated for 
use in the formulae of this chapter. In fact, it may easily be 
practicable to estimate in that way without further procedure a 
mean value of I close enough for use in Eq. 36. If this should 
not be considered satisfactory a still greater degree of accuracy 
may be attained, but at the cost of added labor of computation. 

Referring to the tabulated statement on page 116, and con- 
sidering /' a variable value of 7, it will be seen that the following 
two sums of terms containing 7' enter Eq. 36: 

•* •'0 

8/^ fi xQ- x)dx } , rhhMby^x M' Phh y^xax- 
" "* / 00 "*! •^lOO "*! 

_ 8/1 ^ /*'■'' Mbxdx 8fik fhh Xjdx Wo j rl>h 
h* J I'l "^ k*^ J I'l "^ 2 I J 

•'1 00 •*l •^1 00 -** ^loo 
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39- 



yia; (h- x)dx 8/1 /*^A :i^(h- x)dx } 

64 /i* c* rhh i^dx 

'~B J ~T7 40. 

If the spans l\ and U are not of the same length the integrals 
with double limits must each be displaced by two integrals, one 
for span /i and the other for span /«, as already explained. 

The moments of inertia V and I\ in the expressions 39 and 40 
have constant values over parts of the spans / and /i, as determined 
in the design of the trusses. When the limits of those parts 
are thus fixed the integrations in 39 and 40 can easily be made 
for the same limits, as /' and V\ are each constant for each part, 
although they vary from one part to another. The moments 
if 6 are known quantities, as will presently be shown. 

In generjJ, let the parts of a span over which the moment of 
inertia /' or I\ is constant be limited by the horizontal co- 
ordinates Xx and x, the length of each such part being x — X\. 
Then in the actual use of the sums of terms 39 and 40 there will 
be needed the following definite integrals: 

jr',«(,-.,...f,^(i(.-^')-^(.-l')+ll(.-^))4.. 

J^yxdx^jlx\-^{i-^)-^{^-^)) . . . .43. 

j^y*d* = 4^l^i-(i-^-)--7(^-ir)+j^(i-;^)j.44. 

Jr* i (x* x^ 2,ii? «A\ 

^ yd» = 2-j/*(^-^-y --(j,-y); .... 45. 
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J^^»ii-^)dx = -[j-j--(y,-j)) ... 46. 
J^^^(l-x)dx'=-[-(^--p)-(ji-j)) . 47. 

^*(/-«)d. = ^(2(^-f)-(|-9-')) ... 48. 

After determining the values of Af 5, Jf , and M' for any given 
case, it wUl be found that the preceding definite integrals are all 
which will be required for the use of expressions 39 and 40. 

If it should be desired to determine the mean value / and the 

ratio r — -J by the aid of expressions 39 and 40, that procedure 

may readily be followed. The sum of terms 39, determined as 
already explained, should then be placed equal to the correspond- 
ing sum expressed in terms of the mean value of / and of r in the 
numerator of the second member of Eq. 36. Similarly the sum of 
terms 40, also found as already explained, should be placed equal 
to the corresponding sum in the denominator of the second mem- 
ber of Eq. 36 expressed in terms of / and r. These two equations 
will at once give the desired values of / and r. 

The preceding rather laborious processes will not often be 
required. 



Three Cases of Stiffening-Trusses. 

Three cases of stiffening-trusses may arise in connection with 
the generjJ problem under consideration: 

I. The stiffening-trusses may be continuous over all three 
spans with suspenders throughout those spans. Indeed they 
might be continuous over two of those spans and non-continuous 
over the other span, but that is an extremely unusujJ case, 
although Eq. 36 covers it. 

II. The stiffening-trusses may be continuous over all three 
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spans with no suspenders in the side spans. In this case the 
extensions of the stiflfening-tnisses into the side spans may 
be much less in length than the full side spans or openings. 

in. The stifiFening-trusses may be non-continuous and they 
may be in the main span only, or in both the main and 
side spans. 

Art. 44. — Case I. Continuous Stiffening-Trusses. 

The value of H for this case is given by Eq. 36 precisely as 
it stands. It is only necessary to determine the integrals: 

ri rhh ri rkh ri 

J Mi,ydx,J Mi,yidx,J M^xdXyJ Afj^cidtandy Myix.^g. 

00 00 

for a stiffening-truss continuous throughout all three spans, re- 
membering that if the side spans are of unequal length there will 
be two integrals in place of the second of 49, one for span h 
and one for span lz\ and similarly for other like terms in Eq. 36. 




r<- 



"k 



-*+♦ 



I I 

Fig. 13. 



The values of Af 5 (the moving load bending moment at any 
point of any span considered an ordinarily supported continuous 
beam) must be found by the aid of the theorem of three moments. 
The dead load or own weight of the trusses, it should be observed, 
is carried at mean temperature directly by the suspenders to the 
cables, and thus fails to cause . any bending whatever in the 
trusses at that temperature. 

Considering the stiffening-trusses as ordinary continuous 
beams, it is clear, in Fig. 13, that the bending moments at D and 
are zero. The bending moments M% and M^ at the feet of 
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the towers A' and B\ with any loads P on any or all spans, 
will be as shown on page 98: 

jjr f g'S P(i-n»)»-(2g+f)S P(i-g')g~2y(g+f)r>S P(i-m«)m 
•"^ 4(a+r)(6r»+l)-f • S^- 

r -j^+a^-L P(i-n«)n+f S P(i-j«)j 

2 (a+f) 

The notation in these two equations makes them perfectly 
general, as it assumes three different spans, /i, Uy and Uy and three 
corresponding moments of inertia 7i, / (for span fc), and It\ it 
is the same as used elsewhere (writing / for A), viz. : 

l\ Iz z z z 

h 1^ Ifi h h 

It is also to be remembered that Zy locating any load P, is 
measured from the left end of each span /i, k, and k- 

If Mo represent the moving load bending moment in any span, 
considering the truss as simply supported and non-continuous as 
well as unconnected with the suspenders, the value of M^ for any 
span may at once be written by the aid of Eqs. 50 and 51 as 
follows:* 

For span h . . . iff, — M2T' + ^0 52. 

h 

I2 — X X 

For span 1% ... If & = If 2 —j— + Ifs r + -^^o • • • S3- 

1% — X 
For span /t • • • M}, = Mz —. h If 54. 

In these equations Jio has the value P (""7") ^ between the 

ordinates o and z, and the value PyQ—x) for the ordinates x 
between / and 2. 

* See "Elasticity and Resistance of Materials of Engineering/' by Wm. H. 
Burr, page 84. 
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The following integrals will then be needed below: 

=7- (for uniform load ^) ; 
J Mtficdx=^-^{P-z^) = Pz-Ai -?*) =— (for uniform load p) ; 
Mi4x= — (/— 2)=*Pz-(i— g) =— (for unifonn load p). 

Taking the values of y and yi from Eq. 32, and remembering 
that X may be measured from either end of each span in Eqs. 
55, there may now be written: 

<(5 "^ 



• • 



55- 



J'M,^ = (M,+2if,) |*+ 2 P« ^* (i -g») 
f Mytdx=M» ^+ S Pa ^ (i -g*) 



. . 56- 



/ 



Vfc dx =- (if, +Jlf,) ^ + S P« ^ (i -g) 



57- 



Usually P in these equations *will be the panel moving load 
applied at the panel points, and z will be the distance of the 
panel point at which P is applied from one end of the span. 
The distance z therefore may be expressed in panel 
lengths. 
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The summations 2, in Eqs. 55, 56, and 57, may be quickly 
made by tiie aid of the following table: 



ff 


(i-tf») I 


-qH2-q) 


Q 


(i-««) 


I-fl«(3-fl) 


.05 


.9975 • 


.995125 


.55 


■6975 


•561375 


.1 


.99 


.981 


.6 


.64 


.496 


.15 


.9775 


■958375 


.65 


■5775 


.429625 


.2 


.96 


.928 


.7 


51 


.363 


.25 


.9375 


.890625 


.75 


.4375 


.296875 


.3 


.91 


847 


.8 


.36 


.232 


.35 


.8775 


797875 


85 


2975 


.169125 


.4 


.84 


744 


9 


19 


.109 


.45 


.7975 


686125 


95 


0975 


.052375 


.5 

1 


.75 


625 I. 




00 


.00 



Greater convenience, even, may be attained by constructing 
a curve with q as the abscissa and i — y^ (2 — g) as the ordinate. 



Uniform Load. 

The last term of the second members of Eqs. 55, 56, and 57 can 
easily be expressed for uniform load by writing p dz iov P, p 
being the intensity of load or the uniform load per linear unit 
(foot). The expression then becomes, the total uniform load 
being p (x — Xi): 

^lPz{i-q' {2-q))^j,fj^pz{l^-zK2l-z))dz 

Eq. 58 covers the most general case of a given length (x — xi) 
of uniform load on any part of any span, as indicated for the 
main span in Fig. 13. 

If the uniform load extends from one end of the span over 
the distance x, X\ = o, and Eq. 58 becomes: 
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Finally if the load covers the entire span, a? = /, and Eq. 58 
or 59 gives: 

V P2 (i - g« (2 - g)) = ^ . , . 60. 
'5 

Similarly, the last term of the second member of Eq. 56 
becomes for the uniform loading P (x — Xi) : 

f(.-.)..=«(>-^)^-gG(|-f)-(|:-f)).6,. 

If the loading p covers the distance x from one end of the 
span, JCi = oand: 

If the load p covers the entire span, x ^ I and: 

|/'z(?-««)& = ^' 63. 

Finally, treating in the same manner the last term of the 
second member of Eq. 57 for the xmiform loading P {x — Xi): 

? ('-')-fX>-')^-^(3(M')-(?-f)) '«■ 

If the loading extends from one end of the span over the 
distance x, xi = o and: 

f/-.ff -.,...?.? (3 ^,^) . . 6, 
When the entire span is covered by the load, x ^ I and: 

^fz{l-z)dz = ^- 66. 

2«/o 12 

Eqs. 58 to 66 are made applicable to spans h, h, and h by 
simply using the proper subscript i, 2, or 3. 

Eqs. 55, 56, and 57 with their adaptations to the special cases 
of uniform load now enable Eq. 36 to be used in any case of 
continuous trusses whatever. The areas of cross-section Fo, 
Fi, Fzj and Fi must be used as tentative values found by some 
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simple approximate methods, as those of Chapter I, to be revised 
if necessary after computing the value of H. 

Art. 45. — Case n. Continuous Stiffening-Trusses, but No 

Suspenders in Side Spans. 

In this case the cables in the side spans become anchor cables 
or backstays, practically straight, requiring the use of the item 
"Anchor cable or backstay" in the tabulation preceding Eq. 36 
instead of the item "Side cable." This necessitates substituting 

2 I'l sec^ ai for 2 /i ( I + — -j^j in the denominator of the second 

member of Eq. 36. 

Again, as there are no suspenders in the side spans, the terms 

in the denominator, of the second member of Eq. 36 must be 
omitted. 

Finally, the resultant bending moment in the side spans will 
not be afiPected by the suspender pull, except as that pull affects 
the end moments Af ', since the stiffening-truss of length h or k 
will be traversed by the moving load and carry its own weight 
without being attached to suspenders. This necessitates omitting 

the term —7 — /i* /i, in the denominator, of the second member 
f/15 ' ' 

of Eq. 36. - ' 

Furthermore, as yi is now zero, the resultant bending moment 
3/ in a side span will now bee 

M^M,-¥—(h-^x) -T iJf ^; and^^ = -^Cj^. 

Therefore, in the tabulated statjement preceding Eq. 36 and 

dx 
under the heading E, ,jj for the side spans, there should be re- 
tained for this case only the terms: 
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All the remaining terms due to the bending moments in 
the side spans contain yi which is now zero. 

Again, as the upward pull of the suspenders is exerted in the 
centre span only, by referring to Eqs. 19 and 20 of Art. 42: 

TUT" 5fe» 2a + f 

M = 7 ; — V /, / , — V =— 5/> . 07. 

4 4(a + r) (6r + i) - r . ' 

sh'r 2(a+r) ( br'+i) 
^ " 8(a+r)4(a+r)(ftf'+i)-f " ^ * ^^• 

The vjJues of B and C in Eq^ 69 must be taken from Eqs. 67 
and 68. 

* • 

Making all the changes above indicated in £q. 36 : 



V 

In this equation, l\ is the total length of the side span from 
the centre of the tower to the anchorage, so that l\ sec ai is the 
length of the backstay. 

The first term of feq. 69 becomes H' if the terms contain- 
ing ze^o ot k are made zero in the numerator of the second mem- 
ber, remembering that H^' may be computed by taking the 
dead load as suspended from the cable. 
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The determination of these integrals will depend upon con- 
siderations set forth at length in Art. 63 regarding special fea- 
tures of this case. 

Under these conditions the dead load moments will not enter 
the values of Jf 5 for any span, as already observed. 

It should be carefully discriminated that the dead load of 
the centre or main span is carried directly by the cable through 
the suspenders while that of the side spans rests upon those 




Fig. 14. 

spans as simple non-continuous trusses at mean temperature. 
The effects of temperatures other than the mean will be con- 
sidered as an independent matter. 

Inasmuch as any moving load on any of the three spans, 
/i, h, and /$, affects the value of H (or, since H is affected by the 
moving load bending moment in any of those three spans), the 
amount of work to be made a minimum in finding H includes the 
work performed by the moving load moments or stresses in all 
those spans. Hence the values of Mi, are the same as those 
given by Eqs. 52,53, and 54 in the preceding article. For the same 

ri ri rh h 

thevaluesof / Mi,ydx,J Mi,xdx,j Jf^xdap, and 



reason 



/ Ml, d X are given by Eqs. 55, 56, and 57 of the same article. 

With the complete determination of these values, Eq. 69 
may at once be applied to find the horizontal component, H^ of 
the cable stress. 

The dead load stresses in the spans h and /s are to be found 
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as if the trusses of those spans were non-continuous and simply 
supported at the ends, then tabulated and combined with the 
moving load stresses in the same spans. 

The spans h and h are extensions of the stiffening-trusses 
into the side spans, as shown in Fig. 14, and their ends may re- 
quire anchorage. 



Art. 46. — Case m. Non-Continuous Stiffening-Trusses — 
Stiffening-Tnisses in One or Three Spans. 

Two conditions may arise when the stiffening-trusses are non- 
continuous; the latter may be found in all three spans, or there 
may be stiffening-trusses in the centre or main span only. The 
preceding equations, with simple modifications, cover either 
condition. 



Stiffening-Trusses in All Three Spans. 

Eq. 36 gives the value of H for this case precisely as it stands 
after dropping all terms depending upon continuity of the trusses. 
It is only necessary to observe that Mf, for any span or all spans 
is the moving load bending moment in a non-continuous, simply 
supported truss loaded in any manner. The dead load is carried 
directly to the cables by the suspenders and produces no bending 
in the stiffening-trusses at mean temperature. 

Every term in Eq. 36, Art. 43, containing 5 or C must be 
dropped, as all such terms belong only to continuous stiffening- 
trusses. These changes will give: 



E2 



, i28/i» /I k" 2\~) Fo ,, , r 
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2 



?t^')l 



70. 



I \1< ICf / 



Eq. 70 gives the general value of H for non-continuous 
stiff ening-trusses with suspenders in all three spans. 

If the spans 7i and h are not of equal length, the paragraph 
followit^g Eq. .37 .in.U3t be carefully regarded. « 

Eqs. 55 of Art. 44,sihow for this case: : 

Vftydi^-^ISPsCi -3«(2-?))l . .71- 

..•■'• .3. 









Miy»dx= ■^[iiPzii-q'i2-q))] . . 73. 

Eqs. 56 and 57 are not needed when the trusses are non- 
continuous. 

In these equations, in general, q — Y' 

Usually, as already stated, P will be the panel moving loads 
applied at the panel points, at distances z from one end of the span. 

As with Eqs. 69 and 36, Eq. 70 will give iT' when all terms 
containing wo or i in the numerator of the second member are 
dropped. 

If the load is uniform, Eqs. 58, 59, and 6b show the values 
taken by Eqs. 71, 72, and 73 for any length of uniform load placed 
anywhere in any span. The tables of nimierical values given 
in connection with Eqs. 55 to 66 of Art. 44 greatly shorten actual 
computations. 

Stiffening'Trusses in Centre or Main Span Only, 

I 

In this case the side cables become anchor cables or back- 
stays, as there are neither suspenders nor stiffening-trusses in the 
side spans. Omitting the corresponding terms in Eq. 70, the 
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value of H, the horizontal component of cable stress, is then at 
once given by Eq. 74: • . 



+ 



-7 I* \ 



+ ^2h'(tana + tanai)* + fy—f*l . . 74. 

If the two side spans are not of the same length (/i sed^ ai + 
h sec^ as) should be written for 2 h sec^ at. 

The value of / M^^ydx is to be taken from Eq. 71. In 

case of uniform load, resort again should be made to Eqs. 58, 
59, and 60 of Art. 44. 

If both nimierator and denominator of the second member 
of £q. 74 be divided by the third term of the denominator: 



kP . Ft 



+ 



8/ ^ I 64 /» (k" _ 2 \ 



(J M^ydx 



1+ 









+ J 2 A» (to» a + ten ai)* + 7 - ) ^ / 



75. 



If in the second member of Eq. 75 all terms depending upon 
the work expended in stressing the different parts of the structure, 
and, hence upon the loads causing the stresses, be omitted, there 
will result: 

^ = §7 7^- 
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Eq. 75, therefore, shows the influence of the elastic deforma- 
tions or strains on the value of H, Eq. 76 giving H for the cable 
weight only, when all such deformations or strains are disre- 
garded. 



Art. 47. — ^Bending Moments in Continuous Stiflfenirg-Trusses. 

Having determined the value of the horizontal component, 
H, of the cable stress for the various given conditions, all the 
stresses in both the cable and the stiffem'ng-trusses may at once 
be completely computed. To do this the moving load bending 
moments and shears must first be foimd. 

Case I. — Continuous Stiffening-Trusses. 

The value of H for this case, together with other formulae, 
will be foimd set forth in Art. 44. 

Bending Moments in Stiffening-Trusses. 

The general value of the bending moments for the three spans 
/i; k^ and h are given by Eqs. 86, 8^, and 8J of Art. 42. 
By Eq- 32 of Art. 43: 

yi = ^ {h ''X)x\ 77. 

yi = y-- (/i - x) x\ 78. 

n 

4/3 /I \ 

ys = ^ (/s - ^) A- 79' 

The moments M' and M'^ at the points of support caused 
by the imiform upward moving load pull of the suspenders s' = 

H^ —y as found by Eq. 33a of Art. 43, are given as follows by 



Eqs. 19 and 20 of Art. 42 : 

,w, 5^y a»- (2(i + f) - 2y(a + f)/ ,„ ^ 
4 4(a + f) (6 r + i)--r 

8(a+f)( 4(a+f)(6ri+i)-f \ 
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The moments Af 5, caused by moving load only, are given by 
Eqs. 52, 53, and 54 of Art. 44, Afj and Mt being given by Eqs. 50 
and 51 of the same Article. 

Introducing the values of y and Mh in Eqs. 8&, &;, and &/: 
For q)an/i: 

M^MtT+Mo-H'(^{h^x)c^-M'j . . 82. 

For span h: 

^M' -j — M —j — . • . • 83- 
For span h: 

M=Mn ^ +M0-H' {^ (/.-«)*) -M" ^ . 84, 

These equations are perfectly general for any amounts or 
positions of loading on any or all spans. They may be somewhat 
simplified for the usual conditions of actual construc- 
tion. 

The value of the moving load moments Mz and Afj over the 
points of support at the extremities of the main span 1% are given 
by Eqs. 14 and 15 of Art. 42, or Eqs. 50 and 51 of Art. 44 for 
concentrated loads, but uniform loads may be used in nearly all 
cases. Let it first be assumed that the uniform loads per linear 
foot for the span /i, l%j and h are px^ p2y and p^^ respectively; then 
let the length of that uniform load in each span he z — zi, z and 
Zi being measured from the left end of each span, Le.y from the 
same origin as x. 

In Eqs. 50 and 51 of Art. 44, ^ (2 z is to be written for P, and 
the typical operation of changing from summation to integration 
will then be: 



X 



' P (i -»*) n= I7 (/»-a«)«rfa= ^ (2/«(a«-«i*)-(«*-«i*)) 

= ^((2»*-»«)-(2»l»-»l«)) .... 85. 

4 
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There will result by the use of this typical equation: 

_ U pi g' ( (2 n^'-n^) - (^ wi»-wi0 ) -^ (>2 a^-r)p^ ( (2 g»-g*) 
'"■4 4(a + f)(6r' + i)-r 

- (2 9i« - ^1*) ) - 2 h^{a'\-r) r'pz ( (2 w^ _ ^4) _ (2 ^^2 _ ^^4) ) 



86. 



4''^3 



if2=- 



V ^i~ +^ ^' ( (2 «2-n*) - (2 m^-m^) ) +rp^ ( (2 j2_g4) 



2 (a + f ) 



~(2.gi'-giO) ■ ....'. : . 87, 



The uniform moving load wouid usually be the same on all 
spans, or, pi = p2 == Pz = p* 

Again, generally, h = h, or a = b. Furthermore,' these 
spans may be half the length of the main span, i.e., a = J = |. 

. I , 

Also /i = /s, or f = "T. If it should be permissible to take 

•1 ^ . . . , . . ' 

/i = /a =r It, then r =^ r' = i. 

The smallest length of xmif orm load would be a panel length, 
and it can be taken as a single or concentrated panel load, al- 
though, strictly speaking, uniform moving load would have > to 
cover at least two panels to secure a full panel concentration at 
a panel point. 

The following table will save labor in the application of Eqs. 
86 and 87. 





n 


U»»-iH 


»^ \ , ==: '^ 


rrr- ' r-; 




.05 


.00499375 


.55 


.51349375 




.1 


.0199 


.6 


.5904 




.15 


.04449375 


.65 


.66649375 




.2, 


.0784 


.7 


7399 




.25 


.12109375 


.75 


80859375. 




.3 


.1719 


.8 


.8704 




.35 


.22999375 


.85 


91999375 




.4 


.2944 


•9 


9639 




.45 


.36399375 


.95 


99049375 




.5 

• 


.4375 


I. I. 
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Although the table has the headings, n and 2 n* — n\ it 
obviously applies equ^-lly to the ratios q and m. 

If, again, the end spans are equal, h — h, so that a = b, 

and if, as usual, r = -7, ilf' becomes equal to M^\ When these 

substitutions are made in Eqs. 80 and 81. they become: 

M'^,M"^-'^^±^ . . . .88. 

In the second member of Eq. 83, therefore: 

- M" 7 -3f'^^ = - M' = - M" : . ■ 89.' 

Making the substitutions in Eqs. 82, 83, and 84 indicated hy 
Eqs. 88 and 89, there will result : 

For span/r. 

* • ' • ' » 

k ^h^ J 4. 2a+3r/i 

For spanfc: 

42 a + 3 f ^ 

For span /a: 



s' I2* a^ + r Iz —X 
+ 4 2a + 3f"X" •;•••■ 93. 

As /i = /s in these equations, it should be observed that the 
subscripts are retained to distinguish the spans and not to 
indicate different span lengths. 

In these equatiops the suspender pull 5' per linear unit of 
span is the uniform pull due to moving load only. 

Y=-5'^ ...... 94. 



138 SUSPENSION BRIDGES [Chap. IV. 

It will be observed that Eq. 91 may be used for the span 
h by changing h to ky M2 to Mz, and/i to/s, but x and zinh must 
tlfcn be measured from the right-hand end of that span. The 
same result will be obtained by writing h ^ xtor x in Eq. 93. 

Art. 48. — ^Points of Contraflezure in Continuous Spans /i and /«. 

The points of contraflexure in a stiffening-truss are found 
precisely as in the case of any ordinary continuous beam, i.e., 
by placing the bending, Af = o, and solving the equation for x. 
The general equations to be used for this purpose are Eqs. 82, 83, 
and 84. It will be sufficient, however, to illustrate this part of the 
analysis by the use of Eqs. 91, 92, and 93, in which /i= h and 
f = f', as may be the case. The uniform moving load may be 
considered a series of uniform panel loads, K* applied at the 
panel points. The value of Mq for that part of any span between 
its left end and the point of application of K (i.e., for the part z 
of the span) will be for a single load: 

/ - z 
Mo-= K—j- X 95. 

For the part (/ — z) of .the span: 

Mo^^Kjil'-x) 96. 

If the load is uniform and covers the entire span: 

P / N 

Mo = — {I — X) X 97. 

If Mo) given by Eq. 95, be placed in Eq. 91, and if the second 
member of the latter be then placed equal to zero, x will be 
factored out, giving for the distance of the point of contraflexure 
from the left end A of. the span. Fig. 13, Art. 44: 

'-'■1 ' -m. '^■+^ft-'> + ^ (£j^) i ■ ^- 

^Although this letter is used in Art. 43 to represent the uniform load per 
panel of the cable, no confusion will result from giving to it the meaning 
indicated here. 
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There is therefore one point of contraflexure between the left 
end of span h and the point of application of the (panel) load K. 

For the right-hand part h — z ot the span h the moment Mo 
must be taken from £q. 96; and if that value be placed in Eq. 91, 
and if the second member of the latter equation be made equal 
to zero, there will result a simple equation of the second degree, 
the usual solution of which will give: 

'V {ta-J,+Kz-U,-'-^-£i~~y -x6KzE'/,) . 99. 

£q. 99 shows that there will be two points of contraflexure 
between the point of application of the load K and the right end 
of span li, making three such points in the span. 

Again, if the span h carries the uniform load pi per linear 
imit (per foot), the value of M^ is to be taken from Eq. 97 and 
placed in the second member of Eq. 91, which is then to be made 
equal to zero. This procedure will give: 

7 I 4 gg + jf , 

*"^'V~ AH'h-hp,h* I • • • ^oo- 

In this case there is then but one point of contraflexure in 
span /i. 

Eqs. 98, 99, and 100 apply directly to span /« as they stand by 
simply writing U for lij% for/i, and Mt for M^j remembering that 
X and z will then be measured from the right-hand end of the span. 

For the span I2, carrying a single (panel) load K at distance 
z from its left end, M^ is to be taken from Eq. 95 ; and the second 
member of Eq. 92 then placed equal to zero will give for that 
part of the span between the left end and K : 

^--aV- 4 g72 ^^V" ThJ^ ) 

^ TJt f / . • • . IOI« 
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This equation show^ that there are two points of contra- 
flexure between the load K and the left end of the span. 

Eq. 96 gives the moment M^ for the part h — z ol the span, 
and the substitution of it in Eq. 92, also making Af = o, will give: 

kf Mt-Mt-Kz 1/ Mi-M,-Kzy , 



4H'f, ■ 


\ 


vv 


KZ + M2 + 


4 


a* + r' 
2'a + 3r 



rjf 4' / . . . 102. 

tl J2 I 

There are, therefore, two points of contraflexure in the part 
/j — 2; of the beam, making four points in the span fe, two on 
either side of the load K. 

If the span fe is cdvered with a uniform moving load, ^2, per 
linear foot, Eq. 97 will give the value of M^, By placing the 
second member of Eq. 92 equal to zero after substituting the 
value of Mq in it, there will result: 

hi __ M^-M2 . n Mz-M2 ~ \ ' 

M2 + 



4. 2^ + 3^ . 
H'J2-ipk' I • • • • 1^3- 



1 • 



Eq. 103 shows that, with a uniform load on the entire span fc, 
there will be but two points of contraflexure in the span. 

These special instances of the points of contraflexure show 
sufficiently tlie procedures to be followed in all cases. 

Art. 49.-— peflection of Continuous StifFening-Tnisses in Spans 

/i and i. 

If u represent the deflection of the stiffening-truss at ai^y 
point distant x froni the left end of any span, there may be 
written by using Eqs." 91, 95, and 96: 

EI -7-1 ==M = M2y + K [1 -7) x + Kz[i -j) 

( x\x s' l^ d^ -\- r X 

— il 4/1 1 1 — t-Jt- + 1 — r . . 104. 

^-'^ V IJlx 42a + 3f/i 
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Observing that J K ii — j) xdx = X ( i — y-j — and 
J Kz\i -- T-jda:=-K'z(a;^2) ^i ^ — r-j, there will result: 



T^ T^U ^, ^ . T^ f Z\^X^ ^, . . / X+Z\h 

Ely- == M2-J + K (i-rJ- +Kz(x-z) (i- -y-j 
ax 2/1 V li^o2 ^ ^ \ 2/1 /« 

•^ ^2/1 3/1V 4 2a + 3r 2/1 ^ 

Again integrating, 

{x — zY f 2Z+X\^i 

3 



a:" ' / zX^x' (x—zY / 2z+x\^i 



-^^4/.(^^-^) + 



j'V a» + r x» 



+ C a; . 106. 



4 2a + 3r6/i 

In Eq. 106, w = o, when x = o; hence the constant of integra- 
tion is zero. 

Again, w = o, when x = h, m Eq. io6. As that condition 
will make x = z, in the second term of the second member of 
Eq. 106, and nc = /i in all the other terms, there will at once result: 

s'k* a* + r ) 

The value of C given by Eq. 107 enables Eqs. 105 and 106 to 
be applied to any case. 

(z\^x^ 
I — r j — in the 
. li^o2 

second term of Eq. 105, and the corresponding term in the second 
member of Eq. 106, are to be t^ien as they stand; but x must be 
displaced by z in both those terms when x lies between h and z. 
At the same time (i.e., when the value of a; is between z and o), 

I T-) in the second member of 

2h^s 

Eq. 105, as well as the corresponding term in the second member 

of Eq. 106, is to be omitted. 



/^ 
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If, however, x lies between h and z, the latter of the above 
terms in the second members of Eqs. 105 and 106 belonging 
between the same limits h and z are to be taken as they stand. 

When a; = 2 and x = h, those terms have respectively the 
following values: 

FoTX = z: 

( z \x^ Kz^( z\ 
Forx = /i: \ 108. 

/:.(.-.) (■-t^)-jc. ft-.) (.-it') 



K 



For* = h' 



^.fci'(,_ii±f).^ (,_.,(..) 



109. 



If the spans h and h carry over their entire lengths the uniform 
moving loads pi and pt per linear foot of span, the moment 

Pi 
Mo (Eq. 97) has the value Af = — (h — x) x, while M2 and Mz 

will be given by Eqs. 87 and 86, respectively. The two terms in 
which ^ is a factor in the second member of Eq, 104 will then be 

displaced by -^ (h — x) x. 

Furthermore, as — y (h — x) xdx =^ ^ — Ui ) , this 

latter quantity will displace the two terms in which iT is a factor 
in the second member of Eq. 105. 

Pi f ( 2X\ P\0? ( X\ 

Again, as — J x% \l\ j dx ^ — ^ yh ) , this latter 

quantity will displace the two terms in which KisdL factor in the 
second term of Eq. 106. 

Finally, since for ^ = /x, ^ {h - f ) = ^-^j^, the term in 
which K appears in the second member of Eq. 107 will be dis- 
placed by -^-^. 
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With these simple changes Eqs. 104, 105, 106, and 107 may be 

at once used for uniform loads. 

du 
As --r- is the tangent of the inclination of the neutral surface 

of the truss to a horizontal, the point of greatest deflection will 

du 
be found by placing t~ = o and solving the resulting equation 

Cr X 

for X. The quantity so found must then be substituted in the 
general value of «, Eq. 106. This is a comparatively simple 
matter for xmiform loading over the entire span, but not other- 
wise. 

For a given manner and amoimt of loading, the deflections at 
a number of points may be foimd by Eq. 106, from which a 
deflection curve may be constructed, thus enabling the greatest 
deflection, the points of contraflexure or other desired points to 
be found by construction with sufficient accuracy. 

All the preceding equations become directly applicable to 
span k by simply changing h to h, /i to /a, and 3f 2 to Mz, and 
measuring x as well as z from the right-hand end of /$. 



Art. 50. — ^Points of Contraflexure in the Main or Central Con- 
tinuous Span &• 

Points of contraflexure in the main span ^2 of a continuous 
stiffening-truss are foimd precisely as in Art. 48 for the side 
spans h and h- 

Using the same notation as heretofore and considering a 
single load K at any panel distant z from the left end of the 
span, the values of Mo in Eq. 92 of Art. 47, for the parts z and 
I2 — zof the span fc, respectively, are as given by Eqs. 95 and 96 
of Art. 48. 

For the part z: 

For the part ^2 — z: 

z z 

Mo = Ky{lt^o^— Kz-^Ky^' • • III* 



no. 
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Also for a uniform load p^ per linear foot covering the entire 
span: 

Afo =^ — Q2 " x) X 112. 

2 

If ATo, Eq. no, be substituted in Eq. 92 of Art. 47, and if 
the value of the moment J/, so found, be placed equal to ?ero, 
and if the resulting quadratic equation be solved for x, the 
position of the points of contraflexure will be given as follows: 

=*='V — 777tI-*^2+ ; — J + U T^rr ) ^"3- 

> . H'J^^ ^^ 4 2a+3f/ "^V ^H'J^ J ) ^ 

This equation shows that in general there will be two points 
of contraflexure iq the part z of the span. Referring back to 
Eq. 88, and remembering that M^ is negative in sign, it is seen 
that when the moment of the uniform suspender pull over a 
point of support is equal in amount (but opposite in sign) to 
Ml, the first term under the radical in Eq. 113 is equal to zero 

» 

and there will be one point of contraflexure, the two values of x 
taking the form: 

,/ Mt-Mi-^K{h- z) \ 

^^'^V- — . 4 E'ft. — ~; "'■ = ° • "4- 

There will also be but one value of x when the radical itself 
in Eq. 113 is equal to zero. 

For the part ^2 — z of the span, there must be substituted in 
Eq. 92 the value of ifo given by Eq. iii. The solution of the 
quadratic equation resulting from that operation will yield: 

hS M,-M2-Kz I I frr . .. . s'k' a'+r \ 
2 ( 4H ft ^ g /2 V 4 2a+3f / 

This equation shows that in general there will be two points 
of contraflexure iq the part k — z ol the span. There evidently 
will be but one point of contraflexure in the special case for 
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which the radical in the second member of Eq. 115 becomes 
equal to zero. 

If the uniform load p^ per linear foot covers the entire 
span, Mo given by Eq. 112 is to be substituted in Eq. 92; then 
placing its second member equal to zero, there will result: 



M%+ 



o 

/ 8 H'f, ~ 2 J/, + 2 3/2 -"TTfeY l . 

"^ V 8H'f2-p2h' / J ' • "^• 

There are, therefore, two points of contraflexure in this span. 

These formulae complete all which are needed to find points 
of contraflexure in any continuous span carrying any load under 
the prescribed conditions. 

Art. 51. — Deflection in the Main or Central Continuous Span. 

If the deflection at any point distant x from the left end be 
represented by u, as in Art. 49, the deflection equations for the 
main span h may readily be written by the aid of Eq. 92 as 
follows: 

^ \ /j/ /j 4 2 a + 3 f 

Hence: 

l^ ^ 3 / 4 2a+3f 

Finally: 
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Inasmuch asu ^ o, when x ^ o, the constant of integration 
for Eq. 119 is also zero, Again^ in the same equation, «^ = o for 
X ^ U> Hence, since z must then take the place of o^ in the first 
term in which z appears in the second member of Eq. 119. and 
X » b in the second such term in the same member of the same 
equation: 

c = ^|2ff7.^2jf.-iifs-Ji:.(i-9(^,+2(i-|y) 



4 2a+ir 



120. 



This value of C substituted in Eqs. 117, 118, and 119 will 
make them available for any application desired. 

In making use of Eqs. 117, 118, and 119 reference must be 
made to the explanations given between Eqs. 107 and 109 of 
Art. 49, and in the paragraph following Eq. 109 of the values of 
the terms involving z and x for the different cases. With the 
full explanations found there, it is unnecessary to repeat them 
here. 

Again, if the spans /i, hj and 1% carry the uniform loads ^1, 
^2, and pt over their entire lengths, the non-continuous span 

moment Mo = — (fc — :r) re. The two moments, M2 and Jkfj, 

will be given by Eqs. 87 and 86, respectively, as in Art. 49. 
Finally, the 'explanations beginning with the second paragraph, 
after Eq. 109, show completely the changes in the terms involving 
k in Eqs. 117, 118, and 119 to be made to adapt them to uniform 
loading over all the spans, it being only necessary in those ex- 
planations to displace p\ and l\ by p% and U- 

The points of greatest deflection are to be found as before 

du 

by placing ;r- = o and solving the resulting equation for x. 

Of X 

Indeed, all the observations made in Art. 49 as to the points of 
greatest deflection, the construction of deflection curves, and 
points of contraflexures of the side spans l\ and U apply equally 
to the main span /s. 

The investigations of the preceding articles show fully the 
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character of the analytic treatment of continuous stiflFening- 
trusses for determining points of contraflexure, deflections, and 
other features of elastic distortion caused by own weight or live 
loading. 



Art. 52. — ^Bending Moments in a Non-Continuous Sti£Femng- 

Truss. 

The value of the horizontal component H of the cable stress 
for non-continuous stiffening-trusses is given in Art. 46. With 
that value determined the bending moment in each of the three 
spans, /i, hi and /a, will be given by Eqs. 82, 83, and 84 of 
Art. 47. 

As the truss is now non-continuous: 

Ifa = Ms = M' = M" = o . . . . 121. 

Hence the bending moment in span hj for instance, is the 
same as that for either of the others except for the 
subscripts: 

M = M^-H'^ {l2-x)x . . . . 122. 

This equation obviously could be written directly without 
reference to Eqs. 82, 83, and 84. It is equally evident that it 
can be used for spans h and k by simply changing f% and h to /i, 
/i, and/a, /a, respectively. 

The general value of H' for non-continuous stiffening-trusses 
is given by Eq. 70 of Art. 46 by omitting all terms depending 
upon the dead load, i,e,, all terms in which k or wq appears. K 
those omissions be made, and if Z? be written for the denominator 
of the second member of Eq. 70: 

H = ^ . 123. 

For the special case of a stiffening-truss in the centre span 
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It only, Eq. 74 of Art. 46 must be used. If D' is the denominator 
of the second member of Eq. 74, then for this case: 



F' = 



f-r 



Miydx 



U 



124. 



The general values of the integrals found in the second 
members of Eqs. 123 and 124 are given by Eqs. 71, 72, and 73 
of Art. 46, or in the special case of a uniform load by Eqs. 59 and 
60 of Art. 44. 

That part of the horizontal stress H represented by H", and 
due to the dead load, is found for the two cases of non-continuous 
trusses by making the niunerators of Eqs. 123 and 124 equal to 
zero in the second members of Eqs. 70 and 74 of Art. 46, re- 
spectively, without changing the denominators D and D' 



Uniform Load, 

If it be supposed that the stiffening-truss is traversed by 
the uniform moving load p^ per linear foot, that load extending 
the distance JCi, from one end of the span, Eq. 124 will take the 
form, by the aid of Eq. 59 : 



, / 6 \k^ k' "^ Sh'r 



F' = 



U 



i2S« 






K Jr — ^ 



^ 



I 
I 



'^^Wi^W^^.^iT^^i^^M^^^Zk^ 



R' 



A X, »i 



I 



I "-^ 






-ii r H«- 1|- >i 

Fig. 15. 



The reaction R at the left end of the span. Fig. 15, assuming 
an ordinary simply supported beam of length fc, is J? = ^ 

\xx — ^) , while the reaction B! at the right end of that span is 
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R = — 7-. Hence the moving load bending moment Mo for 
the loaded part Xi of the span will be: 

M.=i?*-^'=/„|(*»-g)«-y| . 126. 



By substitution in Eq. 122 : 



r 



M — p2' 



( «1*\ ^ 



^H'^{kx-x^) . 127. 



To find the point of greatest moment in the loaded part Xi of 
the truss: ' 

dM / xi^\ ,4 A ,8/2 

By introducing the value of H^ from Eq. 125 and solv- 
ing this equation: 

^0 2/2' h (x,^ _ Xi*^ 2 xl\ _ fxi _ i^i*\ 
J ID' 3 W k' "^ 5 ^2°/ W2 2 fe'V 

This value of x substituted in Eq. 127 will give the greatest 
bending moment in the loaded part Xi of the span, that moment 
being such as to produce compression in the upper chord and 
tension in the lower chord. Making that substitution, there will 
result the following general expression for the greatest bend- 
ing moment produced by the uniform moving load, p2 a?i, extend- 
ing from one end of the span: 

F02/2- 



3 VV h'^sk') \k 2/2V J 



iiy 
/zy 3 w k^'^sh'^ ^' 

The maximum bending moment in the entire span will be 
found by taking the first derivative of Af„», a function of Xi, from 
Eq. 130 and placing it equal to zero. The resulting value of Xi . 
will give the length of loading for that maximum moment, and if 
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the same value of Xi be placed in Eq. 130, the maximum moment 
itself will at once be found. Eq. 129 will then locate the point 
of maximum bending. This operation, however, is too compli- 
cated to be easily completed and other procedures are preferable. 

If the ratio 7- be varied from o to i so as to cover the entire 

span and if the corresponding values of x (Eq. 129) and M^ 
(Eq. 130) be found, a greatest moment curve may be constructed 
with the abscissa x and ordinate M^, which will show completely 
the greatest possible bending moment at every point of the span, 
including the maximum of all. This should be done whenever 
the law of loading may be that imder consideration. The 
computations for both x and M^, as well as for H', will be much 
aided by the following table or by the curves which may be 
constructed from it. 



ir 


XI* XI* a XI* X 
/j* l*t. "^ S IH l 


I I Xl» 


.05 


.002493275 


.04875 




.1 


.009904 


095 




.15 


.022024125 


. 13875 




.2 


.038526 


.18 




.25 


.058984375 


21875 




.3 


.082872 


255 




.35 


. 10959462 


28875 




.4 


. 138496 


32 




.45 


.168874875 


34875 




.5 


.2 


375 




.55 


.231125125 


39875 




.6 


.261504 


42 




.65 


.290405375 


43875 




7 


.317128 


455 




75 


.341015625 


46875 




8 


.361472 


48 




85 


.377975875 


48875 




9 


.390^6 


495 




95 


.397502405 


49875 


I. 


.4 


5 



The negative moving load moments, existing in the unloaded 
part of the span {k ^ Xi), with the uniform moving load taken as 
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already assumed, are readily written as follows, remembering 
that X must not be taken less than xi : 

Afo = R' (k — x) = — Y^(k — x) , . . 131. 

By substitution in Eq. 122 : 

M'=^\k-x)-n'^'{kx^ x«) . . 132. 

Proceeding as before to find the point of greatest negative 
moment, i.e., in the unloaded part of the beam: 



dM p^xi* ^,4/2 . „,8/i 



2 



dx 2 It h h* 

Hence: 



-H'^ + H'-^x^o . . 133 




134- 



Fp4ffh ( _ ^.l^\ 

By placing this value of a; in Eq. 132, and using Eq. 125 for 
n\ the greatest negative moment in any imloaded part (/j — Xi) 
of a span will be found, x never being less than Xi, This opera- 
tion will give: 

ly 




, / 3 v^ y"^sfc'^ 



/ 3 V^ /2»"^5fe»/ 



ry 



135- 



This equation, like Eq. 130, may be differentiated in respect 
to Xi as the variable in the search for the greatest value of M'^ 
in the entire span. By placing the first derivative equal to zero 
and solving that equation for Xi, then placing that value in Eq. 
"^ZSj the greatest moment Jkf',,, in the entire span will at once 
result, but that operation is too complicated to be practicable, 
and, as in the preceding case, another procedure is preferable. 

Again, varying j- from zero to unity so as to cover the entire 
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span, the moment Jf '^ ^^^ ^^ location x will be found by Eqs. 
135 and 134, respectively. A greatest-moment curve may then 
be constructed with the abscissa x and moment 3f ',», which will 
show the greatest moments in the imloaded parts of the span, 
including the greatest in the entire span. This operation will 
be expedited by the use of the values given in the following table: 



XI 

h 




XI 

It 


Xl« , 2 XI* 


.05 


.99755 


.55 


.76405 (?) 


.1 


.9904 


.6 


.7264 


.15 


.97885 


.65 


.68735 


.2 


.9632 


.7 


.6472 


.25 


.94375 


.75 


.60625 


.3 


.9208 


.8 


.5648 


.35 


.89465 


.85 


.52315 


•4 


.8656 


.9 


.4816 


.45 


.83395 


.95 


.44045 


.5 


.8 

• 


I. 


.4 



These ^umerical values will enable both x (Eq. 134), and 
M'm (Eq. 13 s), to be readily computed or constructed after Fo 
and / are either tentatively or finally determined. The quantity 
ZX is to be found by the aid of Eq. 74, Art. 46, as it is the denom- 
inator of the second member of that equation. 

Art. 53. — Deflection of the Non-Continuous StiflFening-Truss. 

The deflection of the non-continuous stiffening-truss, due 
to flexure only, may be at once found by the aid of the preceding 
formulae. 



Single Load K at Any Point. 

The general equation for the bending moment for this case 
is Eq. 122 of Art. 52. In the most general case, the simple beam 
moment Jf for a single load K at the distance z from the left 
end of the span is, for the segment of the span o to 2: 



I2 ^ z ( z\ 



X 



136. 
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and for the segment 2; to / : 

Mo^ Krik- x) =^ K yi - fjz . . 137. 

From o to 2, therefore, the general bending moment will take 
the form, Eq. 122: 

M = k{^-1)x-H'4A{i-1)~ . X38. 

And from ztoh: 

M = K{i-l)z-H'4f.{i-l)l. . X39. 

The values of H' for the two cases of stiflFening-trusses in all 
three spans or in the main or central span only are given in Eqs. 
123 and 124 of Art. 52. 

If u is the deflection, then for o to z: 

And from z to k: 

^^S = ^(^-|)^-^'4/«0-|)| • ^4X. 

If the first integration be made in Eqs. 140 and 141, C being 
the constant of integration in the first of those equations and C 
the constant in the second, and if the two results be placed 
equal to each other after making x = Ziin. each, there will result: 

2 



Hence, for the part o to z of the span: 

du ,.l^ ( z\o^ „, ,, /IOC* ijc^' 

3 



^4:-^7('-DS-^'^/-'-ei-jS)+^-- 



(x\x 
I — y 1 -r may be found in Art. 1 1. 
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and for the part z to h: 

^'s-K(|-iS)*-^'^/'''(-!|-lS)+^-«- 

Integrating Eq. 142 and remembering that « = o for * = o: 
EIu^K^(i-j^)j^,-H-^(j^,--^,)+Cx .144. 

Also « = o for « = ^; hence integrating Eq. 143 between 
the limits x and l» : 

+c'^4|-0 ^45. 

Making x » £; in Eqs. 144 and 145 and then placing the 
second members of those equations equal to each other: 






146. 



The values of C and C make equations 142, 143, 144, and 
145 immediately available for application. 

If there are a number of isolated loads K resting on the truss 
at different points in the span, the resultant inclination of the 
neutral surface (Eqs. 142 and 143) and the resultant deflection 
(Eqs. 144 and 145) of any point x will be found by simply 
adding the separate results for each single load K for the same 
point. 

The following tabulations will greatly aid in the application 
of the preceding formulae : 



I X 



• Tabular values of (t"" 2 "/«) '"^^ ^ found on page 150 of this article. 
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NUMERICAL VALUES 



^SS 



X 

I 



I £« 1 «• 



1 «■_ I^** 



I 
3 



05 
I 

15 

2 

25 

3 

35 

4 

45 

5 

55 
6 

65 

7 

75 
8 

85 

9 

95 
00 



.001,208,333 
.004,666,667 
.010,125 

.017,333.333 
.026,041,667 

.036 

.046,958,333 

.058,666,667 

.070,875 

■ 083,333,333 
.091,791,666 

.108 

.119,708,333 

. 130,666,666 

. 140,625 

■ 149,333,333 
.156,541,666 

.162 

. 165,458,333 
. 166,666,666 



— .332,104,167 

— •328,5 

— .322,645,833 

— .314,666,667 
-.304,687,5 
-.292,833,333 

— .^79,229,167 

— . 264, 
-.247,270,333 

— .229,166,667 

— .213,812,5 
-•189,333,333 

— .167,854,167 

- . 145,5 

— . 122,395,833 

— .098,666,667 

— .074,437,500 
-.049,833,333 

— .024,979,167 

— .00 



I* 



15* 
a/« 



.000,121,875 

.000,95 

.003,121,875 

.007.2 

.013,671,875 

.022,95 

■035,371.875 

.051,2 

.070,621,875 

.093,75 
.120,621,875 

.151.2 

.185,371,875 

.222,95 

.263,671,875 

. 307,2 
.353.121,875 

.400,95 
.450,121,875 

•5 



X X 


< i«« I 
I 2 1* 2 




r($^') 


.05 -. 


499.878,125 


.092,6 


.100,125 




I — . 


499,05 


.171 


.201 




15 -. 


496,878,125 


.235,875 


.303,375 




.2 — . 


492,8 


.288 


.408 




.25 -. 


486,328,125 


■328,125 


.515.625 




3 -■ 


477,05 


.357 


.627 




35 - 


464,628,125 


.375.375 


.742,875 




■4 -. 


448,8 


.384 


.864 




.45 - 


.429,378,125 


.383,625 


.991,125 




.5 - 


406,25 


•375 


1. 125 




.55 - 


379,378,125 


.358,875 


1 . 266,375 




.6 - 


348,8 


.336 


1. 416 




.65 


314,628,125 


.307,125 


1 . 574,625 




•7 -• 


277,05 


•273 


1.743 




.75 - 


236,328,125 


.234,375 


1.921,875 




.8 - 


192,8 


.192 


2. 112 




.85 


146,878,125 


. 146,625 


2.314,125 




9 - 


099.05 


•099 


2.529 




95 - 


049,878,125 


.049,875 


2 . 757,375 


I 


00 — . 


.00 


0.00 


3 00 



iS6 



SUSPENSION BRIDGES 



[Chap. IV. 



It is evident that the formulae of this article apply at once 
to either of the side spans, h and Iz, by simply changing k to 
either h or /«. 

Uniform Loading from One End of Span. 

If the uniform loading pi per linear foot extend from one 
end of the span k to the distance JCi, as shown in Fig. 15 of Art, 
52, the bending moment M, for the loaded part of the span, 
has the value given by Eq. 127 of the same article. Hence: 






(^^-©^"ft-^'v-'^^^-^^^ • ^^7. 



By using Eq. 132 of Art. 52 for the unloaded part of the 
span, xi to ^2: 



EI 



d^u _ pjXi^ 
dx* " 2/2 



{U-x)-H'^{ltX-x^) . 



148. 



Integrating Eq. 147: 

In this equation C is the constant of integration. A second 
integration gives, remembering that for x = o, « = o: 

By the first integration of Eq. 148 : 

dx 2 k ^ 2 / k^ ^ 2 3/ *^ 

Again, integrating between the limits x and h, remembering 
that « = o for a; = fe: 

2 ^ V 2 6 3 / 3/2^ \ 2 2/ 

+ Cx-Ch 152. 

Makings = Xi, in Eqs. 150 and 152, and placing the second 
members of those equations equal to each other: 



3 ^ 
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Making oc ^ Xi inEqs. 149 and 151, and placing their second 
members equal to each- other: 



c'^-i^ + c 



154- 



> > 



Eliminating C between Eajs. 153 and 154: 

If the loading covers the entire span, xi = k and: 



IS5 



C = _ IM* + ^' ^Vt 



24 



3 fe • 



iSSa- 



Eq. 154 will then give: 



C = 



/•sfc 



■(-&'+t'-f:)+^'*i • '^^- 

The following table will simplify and shorten the application 
of the second members of Eqs. 155 and 156: 



XI 

I 


XI* . XI* 

I* "*■ I* 


XI* XI* x\* 
I* "*■ I* 4i* 


.05 


.002,506,25 


- .002,376,562,5 




I 


.010,1 


— .009,025 




15 


.023,006,25 


- .019,251,562,5 




2 


.041,6 


— .032,4 




25 


.066,406,25 


— .047,851,562,5 




3 


.098,1 


— .065,025 




35 


. 137.506,25 


— .083.391,562,5 




■4 


. 185,6 


— . 102,400 




.45 


.243,506,25 


— .121,626,562,5 




5 


•312,5 


— . 140,625 




.55 


.404,006,25 


- . 156,501,562,5 




.6 


.489,6 


-.176,4 




■65 


.601,006,25 


-.192,501,562.5 




.7 


•730,1 


— .207,025 




.75 


.878,906,25 ' 


— .219,726,562,5 




.8 


1.049,6 


— .230,4 . 




.85 


1 . 244,506,25 


-.238,876,562,5 




.9 


1.466,1 


-.245,025 




.95 


1.717,006,25 


— .248.751.562,5 


1. 00 


2.0 


-.25 
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Eqs. 155 and 156 make known the values of the constants 

C' and C of integration for any uniform loading p^Xi. Those 

two quantities being known, Eqs. 149, 150, 151, and 152 will at 

du 
once give the inclination -j- of the neutral surface of the truss 

and the deflection u of the latter at any point of either the loaded 
or unloaded segment of the span, after dividing the second 
member of each equation by £ /. 

If the load covers the entire span, o^i = ^ in Eq. 149, and : 

For the same condition Eq. 150 gives: 

£/« = /..(— --)-F'g(;,^-- + C«. xs8. 
Also, for the same condition: 

It d/u 

At the centre of the span re = - and EI -r- — o. Also if 

s' be the suspender pull per linear unit (foot) of span, H' = -r-p. 

0/2 

Hence: 

The equations of this article, thus completed, are sufficient 
to compute the deflections and slope of the neutral surface of 
the truss at all points for any loading whatever. 

Art. 54. — Shears in Continuous StiflFening-Trusses. 

Inasmuch as the total transverse shear in any beam can be 
at once found when the general expression for the bending mo- 
ment is known, the shears in the continuous stiffening-trusses 
considered in this chapter can be immediately written from Eqs. 
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91, 92, and 93 of Art. 47, the notation remaining as heretofore. 
The expressions will first be given for a single load K and sub- 
sequently for a uniform load. 

The bending moment JIf for a single load K at the distance z 
from the left-hand end of a non-continuous span is given for both, 
segments of the span by Eqs. 95 and 96 of Art. 47. 

In writing these expressions for the shears in the three spans, 

/i, h, and /a, it is to be observed that there are no towers at the 

anchorages at the extremities of the spans h and Uy the cables 

being horizontal at the latter points. If therefore /i = h, and 

if hi is the height of the highest point of the cable at the tower 

at either extremity of the central span above the cable adjacent 

If 

to the anchorage, so that tan /? = y, the first of Eqs. 23, Art. 42, 

n 

shows that H' tan p must appear as a term in Eqs. 161 and 163, 

but not in Eq. 162, as the towers of the span h are of equal height. 

If Sij S2, and 58 are the shears in the spans, h, k, and h, then, 

since in general 5 = -r— for horizontal beams, with vertical 

a X 

loading only, there will result after adding H' tan p to -^ — : 

a X 

For span/i: 

+ H tanp + — p ; . . . 161. 

4/1 2 a + 3 f 

For span U: 

Mt-M: 



5,= 



■+w.-t)]>[-'^.a: 

-H'^Hh-ix) 162. 

For span h: 

*--f+W.-^)Jor[-^.a-«'^*ft— ) 

+ H tanp -J r- .... 163. 

4k 2a + 3r ^ 
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It may be observed that these equations are identical with 
Eqs. 24, 25, and 26 of Art. 42, -ff' being the horizontal com- 
ponent of cable stress due to the moving load. 

The values of M2 and M9 are to be taken from Eqs. 50 and 
51 of Art. 44, where they have their most general forms, which 
can readily be adapted to any special loading on one or more 
spans. 

Uniform Loading from One End of Span. 

If the uniform loading, pi per linear unit (i.e., foot), extend 
from the left end of each span for the distance xi, the moment 
Mo will have the value, between o and jc, for the span h: 



Mq = pi 



(^^-fx)''""?) • • • '^^- 



And for the unloaded part of the span /i, ue.y for values of x 
lying between xi and h: 

Mo-^^ih-x) 165. 

2 *i 

For the spans h and /s, the subscript i in Eqs. 164 and 165 
should be changed to 2 and 3 respectively, but no other change 
is needed. 

If the uniform load pi should pass on the span from the right- 
hand end, it is only necessary to consider x and xi measured from 
that right-hand end. One or more spans may be subject to such 
a condition of loading, while the others carry moving load ex- 
tending from the left end of the span or spans. 

Using Eq. 164: 

dMo ^ \( xi^ 1 



166. 



Using Eq. 165 : 

dMo ^ _^ pxx^ 

dx 2/1 ^ ' ' 

For the uniform load, therefore, the second member of Eq. 
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166, with the proper subscript, is to be substituted in place of 

the typical term \^K (^ "" r) J ^ ^^^- ^^^> ^^^> ^^^ ^^3' Simi- 
lariy, the second member of Eq. 167 is to be substituted in place 
of the typical term [^ — J?^ t- I in Eqs. 161, 162, and 163. Also, 

the values of M2 and M^ are to be taken from Eqs. 86 and 87 
of Art. 47. 

The changes thus indicated enable Eqs. 161, 162, and 163 to 
be used directly for a continuous moving load passing on any 
span or spans in either direction. 

If, for example, a uniform moving load should cover all of 

h and half of fc, Xi = hin Eq. 166, and -^-~ =pi y- — xj. At 

the same time, for the span h, ^~;j~ = pt y-rT — x) for the 
loaded half, and for the unloaded part: 

In this case, the terms in which Kz appears in Eq. 163 would 
be zero if the span U carried no moving load. 

Art. 55. — Shears in Non-Continuous Stiffening-Trusses. 

The general value of the bending moment in the non-con- 
tinuous stiffening-truss is shown by Eq. 122 of Art. 52. By 
giving Mq its proper values for the two parts of a span in which a 
single load K is placed at the distance z from one end, that 
equation becomes, after omitting the subscripts of K for non- 
continuous trusses: 

In this equation H' is the horizontal component of the cable 
stress due to moving load and it is given by Eqs. 123 and 124 of 
Art. 52. 
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The shear will then become: 

For the reasons given in establishing Eqs. i6i and 163, Eq. 
169 must be modified if the towers at the extremities of a span 
are of unequal heights, as in the case of the side spans h and U. 

If the height of the cable at one end of the main or central 
span above the cable at the other extremity of the side span 

(usually adjacent to the anchorage) is Ai, and if 7- = tan A> 

then will the shear for the side span /i, in which is supposed to 
be a non-continuous stiflfening-truss carried by suspenders from 
the cable of the side span, be given by the equation: 

Sx = [x(i -|)] or [^^j^J^^H'^ {h^2x)+H'tanh . 170. 

Eq. 170 is made applicable to span /s by simply changing 
the subscript i to 3. 

If there are a nimiber of single concentrations, K on the 
span, then, in general, the sign of summation S must precede 
each term involving K in Eqs. 169 and 170. In each case H' is 
the horizontal component of cable stress due either to a single 
load K or to such nmnber of single loads as may rest concurrently 
on the truss. 



Uniform Loading from One End of the Span. 

If the truss be traversed by the imiform loading p per lineal 
foot for the distance Xi from one end, each of the terms containing 
K in Eqs. 169 and 170 must be displaced by the second member 
of Eq. 166 for the loaded part of the span, or by the second 
member of Eq. 167 for the unloaded part. The explanations 
accompan}dng and following Eqs. 164, 165, 166^ and 167 make 
clear the only changes needed to adapt Eqs. 169 and 170 to any 
uniform moving load from either end of the span. 
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NON-CONTINUOUS TRUSSES 
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Art. s6. — Non-Contmuous Stiffening-Trusses-=-Effect of Loading 

One Span on Others. 

If non-continuous stiflFening-tnisses are used in the side 
spans, moving load on any one of the three spans will produce 
suspender and cable stresses in the others with attendant bend- 
ing moments and shears. 

Let it be supposed in Fig. 16 that the centre span k carries 
any moving load whatever causing a cable stress in that span 
with horizontal component H\ to be foimd by Eq. 123 or Eq. 



B 



t. 



I*- Ir — 4" '^ 4 -^f— *j 



Fig. 16. 



124 of Art. 52. This condition will induce moving-load cable 
stresses in spans /i and /s with the same horizontal component 
H' and, hence, with the same suspender pull 5' per linear unit of 
span. 

If the centre ordinates are /i, /j, and /s, as shown in Fig. 16, 
since the three curves have the same parameters: 



8/1 8/8 8/. 
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Bending Moments. 

The bending moments, deflections, and shears in the centre 
span (i.e., in the span carrying the moving load) wiD be found 
by the equations of Arts. 52, 53, and 54, but the moving load 
effects in the spans h and h are simply the uniform upward pulls 
s'. Hence the moving-load bending moments will be: 

M\= {h-x) and if '«« {U-x) . . 172. 
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In these equations: 

The negative sign is used in the second members of Eqs. 172 
because the bending of the two stiflening-trusses h and h is such 
as to make them convex upward, i.e., opposite to the bending 
caused by the ordinary vertical load acting downward. 

Shears. 
Similarly the shears in the spans h and U are, respectively: 

S\ = - ^'(^ - a;) and 5', = - s' i^^ - x) . 174. 

The negative sign again indicates a direction of shear opposite 
to that caused by the ordinary vertical downward load. 
At the ends of a span, as /i, where x = o\ 

Eq. 175 gives the end shear, i.e., the amount of anchorage 
which must be provided at each end of the span. 

Deflections. 

The deflections in the spans h and k are to be written by 
the usual formulae for non- continuous trusses or beams loaded 
uniformly over the entire span, and it is unnecessary to repeat 
them here. It is only to be remembered that the deflection in 
this case is upward instead of downward. 

Moving Load in a Side Span. 

If the moving load is in a side span, the formulae of Arts. 
52, 53, and 54 are to be used for that span, while those established 
above in this article are to be used for the centre span and the 
other side span. It is only required to change the subscripts to 
adapt the latter to this case, s' being found as before by Eq. 173. 
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Art. S7* — ^Influence Lines for Moments and Shears — Continuous 

Trusses. 

Moments. 

The equations of Art. 47 are immediately applicable to the 
construction of influence lines. The general values of the 
moments M2 and Mz over the supports of an ordinary continuous 
beam carrying moving load are given by Eqs. 14 and 15 of Art. 
42. If, as is usual, the influence line for a single load P in any 
one span is being constructed, all terms in the numerators of 
Eqs. 14 and 15 of Art. 42 become zero except that one containing 
the single P under consideration. When the single load is in 

the span k (or /) the terms in which are found S and S become 
zero, and similarly for a single load in each of the other spans. 
In illustration of this part of the analysis, if a single load P rests 
on the main span h' 

Mz= -h 4(^^.^)(j^/+,)_^ . . . 176. 

r(2br' + i)P{i-'q^)q 

Mi = — t« — 7 — ; — X / T / , — ^ • . I77- 

4 (a + f) ( 6f' + i) - f ' ' 

For a single load on span h: 

_ _ , 2b^(a + r)r'P(i- m^) m . 

,_ _ ft*f/P(i -w«)w 

Mi = h —7 — ; — \ /, / , — X . . . 179* 

4(a + f) {br + 1) -r '^ 

For a single load on span h: 

a^ P (1 — n^) n 

Mi = /a -7 — ; — ./, , , — X 180. 

4(a+f)(6ri+i)-r 

. 2aHbr^ + i)P(i'-n^)n 



1 66 SUSPENSION BRIDGES [Chap. IV. 

If, as is usual, h — h, *.«., a — by and r = -7, the preceding 
equations become: 
' For single load P in the main span hi 

Ml = — /a .... 182. 

a 

27 +3 

Mt^ -h ^^^"^^^ ^Mt . . . 183. 

2^ + 3 

For a single load on span Iti 



a (i + ~) P (i - f»*) m 



Aft = — Ai 2 . . 184, 

. '^ . 3 ^ 

2+4-+-1 
a 2 a* 

rP(i ''m*)m 
Mt ^ h -f- .... 185. 



For a single load on span h: 



Mt = 1% -^ .... 186. 



a (i + ^)p(i-»*)« 



^«=-^ ,3^ • • 187. 

If H' is the horizontal cable stress due to moving load and 
s' the corresponding tmiform suspender pull per um't of span, 
while / is the sag of the cable carrying the load, there may at 
once be written: 

^ « H7 and -^ = 2 H7 . . . 188. 

o 4 
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Eq. 19 of Art. 42 will then become: 

ilf"-2H75' 189. 

In this equation: 

, _ ^ ^2a — r — 2b^(a + r)/ __ 4S 

Similarly y Eq. 20 of Art. 42 becomes: 

M' H'fC 191. 

C has the value: 

^~a+rV 4(a+r) (b/+i)-r + r + V " V ' ^^^' 
In the usual case of the side spans being alike, h = ht (^ — b, 



andr = ->. Hence: 



B = i 193. 

C = 2 ; 194. 

2a + 3f ^ 

Hence, for this case: 

Jlf" = if' = - 2 H'f ^t^ . . . 195. 

•' 2 a + 3 f ^*^ 

Remembering that when 2 is less than x, (2 ^ x), Af = 

P zii — J-) ; and that when z is greater than x, (2>.x), Afo = 

P ( I — T-) Xy Eqs. 82, 83, and 84 of Art. 47 will become: 

For span/r. 

if = P2(i-^) orP(i-f) x + M,+j 
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For span k'- 



M 



=P2 (i - r) or P (i - f) « + M, + {Ml- M^r 
+ {c'-C'l-2B'l-Ml*-x)x)fH' . . 197. 



For span h : 



1 

- ( (i-|) 2 5' + ^^^ - a;) x) fH' . . 198. 

As the preceding equations are written, there may be a load 
P on each of the three spans concurrently, or on any two, or on 
one only. The first term of each second member will be zero 
for each span which carries no load P. 

Eqs. 196, 197, and 198 are equations of the influence lines for 
moments in the three spans. Under the usual procedures some 
arbitrary fixed or constant value as unity would be assigned to 
P. Then if that unit load be placed on any span while the other 
two i^ans are free of such load, and if x should remain imchanged 
in each span while z takes all values desired in the span where it 
is found, values of the bending moment M in each of the three 
spans for the unit load will result. Such moments can then be 
laid off by any convenient scale from the points of application of 
the loading and from corresponding points in the other two 
spans. The lines so constructed will be the moment influence 
lines for all the spans. The actual moments will be found by 
multiplying the unit moments by the actual loads expressed in 
terms of the unit loads. The moments M2 and Mz must be 
computed for the same unit loads by Eqs. 176 to 187, while H' 
for the same unit (moving) load is also to be found for each point 
of its application by Eq. 36, Art. 43, in the general case, after 
making all 'terms zero in which the dead load appears, or by other 
equations adapted from Eq. 36 to the conditions of special cases. 
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Usually li — h and r = ->, so that a =» J, and the simplified 

forms of B' and C are to be employed as indicated by Eqs. 193 
and 194. 

Shears. 

The shears at any or all points in the three spans can at once 
be written from the moments, Eqs. 196, 197, and 198, by simply 

taking the values of -^ — . This operation will give: 

Or Jv 

Shear for span h: 
Shear for span k: 

Shear for span /si 

5= (pi) orp(x-l) -f 

^ h^ z<x ^ h^ z>x h 

+ (~7 p (^8 — 2 x)j fH' .... 201. 

These three equations are equations of the influence lines 
for shear in all the spans. As for the moment Unes, a unit value 
is to be assigned to P usually taken in any one span only. The 
values found for M2, Mz, and E' for the moment influence lines 
are available for the shear lines also. 

The influence lines for shears may thus be completely con- 
structed for all cases of continuous trusses. 



200. 
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Art. 58. — ^Influence Lines for Moments and Shears — ^Non- 
Continuous Trusses. 

MotnetUs, 

The equations of influence lines for moments in non-c(mtinuous 
stiffening-trusses may be written directly from the equations of 
the preceding article. As in this case, If 2= Af s = M ' = Af" =0, 
the bending moment in the stiffening- truss is: 

M = Pz or Px — Pqx — -^^jy {h — x) X . 202. 

The arrangement of this equation indicates that when z is less 
than at:, P s is to be used in the first term of the second member, 
but that P oc is to be used when z is greater than x. 

The same equation is applicable to either side span by simply 
changing the subscript 2 to i or 3. 

The general value of H' for a single load in each span is given 
by Eq. 123 of Art. 52, after substitution for the integrals which 
it contains from Eqs. 71, 72, and 73 of Art. 46: 

J 3 ^ . ^ ^ ^^ ^ _l_3_ 

D 



£?' = 



^Pq(i-q'(2^q))+{^Pq(i^q^(2^q)) 



+ i-^Pg(i-g«(2~g))j* 



203. 



Usually the influence line is constructed for a single load P 
in one span only. In that case all the terms in the numerator of 
the second member of Eq. 203, except that containing the load 
P in the one span considered, become zero. The load P will 
ordinarily represent a panel load. 

If the single load P is in the span k only, Eq. 202 will take 
the form for that span, by the aid of Eq. 203 : 

M^Pz or Px -Pqx- - f^ Pq (i -?* (2 -q)) (h-x) x . 204. 

* This quantity can quickly be computed by the aid of the table of numerical 
values at the end of this chapter. 
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In this equation Pz — P qx and P x — P qx are always 
positive, and so is i — 52 (2 — q). 

This Eq. 204 is the equation of the influence line for moments 
in the centre or main span caused by a single (panel) load in that 
span. If X is given a fixed value with P, taken as imity while 
z or g is made to vary throughout the span, M will be the imit 
bending moment at the point located by x caused by a luiit load 
at 2, i.e., it will be the ordinate of the influence line to be drawn 
at the point z. 

If any one of the three spans, as /i, carries no load P, the mo- 
ment for any point of that span will be: 

M=-^^jY~{li-x)x=-- ili-x)x . . 205. 



This negative moment is due wholly to the upward moving 
load pull of the suspenders. The negative reaction, i.e., the 

anchorage required at the end of such a span, is evidently — . 

Eq. 205, giving the value of Af , is the equation of a parabola 
with the origin of co-ordinates at the end of the span and with 
the vertex of the parabola on a vertical line through the centre 
of the span. The ordinates of such a parabola represent, there- 
fore, the bending moments in a non-continuous span, carrjdng 
the uniform load s\ at those points of the span from which they 
are drawn. 

X 

In such a case P = o in the terms Pz or Px — Pz-jin the 

second member of Eq. 202. The horizontal stress H' will be 
given by Eq. 203 after making P = o for all spans except that 
one in which P is found. If the load P is in either span h or ^, 

Po . 

the factor y in the value of Af , Eq. 204 must be changed to 

rl' 

It is convenient in constructing influence lines to put Eq. 202 



172 SUSPENSION BRIDGES [Chaf. IV. 

in a diflferent form. When z <^x the first two terms of the 

Pz 
second member may be written -7- {h — x), hence: 

M=^(p^^n'W^{h-x)x . . . 206. 

\ 4/2X / h 

When z>_x the first two terms of the second member become 

Px 

~r (h — z), hence: 

Obviously the first term of the first parenthesis in the second 
member of the two equations is the ordinate of a straight line. 
If z = X, whatever the value of the latter may be, that ordinate 

k 
is P — 7 ; if « = o, or 2 = /s, that ordinate is zero. These terms 

are therefore ordinates of two straight lines drawn from each end 

h 
of the span to the end of the common ordinate P —7 erected at 

the point 2. The moment ordinate M may then be represented 
by the difference between any such ordinate and jGT'. 

If it be supposed that a single load P rests in the span k 

only, remembering that 71 = 71, Eq. 202 will then give the 

bending moment M for the span /i, as will Eq. 205 by the aid of 
Eq. 203: 

M=^-~jj^Pq{i-qH2-'q)){li-x)x . 208.' 

The value of q (position of load P) in the span h for the 
greatest value of H' and the greatest bending moment in span h 
is found by the equation: 

dM dH' 

-J — = ~-} — =0 200. 

dq dq ^ 
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By making the dififerentiation indicated: 

I - 6 5« + 4 5«= (i - 2 j) (i + 2 g - 2j*) = o; 
Or: 

I — 2 5 = o •'. y = J . . . . 210. 

This result, however, is essentially obvious without analytic 
demonstration. 

If the span k were traversed by a load of varying density, 
the position of the point of greatest density for the maximum 
bending moment in the span /i would be given by the above 
value of q. The same value of q evidently gives the greatest 
value of the horizontal stress H' for all three spans loaded con- 
currently. 

No Stiffening'Trusses in Side Spans. 

If there is a stiflfening-truss in the span k only, the bending 
moment M will be given by Eq. 204 as it stands, while Eq. 203 
will give H' after making P = o in spans h and k. 

With no load in spans A and k, but with a load P in span fc, 
Eq. 203 will give the following value already used: 



S'-^j\^-fPq(i-^(2-q)y\ ... 



211. 



The general Eq. 202, or more conveniently its special form 
Eq. 204, with P = I, is the equation of the influence line for 
bending moments in the stiffening-truss for the case of such a 
truss in the main span only. By taking a fixed value of x and 
then varying g or z throughout the span the influence line for any 
point X of the span may readily be drawn. 

► 

Unit Line Showing the Horizontal Stress H\ 

By taking P = i, in Eqs. 203 or 211, and then varying zor q 
throughout the span, imit values of H' may be computed and laid 

* See Table of numerical values at the end of this chapter. 
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oflF as ordinates of a curve representing the value of H' for each 
position of the unit load in the span. Those unit ordinates 
multiplied by any load P will give the horizontal stress H' produced 
by P placed at any point indicated by z or y, whether moving load 
rests on any one span or on more than on^ span. The curved 
line will be symmetrical about a vertical through the centre of 
the span. 

Shears, 

The shear S for any span carrying a load P is given directly 
by Eq. 202, by simple differentiation as follows: first when z is 
less than x: 

5=^=-i>g--^(^i-^j . . 212. 
When z is greater than x\ 



dM . AhK( 2X\ 



213. 



For a span carrying no moving load, Eq. 205 is to be used, 
and the shear S will take the value: 



5-^ 

dx 






These three equations are equations of influence lines for 
shears if P = i and if ic be taken as fixed while z ox q varies 
throughout the length of the span, and those lines may readily 
be constructed, taking the value of H from Eq. 203 after making 
P = o for each of those spans carrying no moving load. 

It should be observed that if x represents the half span in 
Eqs. 212, 213, and 214, the term in which it appears reduces 
to zero. In other words, the shear at the centre of the span 
of a non-continuous stiffening-truss is precisely the same as 
the shear for a non-continuous simply supported truss of the 
same span and carrying the same load as the stiffening-truss, 
whatever may be the position of the loadiim:. 
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Influence Lines for Deflection. 

By referring to the formulae for deflection developed in pre- 
ceding articles both for continuous and non-continuous stiff ening- 
trusses, it will be foimd that by making the load P equal to unity 
and giving to x a fixed value, while z or q varies throughout the 
span, influence lines may readijy be constructed for deflec- 
tions in precisely the same manner as for moments and shears. 
In fact, the operations are so nearly identical with those of 
moments and shears that it is not necessary to reproduce here 
the equations of the influence lines for deflections. It may 
be stated in general that influence lines may be written in 
precisely the same manner for any quantities which vary directly 
with the imposed load. 

Art. 59. — ^Application of Influence Line Equations to an Actual 

Bridge. 

• 

A few appUcations of the preceding influence line formulae 
will be made, to illustrate their use, by the aid of data belonging 
to the Manhattan wire cable stiffened suspension bridge across 
the East River at New York City, the outline of which, with 
main dimensions of span and height of tower, is shown on 
Plates I and II. This bridge was designed by Mr. L. S. Moiseieff, 
C.E., by the aid of formulae which he developed from the funda- 
mental equations given by Melan. The analysis of Mr. Moiseieff 
used in his design is based upon the method of treatment by 
deflections, which will be set forth in the next chapter. 

The Manhattan Bridge consists of three spans as shown, the 
main span being 1,470 feet in length between centres of towers, 
while each of the end spans is 725 feet in length from the centre 
of the tower to the centre of the end pin at the other end of the 
span. The centre sag of the cable in the main span, i.e. , the height 
from the point in the cable over the end pin of the stiffening-truss 
to the lowest point of the cable is 145.3 ^^^^j while the centre 
sag of each side cable below the mid-point of the inclined chord 
drawn from the point in the cable over the centre of the end pin 
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of the stiflfening-truss adjacent to the tower to a point in the cable 
over the centre of the other end pin is 37.2 feet. The height of 
the tower above the point of support of the lower chord of the 
stiflening-truss is 180 feet, but the total height of the steel tower 
above the masonry supporting it is 281.9 feet. 

The trusses are non-continuous, also as shown on Plates I 
and II. The centres of end pins of the trusses at the feet of the 
towers at the extremities of the m£iin span are separated by 23.15 
feet. Inasmuch as there are stiflening-trusses in each of the 
three spans, the formulae to be used for the horizontal component 
of cable stress, bending moments, and deflections are those given 
in Arts. 46, 52, 53, and 55. 

Before making the actual computations it is necessary to 
observe that the actual span lengths to be used are not quite 
equal to the lengths measured from centre to centre of the towers. 
The length of span to be taken is that of the stiflFening-truss in 
which moments, shears, and other stresses, as well as deflections, 
are to be computed, although this may not be strictly accurate 
for the cable. In these computations the length of msiin span to 
be employed is 1,446.7 feet and 713.5 feet for each end span. In 
this bridge there are four cables carrying four stiffening-trusses. 

Jf' and Moments. 

The values of the bending moment to be used here are Eqs. 
202 to 208 of Art. 59, which require the value of H' given in the 
general case by Eq. 222. The data to be employed are as follows: 

h = 1446.7 ft. h = 713.5 ft. y- = .1 

fi = 145-3 ft. /i = 37.2 ft. y- = .0522 
tana + tancti = .8617; h' = 282 ft.. A" = 176 ft. 

As the foot is taken as the unit of length the moment of 
inertia h of the sectional area of the chords of the truss of the 
centre span should be taken in the same imit as well as the 
sectional areas themselves. Inasmuch, however, as 1% appears 

in the formula for H' only in the ratio 7-, and as the sectional 

ia 
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F F 
areas appear also in the ratios -p- and ^, those areas may be 

expressed in square inches. If /a be considered as the product 
of the sectional areas of the chords of the truss expressed in 

square inches multiplied by the square of the radius of gyration 

F 

expressed in feet, the value of the ratio 7- will be the same as 

if the foot were the unit both for the sectional area and the 
radius of gyration. Expressed in this manner, then, per truss: 

I2 = 44,000 (sq. ins. XfP). r =7- = 1.16. 

7i = 51,000 (sq. ins. X ff). 

Fo = 275 sq. ins. for one cable. 

Fa = .1 sq. in. per linear ft. of span per cable. 

Ft = (average value per cable) = 400 sq. ins. 

UnU Load in Span I2. 

Eq. 203 gives the value of H^ desired, the denominator D 
having the value shown in Eq. 70 of Art. 46. If a single load 
P rests on the span h, the other spans being free of load, Eq. 
203 will take the form: 



n^-^Pq{i-qH2-q)) 



215' 



By the aid of the table at the end of this chapter Eq. 215 
gives the following tabulation after making the load P = i. 



Q 


S.731 ff (I - «• (2 - (?) ) =- H' 


.05 


.285,2 


.1 


.562,2 


.15 


.823,9 


.2 


1.063,7 


.25 


1.276,1 


.3 


I 456,2 


.35 


1.6004 


.4 


1 . 705.5 


.45 


1.769,5 


.5 


1. 791 
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By making the numerical substitutions in the denominator of 
the second member of Eq. 70, Art. 46, it will be found that 

D = 110,710; and hence, — f-pr = 5.731 . 216. 

If P = I, i.e.f if a unit load be assumed, the second column 
in the above tabulation will give the values of H' for the unit 
load at the points indicated by q, f.e., by z. It is dear that 
these values need be computed for one-half the span only, as 
those in the other half will be symmetrically the same. The 
value of H' for any other load than unity will be found by 
simply multiplying the preceding tabular value for the same 
5 or 2 by P. 

The bending moments on which are based the influence lines 
for moments at the quarter and central points of the main span 
(or at any other points) may now readily be computed. If x 

U 
= — in Eqs. 206 and 207, they become: 

4 



When z<xi 



M ={Pj -H') ^ . . . . 217, 



/ 



When 2; > x: 



"-(''7^.--=')'^ • 



3/2 ^4 



218. 



Again, if oc = — , the same two equations become: 



Vfhenz<iX: 



When z^ re: 



^=(^^,-^')/» ^^9' 



M ^ {p~^ -n')ft . . , . 220. 



2/2 



The numerical values of H' for varying values of z are to 
be taken from the tabulation following Eq. 215. The co- 
ordinate z will be taken in tenths of the span from z — o to 
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As unit loads, P, are to be taken for influence-line purposes, 
P = I in Eqs. 217 to 220. 

After making the numerical substitutions in the preceding 
four equations the following tabulated values will be found, the 
second column by the aid of Eqs. 217 and 218, and the third 

column by the aid of Eqs. 219 and 220. The values of z are so 

z 
taken as to make 7-, .1, .2, .25, .3, .4, etc. 



z 


MioTx - 


4 


Af forx - — 

2 


144.67 ft. 


-f 47.718 ft. lbs. 


— 9.038 ft. lbs. 


289.34 " 


-f 102.038 




- 9.256 " 


361.675" 


+ 133.375 






434.01 " 


+ 95.571 




+ 6.364 " 


578.68 " 


4- 32 . 082 




+ 42.791 ** 


723.35 " 


- 13.946 




-f 103.018 " 


868.02 " 


- 40.571 




+ 42.791 " 


1012.69 " 


- 49.725 




+ 6.364 " 


1157.36 " 


- 43.274 




- 9.256 " 


1302.03 " 


- 24.944 




- 9.038 " 



These tabular values will be used in the graphical representa- 
tion of the influence lines for moments at the two points indicated. 

The bending moments in the unloaded spans, h and 1% 
(identical, as the two ^ans are equal), are foimd by Eq. 205 after 
giving H' the successive values shown in the tabulation following 
Eq. 215, each value of q having a corresponding value of H', 
The greatest negative bending moments evidently exist when 
q = .5, i.e.j when the unit load is at the centre of the main 
span, U, as indicated by Eq^ 210. The parabolic curve for 
this position of the unit load, only, will be constructed. The 
corresponding value of E' is 1.791. Hence, using the data 
already given: 

For this case, therefore, Eq. 205 becomes: 

I — T-y T-=— 266.81 ^i — 7J 7- . 221. 



= .000,524,1 
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X 

If J- take the successive values, .15, .3, .4, and .5, there will 
result: 

^ = -15 -3 4 .5 

M = — 34.02; — 56.03; — 64.03; — 66.7 . 222. 

Evidently the moment M is zero at each end of the span, 

X 

i,e., when 7- is o or i. 
n 

On Plate II the skeleton of the structure and the dimensions 
required for the construction of the two influence lines are given 
with suflScient clearness to require no further explanation. 

The curved line B^dD^ is constructed from the second 
colmnn in the tabulation following Eq. 215, so as to make the 
vertical ordinate drawn from any point of the horizontal line 
BtD% downward to the curve represent the value of H' for a 
unit load placed at that point from which the ordinate is drawn, 
ix.^ the ordinate C^C\ represents 1.791, while hG^ represents 
I '769,5- These ordinates are all drawn full size. 

The horizontal line B'^D'^ is drawn at the distance C^Ft 

below B% A, represented by — 7- = 2.49 (drawn full size), as shown 

4/2 

by the paragraph following Eq. 207. If straight lines be drawn 

from* any point of B\ D'2, as £2, to each extremity of B2 A, the 

difference between any vertical ordinate as /j J'2 drawn to either 

one of those straight lines and the ordinate from the same point J2 

to the J?' curve, as J2 /"j, will represent the bending moment at 

the point in the stiffening-truss over the point of intersection of 

the two straight lines, produced by a unit load placed at the 

point vertically over J2 from which the vertical ordinate is 

drawn. Hence J'\J\ will represent the bending moment at 

the point E in the truss produced by a unit load placed at the 

point 7, and it will have a positive sign because the ordinate to 

the H' curve is smaller at that point than the ordinate to the 

straight line. Similarly Ot(y2 represents a negative moment 
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produced at the quarter point of the span by a unit load placed 
in the stiffening-truss at N. This moment is negative because 
N2 0\ (the ordinate to the H' curve) is greater than N^ O2, the 
ordinate to the straight line £2 A. In general, the difference 
between vertical ordinates drawn to any pair of straight lines 
intersecting in the horizontal line B\D\ and to the H' curve 
will represent ordinates to the moment influence line for that 
point in the stiffening-truss vertically over the point of inter- 
section of those straight lines. These moment ordinates, how- 
ever, must be multiplied by the quantity: 

for the span h, and by a similar quantity for either of the spans 
/i or /a in order to make them equal the unit moment as shown 
by Eqs. 206 and 207. Or, what amounts to the same thing, 
the above quantity may be considered the scale at which the 

ordinates described are drawn, i,e., — = 109 for x = — and 

4 4 

A == I4S-3 for X ^-' 

Although this is the frequent and perhaps usual procedure 
to determine moment influence lines, a clearer and in some 
respects more satisfactory method is to compute the actual unit 
moments for a series of points throughout the span, as has been 
done in the tabulation following Eq. 220 by the aid of Eqs. 217 
to 220. As indicated in connection with that tabulation, points 
one-tenth of the span apart have been taken for illustration, 
although sections of the stiffening-truss closer together would be 
required in an actual computation for such a span length as that 
under consideration. The two curves Bi M2 D% and 3% M\ A, 
Plate I, are the moment influence lines for the one-fourth and 
centre points of the span, their vertical ordinates being given 
by the second and third columns in the tabulation following Eq. 
220. 

Similar influence lines may be drawn for every other tenth 
point, or other desired points in the span. 
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Influence lines drawn in this manner are of much value iu 
determining at a glance the portion of the span to be covered by 
the moving load in order to produce the greatest positive or 
negative moment at any point. 

The influence line Bt Mi D2 shows that all loads between B2 
and b will produce positive moments, i.e., those causing down- 
ward deflection, and that all loads between D2 and b will produce 
negative moments at the left quarter point of the span. Hence, 
to cause the greatest positive bending moment at that quarter 
point, the part B2 b of the span must be covered with moving 
load, while b D% and the two side spans must carry none. On 
the other hand, the part D% b of the span must be covered with 
moving load while none rests on B2 b for the greatest negative 
moment at the same quarter point, both side spans being fully 
loaded at the same time, as such loading causes negative moments 
in the centre span. 

Similarly, the influence line for the centre point of the truss 
shows that the greatest positive moment at that point will 
be found by loading the segment V V only of the span 
(the side spans being unloaded), and that the concurrent loading 
of the entire and equal segments B2 V and A V only will cause 
the greatest centre negative moment, but again with both side 
spans fully loaded. 

The same results are obviously shown by the intersections 
of the straight lines drawn from £2 and Fi with the ff ' curve, 
Plate II. 

If ^ be the length of a panel of the stiff ening-truss, the panel 
load will be p multiplied by unity and the corresponding moment 
will be p multiplied by the ordinate drawn to an influence line as 
B2 M2 D2, Plate I. The summation of the quantities p multiplied 
by moment ordinates for all those points required to give the 
greatest moment at the section under consideration will obviously 
give the greatest unit load moment for that section. The moment 
ordinate of the influence line for a unit load at any point of the 
stiffening-truss multiplied by the panel length is approximately 
a part of the area included between the influence line and the 
horizontal or span line B2 A. This approximation is exact if 
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the panel length be supposed indefinitely short, i.e., d x. Hence, 
the area B2 M 2 b, Plate I, expresses the greatest positive moment 
at the quarter point of the span produced by a uniform load of one 
imit (as one poimd or one ton) per unit of span extending from 
B2 to b. Similarly the area b M2 A will represent the greatest 
negative bending moment at the quarter point of the span caused 
by a xmiform load of one unit per unit of span extending from b 
to D2. If one pound, or one ton, be the unit of load and the foot 
the unit of length, each area indicated will represent a moment of 
one foot pound or one foot ton, as the case may be, for each 
square foot, if the vertical scale for the ordinate of the influence 
line be one foot pound or one foot ton per vertical foot. If the 
area so determined be multiplied by the actual xmiform load per 
linear unit of span the result will be the greatest bending moment 
for the actual uniform load to which the stiflfening-truss may be 
subjected. 

Evidently the areas included between other influence lines 
and the horizontal line B2 A bear the same interpretation. In 
any case the difference between the positive and negative areas 
will represent the bending moment at the section of the stiffening- 
truss imder consideration produced by a uniform unit load for 
the entire span. 

The negative moments in the span h and h, caused by any 
single load, placed in the span k may be represented by the 
parabolic moment curve Ai mi £1, Plate I, constructed from the 
values given by Eq. 222 and computed from Eq. 221. The 
vertical ordinates are laid off to a scale of 50 moment units, as 
foot poimds, per linear inch, the centre ordinate lUi Ci represent- 
ing the negative moment — 66.7. 

As explained in connection with Eq. 221, this moment curve 
represents the maximum negative moments in the span h pro- 
duced by a unit load at the centre of the span k. A similar 
paraboUc moment curve is required to represent the negative 
bending moments caused in the span h by a imit load placed at 
any other point than the centre of the span ^. Furthermore, 
Eq. 205 shows that the negative bending moment in an unloaded 
span varies directly as H\ while Eq. 203 shows that the latter 
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increases with the load on a loaded span. The resultant negative 
bending moment, therefore, at any point in the unlpaded span 
/i or h will be found by taking the sum of the negative moments 
produced by the concurrent action of all possible loads on the 
spans It and k or h. Evidently the same parabolic negative 
moment curves are required for the unloaded span 1$ as for If 



Unit Load in Side Span h or U. 

If a unit load rests on the span /i, the bending moments are 
given by Eqs. 206 and 207 after changing the 'subscript 2 to 
I. The value of H' is given by Eq. 203 : 

H' = -^7;^ ? (i - ?* (2 - ?) ) • . . 223. 

When H' is found, Eq. 205 will give the negative moments 
in the unloaded spans U and /s. 

Using the numerical values of /i, /i, A, and Fq already given 
and taking the computed value of D (110,710), there will result: 



H' = .307,46 g (i - ^2 (2 - q)) . 



224. 



Hence, by the aid of the second column in the tabulation 
following Eq. 215 there will be found: 





ff 


.307.46 q (i— ff* (2— ff)) — H' for unit load. 


• 


.05 


.015.31 




.1 


.030,17 




.15 


.044,21 




,2 


.057,07 




.25 


.068,47 




.3 


.078,14 




35 


.085,87 




4 


.091,51 




45 


.094,94 




.5 


.096,09 



If again the influence lines for the points x ^ - and a:= — 
be constructed, Eqs. 217, 218, 219, and 220 may be employed 



Art. 59.] 



INFLUENCE LINES FOR MOMENTS 



i8s 



as they stand by simply changing the subscript from 2 to i, and 
making P = i. Proceeding in this manner and taking the 
values of H' from the tabulation above, the following bending 
moments at the quarter and centre points for a unit load placed 
successively at the locations shown hy zox q will be found. 









ll 


/. 




s 




Af for jc - — 

4 


Af for * - — 

t 




71.35 


ft. 


+ 52.68 


+ 34.52 




142.7 


tl 


+ 105.43 


+ 69.15 




178.375 


11 


+ 129.09 






214.05 


tl 


+ 122.54 


-f 104.01 




285.4 


l« 


+ 104.32 


+ 139-13 




356.75 


If 


+ 86.41 


+ 174.59 




428.1 


l< 


+ 68.69 


+139.13 




499.45 


«< 


+ 51.25 


+ 104.01 




570.8 


tt 


+ 34.04 


+ 69.15 




642.15 


11 


+ 16.97 


+ 34- 52 



The H' curve is laid down on Plate II in the span h from the 
tabulation following Eq. 224 (and computed by that equation), as 
Ai C'l Bi, the vertical ordinates being laid down at full size as 
shown in the tabulation. The horizontal line A\ B\ is laid off 

h 
as shown on the Plate at the distance —j = 4.8, as required by 

Eqs. 206 and 207. £1 and Fi are placed at the quarter and 
centre points of the span. Inasmuch as the straight lines drawn 
from El and FitoAi and Bi do not cross the H' curve, all moments 
at the quarter and centre points produced by um't loads will be 
positive. 

The actual bending moments produced at the quarter and cen- 
tre points of the span by unit loads plaCced successively at points 
one- tenth of the span length apart are given in the second 
tabulation following Eq. 224, and they are shown laid down on 
Plate I as the two influence lines, Ai Mi Bi for the quarter point 
and AiM' Bi for the centre point, the scale being 100 moment 
units per inch. 

In the unloaded span U the negative bending moments are 
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readily computed by Eq. 205, which takes the form, remembering 
that/s == 37.2 feet: 

Jlf=4/.H'(i-f)|=i48.8H'(i-|)| . 225. 

Taking the miit load in the centre of span h for which H' = 
.096,09: 

^ = -IS -3 -4 .5 

M ^ .838,75; 2.441,7; 3.268; 3.574,5 

By plotting these values the moment curve Dz w» Kz, Plate I, 
results, which shows at 10 moment units per inch the greatest 
negative moments in the span h due to any single unit load in 
span /i, as the imit load is at the centre of the latter span. The 
entire span h must be loaded to give maximum negative moments 
at all points in the span k due to loading in h. 

Similarly for the unloaded span /j, remembering that /i = 
145.3 '^^ ^^d ^^^ ^' ~ .096,09, i.e., for a unit load at the centre 
of span: 

X 

^ = -IS -3 -4 .5 

M = 3-276,2; 9-537,3; 12.764,8; 13.962 

The moment curve B2 nh A, Plate I, drawn at 10 moment 
units per inch of vertical ordinate, shows the negative moments 
for the entire span. If jET' be taken for the entire span h covered 
with moving load, the resulting negative moments will be the 
greatest possible for moving load on that span (h) only. 

These influence lines for moments and the H' curves illus- 
trate fully the procedures to be followed to determine the positions 
of loading for the greatest moments in all three spans, and the 
corresponding values of H'. 

The greatest negative bending moments in any one span will 
be found when the other two spans are loaded over their entire 
lengths, with the amounts and positions of moving load on the 
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span in which the greatest negative moment is sought as indicated 
by the influence lines for the points considered. 

The greatest positive moments in any one span will be pro- 
duced by the amoimts and positions of moving load indicated 
by the moment influence lines for the points considered with no 
loading on the other two spans, as loads on those two spans 
would produce negative moments at those points. 

If it is desired to determine the values of other moments 
for other positions of loading than those giving the greatest 
values, the procedures set forth above in detail show dearly what 
combinations must be made. No other considerations need be 
employed for this purpose than those which have been illustrated. 

Shears. 

The same data with the same lengths of spans will be used 
as in the preceding application of moment influence lines. 

The ordinary method employed will first be illustrated, as 
was done in the case of moments, after which the complete in- 
fluence lines will be constructed. 

If a unit load be assumed in Eq. 212, that equation will take 
the form: 

5= - / . . ^ r + H' Vr^[i"^) . 226 






For the other segment of the span, when z is greater than x, 
Eq. 213 may take the form: 

In this case - , ■ = .2088, and E' is to be taken from the 

n 

tabulation following Eq. 224. 

It is at once evident that the first terms in the first parentheses 

of the second members of Eqs. 226 and 227 are ordinates 
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of a straight line, as a: is the only variable in either term. Hence, 

if a: be made equal to — in each of those terms, there will result 

4 

forEq. 226: 



4/: 



and for £q. 227: 






i-q i-q 



228. 



4/1 f 2X\ 2/1 



\h ( 2X\ 



229. 



If Ky Plate II, in the span h of Plate B be at the quarter point 
measured from -4, and if the unit load be placed at the same 
point, i.e., if g = .25, then will P Ki = 2.394 be laid off equal to 
the first of the above expressions, while ^"1^1= 7.184 will be 
laid off in the opposite direction to the same scale, representing 
Eq. 229 for the same value of q. The straight line A P represents 
graphically the first term of the first parenthesis in Eq. 226, 
while ^i^i represents the first term of the first parenthesis 
in the second member of Eq. 227. Furthermore as the ordinates 
of the curve Ai Ti represent the values of H' taken from the 
tabulation following Eq. 241, it is clear that P Ti represents the 
first parenthesis in the second member of Eq. 226, since it is the 
sum of H' and the term computed above, while Ti Qi will repre- 
sent the first parenthesis in the second member of Eq. 227 as 
it is the difference between Ki Qi and n\ The shear P Ti is 
negative and belongs to a point immediately adjacent to Ki 
but to the left of it, while Ti Qi is the positive shear immediately 
adjacent to Ki but to the right of it. Any ordinate drawn from 
the curve AiTiBi to either of the lines AiPorQiBi if multiplied 



corre- 



by-y— (i j-j will represent the shear at the point 

sponding to the value of q which locates it. The lines thus 

constructed will give in the manner indicated the shear at the 

quarter point for any position of the unit load in the entire span. 

Corresponding lines may be constructed for any other p>oint 
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or section in the span in precisely the same manner, thus giving 
influence lines for all points. After making the constructions 
indicated it is necessary to multiply the scaled distance by the 
quantity shown outside of the parentheses in the second members 
of Eqs. 226 and 227. 

It has already been shown in the second paragraph following 
Eq. 214 that the shears produced at the centre of the span by 
loads at all points in the span are precisely the same as in the 
case of a non-continuous beam simply supported at each 
end. 

A graphic construction similar to that made above for the 
side span h will be shown for the quarter p)oint K2 in the span /j, 
Plate II. Eqs. 226 and 227 are directly applicable after changing 

the subscripts i to 2. By making x = — and q = .25, the first 

4 

term in the first parenthesis of the second member of Eq. 226 

becomes 1.25 and P2K2 is laid off with that value vertically 

from K2. With the same values of x and q the first term of the 

first parenthesis in the second member of Eq. 227 becomes 3.75, 

and K2 Q2 is laid off downward from K2 with that value. Straight 

lines are then drawn from P2 and Q2 to B2 and D2, respectively. 

The curved line B2 T2 D2 represents H' as given for all points 

by the tabulation following Eq. 215. The shear at the quarter 

point K2 caused by the unit load at any point of the span will 

therefore be given by taking the difference between, or the 

sum of, the ordinates, at the point considered, drawn to the 

straight line Q2 A and the curve B2 T2 A and multiplying the 

resulting quantity by ~f- yi j-J, Similar influence lines 

may be constructed for any other point in the span /j, but the 
operation has been sufficiently illustrated by the constructions 
made for the quarter point. 

Although these constructions will enable the positions of 
loading to be determined for the greatest shears at any points 
in the span, together with the actual values of those shears, it is 
believed to be simpler and dearer to deal with influence lines 
showing the actual shears themselves, especially as no greater 
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labor is involved and perhaps less. Such constructions will 
now be made. 

It will be convenient to use the simpler general forms of 
the shear 5, Eqs. 212 and 213, the former when z is less than x 
and the latter when z is greater than x. As the construction will 
first be made for the side span h, the subscript 2 will be changed 
to I in Eqs. 212 and 213. The quarter point Ki of the span 

/i, Plate III, is to be considered; hence, x =—. By placing this 

value in the two equations named above there will result for z 
less than x^ and for a unit load: 



S'-,-'iB' 



230. 



when z is greater than x: 



2/1 



5 = (i-g)-^ff' 



k 



231, 



2/1 



^ #1 

The data already given show that -f- = .1044. If g be 

given the values indicated in the table below, Eqs. 230 and 231 
will give the values of the shears S also shown in the table. 



SHEAR 5 



Q 


Span h 


Q 


Span l\ 








.5 


+ .489,968 


.1 


- .103.15 


.6 


-f .390,446 


.2 


- .205,958 


.7 


+ .291,842 


.25 


f- .257.148 
\-f .742,852 


.8 


-f . 192,852 


.9 


+ .094,042 


.3 


+ .691,842 


I.O 





•4 


-f . 590,446 












^ 



These tabulated values are laid off on Plate III at a scale 
showing them five times as large as given in the table, the 
negative shears being laid off upwards from the line Ai Bi, and 
the positive shears downwards, jSTi^i being 5 X .257 = 1.285, 
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and Ki S\ representing 5 X .743 =3.715. The line representing 
the shears at the quarter point of the span for all positions of 
the unit load in that span will then be -4i 5i Ki S'l Bx. All loads 
on the segment Ai Ki of the span will therefore produce negative 
or upward shears at the quarter point Ki, while all loads between 
Ki and Bi will produce positive or downward shears. This 
influence line represents at a glance, with the least effort, com- 
plete shear conditions produced at the quarter point of the span 
by any or all loads. The lines Ai Si and S\ Bi are nearly 
straight. 

By making P = £? in either Eq. 212 or 213 there will result 
for the imloaded span /»: 

5 = — .1044 ff' 232. 

/a 

Also for the xmloaded span 1% for which 7 « .1: 

S = - aE' 233. 

In these two equations H' will clearly have values due to 
the position of the unit load in the span h as given in the tabula- 
tion following Eq. 224. 

A similar construction is readily made for the span ^, also as 
shown on Plate III. Again using the simple general equations 212 

h 
and 213, remembering in this case that 7- = .1, and that for a 

unit load P = i, there will result for the quarter point K% of 
the span: 

For z less than x: 

5 = — J — .2 ff' 234. 

For z greater than x: 

S — 1 — q — .2 H^ 235. 

Again, giving q the values shown in the tabular statement 
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below, the corresponding values of shear, also shown in the table, 
will result: 







SHEAR S 


• 


Q 


Spaa / 


2 


Spu / 




O 





.5 


+ .141,8 




.1 


- .212,44 


.6 


+ .058,9 




.2 


- -412,74 


.7 


-f .008,76 




<*i? 


[ - .505.22 


.8 


- .012,74 




.25 


\ + .494,78 


•9 


- .012,44 




.3 


+ .408,76 


I.O 







.4 


+ .258,9 







Lajdng these shears off at right angles to the horizontal line 
B^C^^ Plate in, upward when negative and downward when 
positive, the influence line J5j 52 K^ S\ Dt will be found. This 
influence line shows at a glance all the shear conditions in the 
span 1% affecting the quarter point Kt. All loads on the two seg- 
ments Bt K% and D% will produce negative or upward shears 
while all those on the segment K%0 will produce positive or 
downward shears at the quarter p)oint Ki. If P = o in either 
Eq. 212 or 213 the value of the shear 5 in the unloaded spans 
/i and U will take the value: 

5 = - .2 F' 236. 

In this equation H' will have the value shown in the tabulation 
following Eq. 215. 

The end shears Ri and Rg in the spans l\ and h for a unit 
load at any point in either one of those spans are foimd by 
making x ^ o in Eq. 213, because in such a case z is always 
greater than x. By making a: = o and P = i in that equation 

f f 

there will result after substituting 7 = .0522 for 7: 



Ri — 1 — q — .2088 H' .... 237. 



..__/ 



-72 

Making 7- = .1, x = o, and P = i in Eq. 213, there will result 



Art. 59.] 



REACTION LINES 



193 



for the span ^2: 



ij, = I - g - .4 H' 



. 238. 



TaJdng the value H^ for Ri from the tabulation following Eq. 
224, and the value of H^ for R% from the tabulation following 
Eq. 215, the following tabulated values of Ri and Rt will 
result: 



Q 


Ri 


Rt 





+ 1 


+ 1 


.1 




+ .675,12 


.2 


+ .788,084 


+ .374,52 


.4 


+ .580,893 


+ .082,2 


.5 


+ .479»936 


- .216,4 


.6 


+ .380,893 


— .282,2 


.8 


+ . 188,084 


- .225,48 


.9 




- .124.88 


I.O 









These numerical quantities are laid oflF vertically three times 
their full size, positive downward and negative upward, from 
the horizontal line AiBim the span h and B2 A in the span Uy 
Plate III, giving the curved line Ri Bi in the former span and 
Ri O' Di in the latter. All reactions are positive in the span /i, 
but part are positive and part negative in span h- In the latter 
span all loads between B2 and 0' cause positive or upward re- 
actions at Bt, while all loads between 0' and D% cause negative 
or downward reactions at the same extremity Bi of the span. 
The maximum anchorage, i.e., negative reaction, required in 
the span h by any single load can be scaled as the greatest 
ordinate between the negative part of the reaction curve and 
0' D%, The greatest possible negative reaction at £2, i.e., the 
greatest amount of anchorage, will be found by loading only the 
entire segment 0' A of the span, with the other two spans fully 
loaded. Similarly the greatest possible positive reaction for 
upward support required at B2 will be found by loading only 
the entire segment B2 0\ the other two spans being wholly un- 
loaded. 

These constructions for the shears, including the end shears 
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or reactions, illustrate completely the influence line procedure 
needed to determine the position and amounts of loading causing 
the greatest possible shears at any section. It must be remem- 
bered, only, that loading on one span will produce negative or 
upward reactions on the two unloaded spans. 

It should be observed in passing that, as usual with influence 
lines, the areas between such lines and the horizontal span Une 
represent total shears at the points for which they are drawn. 
It is only necessary to multiply such areas expressed in full size 
dimensions, i.e., square feet, by the uniform load per running 
foot in order to obtain the total shears for the case of a uniform 
load per linear foot. 

h The application in this article of the preceding analysis to 
an actual stiffened suspension bridge structure relates to a 
stiffening-truss of constant depth and with a uniform moment 
of inertia of cross-section of truss for each span, the moment of 
inertia for the side span being different from that belonging to 
the trusses of the main span. It will seldom be necessary to 
follow any different procedure for the moments of inertia of 
stiffening-truss sections, although the analysis indicates clearly 
and fully the proper modifications to be made in the formulae 
should such modifications become necessary. Such modifications 
would involve complications and additional labor in computations 
which would seldom be justified, except for varying depths of 
trusses. 

Although the item in the quantity D of Eq. 232 of this article 
depending upon the work expended in stretching the suspenders 
is not separately computed in the preceding numerical work, it 
does not exceed about 3% of the total value of Z), and it could 
therefore be omitted without material error. Its inclusion in 
Eq. 70 of Art. 46, however, adds no sensible amount of labor to 
the computations, and as its use contributes somewhat to 
accuracy it has been inserted in the analysis and employed in the 
computations. 
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Art. 60. — Numerical Computations. 

In the preceding article it has been seen that the numerical 
computations for the horizontal component H' of the cable 
stress will be much aided by a table of values of the following 
expression: g (i — g* (2 — q)) = Q. As this expression has 
the same value for q and i — g it is necessary to compute results 
from g = o to g = .5 only. By varying q, therefore, from o to 
.5, the following tabulation wiU result: 



a 


Q 


ff 


Q 


.0 or I 











. .01 " 


■99 


.009,998 


.26 or .74 


.229,418 


.02 " 


.98 


.019,984 


.27 ' 


' .73 


.235,948 


.03 " 


.97 


.029,947 


.28 * 


' .72 


.242,243 


.04 " 


.96 


. 039,875 


.29 ' 


' .71 


.248.295 


.05 " 


.95 


.049.756 


.30 * 


' .70 


.254.1 


.06 " 


94 


.059.581 


.31 ' 


* .69 


.259,653 


.07 " 


93 


.069,338 


.32 ' 


' .68 


.264,95 


.08 " 


.92 


.079,017 


•33 ' 


' .67 


.269,985 


.09 " 


91 


.088,608 


.34 ' 


' .66 


•274.755 


.10 " 


90 


.098,100 


.35 * 


' .65 


.279,256 


. .11 " 


.89 


. 107,484 


.36 • 


* .64 


.283,484 


.12 " 


.88 


.116,751 


.37 * 


* .63 


.287,436 


.13 " 


.87 


• 125.892 


.38 * 


' .62 


.291,107 


.14 " 


.86 


. 134.905 


■39 * 


' .61 


.294.496 


.15 " 


.85 


. 143.756 


.40 * 


' .60 


.297,6 


.16 " 


84 


. 152,463 


.41 * 


* .59 


.300,416 


.17 " . 


83 


.161,009 


.42 * 


' .58 


.302,941 


.18 *' . 


82 


. 169,386 


43 * 


' .57 


.305.174 


.19 " . 


81 


. 177.585 


44 ' 


' .56 


.307,113 


.20 '' 


.80 


. 185,600 


45 ' 


' .55 


.308,756 


.21 " 


79 


. 193.423 


46 ' 


' .54 


.310,103 


.22 " . 


78 


.201,047 


47 ' 


' .53 


.311,151 


.23 " 


77 


.208,464 


48 ' 


' .52 


.311.9 


.24 " . 


76 


.215,670 


49 ' 


' .51 


.312,35 


.25 " . 


75 


.222,656 


.50 


.312,5 



Art. 61.— Greatest Bending Moment in Non-Continuous Stiffen- 
ing-Truss Due to Uniform Load from One End of Span. 

The formulae and the proper procedure in this case are fully 
set forth in Art. 52. Eq. 125, giving the horizontal component 
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H' of the moving load cable stress, must be used in Eq. 129, 
which gives the location at which the greatest bending moment 
in the stiffening-truss exists for a given length Xi of imiform 
moving load extending from the same end of the span from 
which X is measured. Eql 130 of Art. 52 gives the greatest 
bending moment located by the value of x given by Eq. 129. 

The stiffening-truss for the centre or main span of the Man- 
hattan Bridge taken in the application of formulae aheady set 
forth in Art. 60 will be employed here, consequently the same data 
will be used as in Art. 60. In this case, however, no end spans 
will be supposed to exist, and the backstay cables will therefore 
be assumed to be straight. Each of the backstay spans will be 
taken as 440 feet in length from the centre of the tower to the 
point where the backstay cable enters the anchorage, thus making 
the angle of inclination of the backstay cable to a horizontal 
at the top of the tower the same as for the main cable at the 
same point. The tangent of that inclination will be .4 and 
the secant 1.0773. The following data may be conveniently 
reproduced from Art. 60, Fo = 275 square inches; Fj = .1 
square inch; Fz — 400 square inches. 

/ = 44,000 (square inches X ft.*)- 
I «= 1,447 feet 
/ = 145 feet. 

Introducing the preceding data and other data of Art. 60 
in the denominator of Eq. 74 of Art. 46, that denominator, des- 
ignated by D\ will have the following value: 

Z?' = 111,158 239. 

Remembering that, as these computations are for a uniform 
moving load only, both k and w^^ must be made zero in Eq. 74 
in establishing E^ to be substituted in Eq. 129. 

Successive xuiiform loads covering one-tenth, two-tenths, 
three-tenths, etc., of the span will be employed, and the value of 
X, Eq. 129 of Art. 52, must be found for each such progressive 
load. Instead of taking tenths of the actual span it will be more 
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Xi 



convenient to take values of -7- as .1, .2, .3, etc. 



Xi 



Substituting the values of the varying ratio -r- in Eq. 129, 

in the manner indicated and determining both the corresponding 
values of x and the greatest bending moment M^, Eq. 130, Art. 
52, the following tabulated numerical values will result: 



X 

I 


X 


if 


.1 


,ooS6k 


- .000,359,9 piV 


.2 


.149 " 


- .010,136,5 " 




.3 


.198 " 


- .015,889,5 " 




.4 


.237 " 


- .019,202,9 " 


( 


.5 


.270 " 


- . 019,834,2 " 




.6 


.302 " 


- .oi8,39i»8 " 




.7 


■ 337 " 


- .015.738 " 




.8 


.386 " 


- .013,075,8 " 




.9 


454 " 


- .011,225,2 " 




I.O 


5 " 


— .010,96 " 





It is simpler to express x as fractions of ^ a^ it is also simpler 
to express the bending moments M as fractions of pt h?, and the 
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I 

Fig. 17. 

numerical results are so expressed. The numerical quantities 
,are actual values for a imit length of span with a imit moving 
load per Unear foot. 

Fig. 17 shows graphically the results of these computations 
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The numerical quantities in the column x of the table are laid 
off as horizontal ordinates in Fig. 17 from A towards C and at * 
the point so determined the corresponding nimierical quantity 
in the column Mm is laid off vertically at one hundred times the 
value shown in the table. The distance A B represents the span 

/j. Hence, as an illustration, A E for which 7- = .5 was taken 

27 hundredths of the span, or ^4 £ = .27 fe. EF was then laid 
off vertically to represent Mm as 1.98 inches, which is one hundred 
times the value of the corresponding decimal in the table. Other 
points of the greatest moment curve AFG were similarly con- 
structed, GC representing the greatest moment for the load 

over the whole span, for which 7- = i, or oc = .5 ^2 and M^n — .01096 

as a unit quantity, i.e., GC — 1.096. The curve shows that 
the greatest bending moment in the entire span for all positions 
of the continuous moving load is found by loading one-half the 
span with a continuous load, the greatest bending moment 
itself being equal to .019,834 p% 1^. If a curve were constructed 
on a much larger scale it might appear that the greatest possible 
moment would be a little larger than that indicated by the above 
table and that a little more or less than half the span should be 
loaded, but the difference would be so small that it may be 
neglected for the present purpose. 

Obviously the curve A F B may also be constructed for the 
half C B oi the span, each half of the curve being symmetrical 
with the vertical centre line G C. 

It is clear that the numerical computations in this case 
are much expedited by the table of numerical values found in 
Art. 52 between Eqs. 130 and 131. In fact, these tabulated 
values make the labor of computation immaterial and enable the 
results to be obtained with ease and rapidity. 

It is interesting to observe that Eq. 52 of Art. 11 shows that 
the greatest possible bending moment in the stifffening-truss, 
by the old or static method of computation, is: 

Jf«= .018,52 pik^. 
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Again, £q. 16 of Art. 16 shows that if the non-contiatious 
stiffening-truss has a hinge at the centre of the span, making the 
problem statically determinate, the greatest possible bending 
moment in the span will be: 

M^ = .018,837 p2 V. 

Finally, the above more nearly exact method in which the re- 
sults obtained depend upon the elastic properties of the materials 
gives: 

M^ = .019,834 p2 y. 

• 

The last result is from 6 to 7% larger than the other two, 
which is not a great difference. It may perhaps be questioned 
whether the labor and complication of the more refined demon- 
stration and computations are fully justified by the relatively 
small difference in the greatest bending moments found. The 
most important difference, however, is not that corresponding 
to the greatest bending moments in the span, but to the values 
of the centre bending moments for load covering the entire span, 
or nearly the entire span. If the uniform moving load covers 
the entire span there will be ^o centre bending moment by the 
old or static theory, nor at any other point of the span, but the 
more nearly exact method shows that when the entire span is 
covered, the bending moment at the celitre of the span is dis- 
tinctly more than half the greatest bending moment. 

Art. 62.-— Special Case of End Spans. 

The preceding analysis is perfectly general and it covers the 
case of Fig. 18, in which the spans h and h are the extensions of 
the stiffening-trusses into the backstay spans where there are 
no suspenders. A and B are the anchorages for the cable, while 
G and K would ordinarily be steel bents attached at their tops to 
the ends of the stiffening-trusses and at their bottoms to suitable 
masonry piers, all so designed as to resist either positive or 
negative reactions. 

All integrals requiring the moving load bending moment Mi, 
may at once be found for all spans by Eqs. 52 to 57 of Art. 44. 
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If there is no moving load on any one span 2Pz (i — g) for 
that span disappears. 

The design, construction, and erection of the three spans of 
the stiffening-trusses should be such that the entire dead load of 
the main span may be carried by the cable at mean temperature. 
This requires that each of the three spans of trusses must be 




Fig. i8. 

erected in place complete before being connected together over 
the main piers at D and F. The trusses in the spans k and h 
should be erected as simply supported non-continuous spans, 
swinging free from their falseworks and carrying all their dead 
load before the connections with the centre span k are made. 
If the side and centre spans are connected under other conditions 
much imcertainty as to the amount of dead load carried by the 
suspenders will exist even at mean temperature. 

Dead Load Stresses in Spans h and U- 

Under the conditions prescribed above, the dead load stresses 
in the spans h and U will be those only in simply supported, non- 
continuous spans. They should be computed and tabulated to 
be combined with moving load stresses. 

Stresses Due to Moving Load in Spans h and 1%, 

Moving load will pass on the spans h and U after the three 
spans are made continuous, and that moving load will produce 
stresses in the trusses of the span U which, causing deflection of 
that span, will induce change in the uniform suspender pull. If 
that change in suspender pull is 52 per foot of span, the action of 
moving loads in either h or U is represented by the application 
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of the loads P in those spans and of the uniform downward load 
Si over the entire span 1%, Remembering that S P (i — q^)q will 

now become — , the moment Mi at F, Fig. 18, will be given by 

4 

Eq. 14, Art. 42 : 

4 

4 (a + r) (6 r^ + i) - r 
Then, from Eq. 15, Art. 42: 

—7^ + a* -6 P (i — »v n+r 

Ml = — li 7 ; — ^^ . 260. 

2 (a + r) 

The four moving load reactions at G, D, F, and K will then 
become: 

Ui = i P (i - n) + ^* 261. 

i?2 = 2: P n H 1 } r ... 262. 

2 h h 

-R8 = -^P(i-w)+— + — 7 T" • 263. 

R4= XPm + ^ 264, 

The reactions Pi and P4 are the end shears at G and K, Fig. 
18. The shear at the other end of h (at D) is : 

5^ = ' P - Pi = 1: Pn p . . . . 265. 

And adjacent to F on the right hand of that point: 

5, = • P - P4 = ' P (i - w) - ^\ . . 266. 



Change S2 in Suspender Pull. 

The preceding general values of moments, reactions, and shears 
for this case are necessary for jGinding the final truss stresses in 
the three spans, but it is next essential to determine the uniform 
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change (52 per foot of span) of the suspender pull in span k due 
to loads on h and k. This latter condition is equivalent to a 
uniform downward vertical load Si over the entire span which 
will cause bending (and stresses) in all three spans, even if no 
loads should act in spans h and 4, as with temperature stresses. 
When moving load passes on either h or k, or on both, there will 
be upward deflection of the trusses in span 1%, This will relieve 
the cable of load S2 per linear foot and give to the stiffening-truss 
as an ordinary continuous truss an equal amount of uniform 
load, thus making the upward deflection of the cable added to 
the contraction of the suspenders (due to release of load) equal 
to the upward deflection of the stiffening-truss. 

If the moving load on the spans h and k is sjmMnetrical in 
amount and location in reference to the span 1% it is clear that the 
upward deflection of the truss at the centre of span k (and of 
the cable and contraction of the suspenders) will be in proportion 
to the amoimt of that symmetrical loading. Hence, if the amount 
of symmetrical loading required to relieve the cable and sus- 
penders of all own weight of stiffening- trusses and floor, i,e., 
Wg per linear foot of span k, be determined, the loading on spans 
h and h necessary to reb'eve the cable to the extent of Si per lin- 
ear foot of span wiU be proportionate to that relief. 

To shorten and simplify the analysis the usual case of h = /$ 
will be assumed, and / will be written for k- 

For this particular purpose it will further be assumed that 
any moving load on either /i or h is imiformly distributed over 
their entire lengths. That assumption will simplify computa- 
tions and lead to no material error in the results actually to be 
used, as the latter belong chiefly to the condition of moving 
load covering entirely either h or both k and h = /i. 

Let the combined shortening of the suspender at the centre 
of span / and the upward deflection of the cable at the same point 
due to relief from all stiffening-truss load w^ per lin. ft. be de- 
termined by the methods of Arts. 35 and 36, taking into account 
the shortening of the backstay cables; and let it be designated 

by «"«. 

The formulae of Arts. 35 and 36 give at once those parts of 
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v!\ due to the shortening of the cables and backstays and to 
the movements of the saddles at the tops of the towers. If t^ 
is the intensity of stress in the suspenders due to any suspender 
load 52 (Wa being the greatest value), and if ?; is the length of 
shortest suspender at the vertex of the cable, then that part of 
u'\ due to the shortening of the suspender v is: 

;£ «' 267. 

The upward deflection v!\ thus becomes completely known, 
as will be shown by the following analysis. 

If the uniform moving load p\ rests upon each of the end 
spans while the uniform load ^2 rests upon the centre span, /, 
Eqs. 259 and 260 show that the bending moment at each end of 
that centre span will be: 

M% = M% = — I — 7 ; r- .... 268 . 

The reactions at the two abutments and at the two piers 
will then take the following forms by the aid of Eqs. 261, 262, 
263, and 264: 

. Ri = "~ — I" T" ^^9* 

/C2 = Aa = "— - -r ~ -^ T^ . . . 270. 

22^ 

p _ I? - M . ^3 

/C4 =5 /Ci = "t" "7" .... 271. 

2 h 

It will now be necessary to determine the deflection (upward) 
of the centre of span / under the loads used in connection with 
Eq. 268. 

Taking moments about any point distant x from the left end 
of span /: 
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Integrating between the limits x and — and remembering 

/ du 
that for oc = -, -J- = o: 

2' ax 

Again integrating between the limits x and o, remembering 
that « = o for X = o: 

^/.-f(^-«« + 5(^-f-?). .„. 

When the miiform load Si is equal to the own weight of the 
stiffening-truss and tracks or flooring carried by it the deflection 
at the centre of the span where a; = 2/ becomes «"c, Eq. 274 
then gives: 

^' SEI 384 £/• • • • ^^5' 

It is necessary to determine the value of the uniform load 
pi resting on the span h when the relief of suspender pull $2 
becomes equal to w^. Hence placing the value of M2 from Eq. 
268 in Eq. 275, the following value of pi will result: 

w,l , . , 32 {2a'\-ir)EIu'\ 

^^=77^(^^^-30+ ^^^, . 276. 

It has already been indicated that the centre deflection 
v!\ must be equal to the upward deflection of the vertex of the 
cable due to the shortening of the latter, imder the relief of 

the uniform load w;„ added to -^ ». 

The shortening of the cable resulting from relieving it of 
the own weight or dead load w^ per linear foot must obviously 
be precisely the same as the lengthening which would take place 
imder the imposition of this same load w^. Furthermore, a 
corresponding shortening or lengthening, as the case may be, 
of the backstays will exist concurrently with the shortening or 
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lengthening of the main cable. The upward deflection of the 
vertex of the cable resulting from the shortening of the main 
cable and the two backstays must next be foimd. 

It is necessary to recognize both the cable with constant 
cross-section F (like a wire cable) and with a variable cross- 
section Fo -p in finding the vertical deflection of the vertex of 

the cable due to the relief of the suspender pull. 

If Hi is the horizontal component of cable stress due to the 
imiform load w^ on the entire centre span /: 

El = -^-7-, and the cable stress at any point = -^v- --t—' 

■ 

Hence the total stretch of the wire cable (constant cross-section) 
is: 

/•I HidL^ ^ w.P f-dL^ ^ 

Jo EF dx^ 8fEF •'o dx^ 



V ^ X p) ' ' ' ' 



SfEF^^"^ - »y .... 277. 



The stretch of the cable with 'variable section proportioned 
to the total cable stress will be: 

^^^ 'J/EF o-^^'''^8jEFo' J/-^^ 

If ^ = n, Eq. 82 of Art. 35 shows that the change in/ cor- 
responding to the change A L of cable length is: 



Af = -w ^ ix A L 

•' 16 (5 « — 24 «') 

The total stress in a backstay is: 

Hi sec ai = ~Q~F ^^ «i* 

07 



279 
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Hence the change in length of backstay due to that total 
stress is: 

The horizontal component of A L, is: 

A L, cos ai = gfPE ^^ "1 ~ ^ ^' 

This quantity is the movement of the saddle on the top of 
a tower away from the centre span when the suspender pull in 
the latter is relieved. The change in length of the centre span is 
obviously: 

A / = 2 A /i. 

Placing f -^ I = n, and indicating by — A/' the upward 
deflection due to the increase of span A /, Eq. 89 of Art. 35 shows: 

•^ 16 (5 » — 24 tr) 

The complete expression for the centre upward deflection 
u^'c ^low becomes: 

i*"c = A/+ Ay^+ ^i^ • . . . 281. 

K the numerical value of «"<. determined by Eq. 281 be placed 
in the second term of the second member of Eq. 276, the latter 
equation will give at once the value of the uniform load pi, which 
must rest on the whole of the spans h and ^ = /i in order to give 
an upward deflection at the centre of / just sufiident to relieve 
the cable of the weight w^ of the stiffening-truss and tracks or 
roadway platform carried by it. 

If the uniform load pi rests upon the whole of either of the 
spans /i or k while no moving load rests upon the other of those 
two spans, the upward centre deflection of the span / will be 
one-half of w"c, since the moving load on the whole of one of those 
spans will produce just as much deflection at the centre of span 
/ as that on Jthe other. Similarly, any amount of moving load 
on either one of those spans will produce just as much upward 
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centre deflection in / as the same load similarly placed on the 
other. 

Obviously if any other uniform moving load p' covers the 
whole of l\ and h = h, the upward deflection produced by such 
loading at the centre of / and the relief of suspender pull in that 
span will be, respectively: 

< = ^ w", 282. 

and: 

Si = —w, 283. 

pi 

Since the same uniform load over the whole of either span 
/i or Iz will cause half the upward centre deflection in span / that 
the same xmiform load on both those spans will produce, it is 
clear that a xmiform load over either span k or h will produce 
half the relief of suspender pull in span / that would arise from 
the same imiform load on both of those spans. 

These formulae will enable all bending moments and stresses 
in span / caused by moving load on the side spans h and k to be 
foimd. The greatest possible negative bending moments in 
span / will occur when the moving load covers the whole of both 
the side spans. 

Moving Load in Main Span U — l- 

In treating the moving load moments and stresses for this 
special case it is now necessary to consider the side spans with 
no moving load whatever in the determination of the integral 
3f 5 d X while the main span / of the stiffening-truss may have 
any such load. 

Eqs. 14 and 15, Art. 42, give for this condition: 

__ ( 2 g + r) 1- f (i ^ g») q 
^3- -i-4(^ + ,)(j,i + ,)., . . 284. 

J-' + i: p (i - g«) ? 

Af 2 = — r/ 7 — ; — V . . . 285, 

2 (a + r) ^ 
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Eq. 57 of Art. 44 gives for this case: 



/ 



Mid X = - {Mt + Mi + t P z (i - g)) . 286. 



For uniform loading, p extending from Zi to 2: 

iPzii-q) = — [ji-y--[^-y)) . 287. 

If the uniform load extends over the whole span, Si = o and 
z = I; hence: 

a J% 72 

lPz{i-q) =^ 288. 

As already indicated in connection with the dead and moving 
load in the side spans it is supposed that the ends of the stiff ening- 
truss at G and K, Fig. i8, are held at their normal elevations 
by the pier structures to which they are attached. 

Greatest Positive Reactions at Outer Ends of Spans h and h, i.e., 

at G and K, Fig. i8. 

The greatest positive or upward reaction at either G or K 
will occur at mean temperature when the entire spans h and h 
are covered with moving load and with no such load on the 
span /. If p' is the greatest moving load per linear unit on 
the two end spans h and k = h, ^tnd if ^'2 is the corresponding 
relief of suspender pull in the span /, then by Eq. 283 : 

Eq. 269 then gives the maximum positive or upward reaction 
G, Fig. 18, i.e., at the outer end of span /i, still placing fc = /: 

^ p'h l a^pHi + rshl . 

Ai = '~i 7 ; T" . . . 2oO. 

2 /i 4(2a + 3r) 

This reaction Ri is obviously identical with the maximum 
upward or positive reaction R4 at K, the outer end of the 
span I3, 
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The end shear at the right-hand end of span ^, ».«., immedi- 
ately at the left of Z?, will be: 

Sd-Ri-P'Ii-- 2 "/x 4(2a + 3r) • "^o. 

Instead of the uniform load />' per linear foot covering the 
entire side spans, it may be more convenient to consider a system 
of miiform panel concentrations at each of the panel points in 
the spans h and h. The preceding equations for the reactions Ri 
and shear So are directly applicable to such a system of loading. 
It will only be necessary tp write the amount of the total panel 
loads on each of the side spans for the expression p^ h. 



Shears and Bending Moments in Spans h and h- 

The general values of the shears and bending moments in the 
spans h and h may easily be written by the aid of the preceding 
analysis. 

The general value of the shear S in the span h may be ex- 
pressed as follows, the value of the reaction Ri being taken from 
Eq. 289: 

S^Ri—p^x^P^ [ — ^J — 7 — 7 — \ — r • 291. 

When X = — the value of 5 in Eq. 291 becomes identical with 

the maximum upward reaction given by Eq. 289. 

Again ii x — h the value of S becomes identical with the 
value Sd in Eq. 290. The point at which the shear 5 = o and 
at which the maximum bending moment is found may be at once 
determined from Eq. 291 by simply making 5 « o. That 
operation will give for the point of greatest bending: 
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The general value of the bending moment in the span h, when 
there is no moving load in the span h = I, becomes, after taking 
the value of Ri from Eq. 289: 

2 2 ^' ' h 4(2a + 3r) ^^ 

If the value of x be computed from Eq. 292 and inserted 
in Eq. 293, the maximum positive bending moment in the span 
will result, and this will be an important quantity to be deter- 
mined in an actual structure. 

If X = /i, Eq. 293 shows that M becomes equal to Mz given 
by Eq. 268. 

These few simple equations give the greatest values for the 
shears and bending moments at any point in either span /i or Iz. 
If the values for span h are under consideration it is only neces- 
sary to change h to k- 

The maximimi shears and bending moments are found by 
covering both of the side spans with the greatest prescribed 
moving loads. It is not necessary therefore to give values of 
shears and bending moments for the moving load covering one 
of the side spans only, although such values may readily be 
written. 

Stresses in Spans h and /a, Due to Moving Load in Main Span — 

Greatest Negative Reactions, 

Let Af '2 and M'z be the actual bending moments in the stiff en- 
ing-truss at D and F for those positions of moving load which give 
them their greatest (negative) values. The greatest downward 
or negative reactions will then be at G and K, Fig. 18: 

p, M'2 

A 1 = -7— 294. 

And at -K: 

p, M\ 

-'^ 8 = ~7^ 295. 

tz 

After these two greatest negative reactions are known all the 
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corresponding stresses in the two spans h and /« can at once be 
found by simple procedures, and tabulated. 
The three tabulated sets of stresses due to: 
Dead load in spans h and /<; 
Moving load in spans h and k, producing stresses 

in spans h, h, and lz\ 
Moving load in span ^2 only, producing stresses in the 
stiffening- truss proper and in spans h and U, 
must then be combined so as to determine the greatest possible 
stresses in all members of the trusses. 

The greatest amount of anchorage required at G and iT, 
Fig. 18, will be given by Eqs. 294 and 295. If the spans h and U 
are relatively long, their dead load or own weight may be suffi- 
cient to induce no negative or downward reactions at G and K. 



CHAPTER V. 

Theory of the Straight Stiffening-Truss Based on the 

Method of Deflections. 

Art. 63. — General Considerations. 

In the treatment of the stiffened suspension bridge by the 
method of deflections the structure is assumed, as in other 
methods, to be so erected and adjusted that at a given or mean 
temperature the entire dead load hangs from the cable without 
producing any bending in the stiffening-truss. The constant 
action of the dead load, therefore, produces a fixed or unvarying 
stretching of the cable and suspenders superposed on which is 
the varying stretch of the same members due to the correspond- 
ingly varying application of moving load and in connection with 
which the moving load flexure or bending of the stiffening-truss 
occurs, the latter being subjected to no bending by the dead load 
or own weight. 

In the following analysis, therefore, the elongations of the 
cable, the stretching of the suspenders, and the deflection of the 
stiffening-truss are those only due to the action of the moving 
load. On the other hand, however, the internal work done in 
producing the moving load deformations of the same members 
is performed by both moving and dead load. 

The plan of treatment is first to find a general expression 

for the moving load deflections corresponding to the actual 

bending moments in the stiffening-truss. Inasmuch as the cable, 

the suspenders, and the stiffening-truss are united as members 

of a single structure, the combined deflection of the cable and 

the stretch of the suspenders at any point in the span must be 

the same as the deflection of the stiffening-truss at the same point. 

The work performed, therefore, by the dead and moving load 

acting through the vertical displacement caused by the moving 

212 
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load must be equal to the total internal work expended in stretch- 
ing the cable and suspenders and in deflecting, or bending, the 
stiffening-trusses throughout the span. 

The moving load must be divided into two parts, one of 
which, usually much the smaller part, produces the deflection of 
the stiffening-truss and is carried by that truss to the two abut- 
ments or piers at the ends of the span as an ordinary continuous 
or non-continuous truss. The other and larger part of that 
load produces a uniform pull on the suspenders resulting in the 
cable stress due to the moving load. That part of the moving 
load resting upon the stiffening-truss as an ordinary continuous 
or non-continuous bridge structure obviously performs all the 
work expended in bending the stiffening-truss. On the other 
hand, the remaining part of the moving load which is carried 
by the cable performs work through its vertical displace- 
ment expended in stretching the suspenders and the cable. 

When the moving load stretches the suspenders and the 
cable the dead load performs work over its vertical displacement. 
If then the work performed by the dead load and that part of 
the moving load carried to the cable, acting through their re- 
spective displacements, be equaled to the work expended in 
stretching the suspenders and cable, an expression will result 
from which the horizontal component of cable stress may be 
determined. These various procedures will be set forth and 
completed in the following analysis. 

Similarly the work performed (supposedly by a imiform load 
over the entire span) in producing the displacement of the 
different parts of the structure through a change of temperature 
must be equal to the work expended in producing the corre- 
sponding deformations of the cable, suspenders, and stiffening- 
truss. The uniform load over the entire span which would 
produce the same cable and suspender stretch and the same stiffen- 
ing-truss deflection as' the change of temperature may be called 
the temperature or thermal load. 
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Art 64.— Deflection of Truss and Cable-Stretch of 

Suspenders. 

The foflowing analysis requires the use of the notation given 
below, as well as more which will be set forth later: 

H" = Horizontal component of cable stress due to dead 

load. 
H' = Horizontal component of cable stress due to moving 

load. 
H ^H' + H". 

P = Single moving load at distance z from one end of span. 
Wo = Total dead load per foot of span. 
w = Total dead, moving, and temperature load per foot of 

span. 
v/i = Total dead, moving, and temperature load, except the 

cable, per foot of span. 
a = Panel length or horizontal distance between two con- 
secutive suspenders. 
So = wq " go = Dead load on suspenders, induding their 

own weight per foot of span. 
$^ = Moving load and temperature pull on suspenders per 

linear foot of span. 
Wi = Moving load per foot of span for the length or part 

Li. For moving load over entire span Li = /, and 

for that condition Wi may represent temperature 

load. 
go = Weight of cable per linear foot at lowest point or 

vertex. 
Ml, = Bending moment at any point due to moving load 

in the stiflFening-truss as an ordinary continuous or 

non-continuous truss unconnected with the cables. 
M = Actual moving load bending moment at any point in 

the stifiFening-truss. 
S = Actual moving load shear at any point in the stiflfen- 

ing-truss. 
r = The specific weight of the cables per cubic inch. 
f/ s= Deflection at any point of the cable due to moving 

load stresses. 
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FUNDAMENTAL EQUATIONS 



2IS 



V = Length of suspender at lowest point of the cable. 

A = Stretch of whole length of a suspender at any point 
due to moving load stresses. 

u = Deflection at any point of the stiffening-truss due to 
moving load stresses. 

/ = Allowed or assumed intensity of stress in the suspend- 
ers, due to moving load only. 

T = Variation of temperature from the mean. 

S = Thermal change per unit of length for each degree of 
temperature. 

L = Length in feet of cable in span / or h- 

V or L'" = Length in feet of cable in span h or /s. 



}«. — aj ^ 




Fig. I, 



If the origin of co-ordinates be taken at the top of a tower, 
as shown in Fig. i, the relation between the dead and moving 
load moments, the actual bending moments in the stiffening- 
truss, and the horizontal components of cable stress, W and W ^ 
will be: 



w^ 



x(l-x)+Mf,-M ^(H' + H'O (y + «0 . • i- 



Wo 



Hence, as — ^o; (/-«)= H'' (y + u"): 



M ^Mt-n'(y + u') 2, 



In accordance with the notation: 

«' = w — A 
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As the curve of the cable is a parabola, and as the origin 
of co-ordinates is at the top of a tower (Fig. i) : 

y = "TT^C^-^) 4. 

The ordinate y includes the deflection of the cable due to 
the dead load. 

If V is the length of suspender at the apex of the cable, the 
stretch A of any suspender at the distance % from the end of the 
span due to moving load only will be: 

A = |(f-y + T') = |(^-^a-«)+f) . s. 

This expression changes slightly for a side span /i, Fig. i, as 
follows: 

t ( ^ f 4 fix .J A 

f 

The only difference between Eqs. 5 and 5a is that 7- x takes 

the place of /in Eq. 5. 

Substituting from Eqs. 3, 4, and 5 in Eq. 2: 



- M - - M, 



+ n' ^x(l-x) + H'u-H'^ (f + v) 



+ H'|f^(/-x) 



In order to make this equation perfectly general Mf, must be 
so written as to apply to a continuous stiffening-truss carrying 
a load P at any point in the span distant z from the end of the 

span. As has been done before, let 9 = y. 

Then if the bending moment in a simple non-continuous span 
canying a single load P at a point indicated by z be represented 

by Mo, and if P' be written for P in the maimer indicated: 

« 

For X ^z; Mo = P {i - q) X = {P' - P q) X . . . 7. 
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For x>_z\ Mo ^ Pqil- x) ^ Ml- Pqx ... 8. 

Remembering that P' — P when Mi = o, i.e.y when ic ^ «, 
and that P' = o when Mi ^ P ql, i.e., when « >. «, there may be 
written the expression for both cases: 

Mo^Mi+iP' -Pq)x 9. 

By referring forward to Eqs. 66, 67, and 68 of Art. 74, the 
general value of the moment M^ for stiffening-trusses continuous 
over three spans may be found so expressed as to be wntten: 



M, 



= M't + Mi+ {^ + P' -Pq)x. . . 10. 



For span h: M 2 = o and -7- = -y-. 

For span ^2: M 2 = -8/2 and -y = 7- . 

For span h' M't = Mz and -7- = — -t"* 

Using the familiar equation from the common theory of 
flexure : 

H' 
and placing -pj — c*, then by the aid of Eqs. 6 and lo, and after 

Mt 
abbreviating by. placing N = —r+P' — Pq, there will be 

found: 

d?u M\ + Ml t ..,. (N ,4/", , ^\ 



;* II 

Or: 

ax* 



2l8 SUSPENSION BRIDGES [ChAP. V. 

The integral of this equation is: 

u=C €'''+ C e-'^- j^ (2 k'' + kc^ + k' c^x + k''c^ x^) . 11a. 

C and C are constants of integration, and the limits of integra- 
tion include only a part of the stiflfening-truss for which the 
moment of inertia of section, /, is constant. 

Substituting from £q. 11 in £q. iia the quantities indicated 
by k, k'j and k"\ 

*«=C'e«+C"e-«+ ^'+ |(r+t;)+^(i+|) (| + x*-l x) 12. 

In this equation Afj,, as shown by Eq. 3, is the moving load 
bending moment in a simply supported ordinary, continuous 
or non-continuous truss at the point x. 

Eq. 12 remains imchanged for a side span, as /i, after intro- 
ducing the subscripts except, as indicated in Eq. s^y'pT^ must 

take the place oi-pf in the fourth term of the second member 



*This expression for the deflection is not complete as the deflection due 
to the shear either in a solid plate web or in the web members of a truss is 
neglected. Terms representing the deflection due to shear may easily be 
added to the second member of Eq. 12, by using the expression for the shear 
in a solid plate web as follows: 

J ^ J Sdx; d being the half depth of web. 

The value of the shear S may be found in any convenient manner. Eq. 
15 gives a value. 

Or, again, the shear S multiplied by the secant of inclination of a truss 
web member to a vertical line will give the direct stress in that member. 
The deflection due to the tension and compression in such members through- 
out the entire span may then be found by the usual and familiar procedures. 

The shearing deflection thus found must be added to u in Eq. 12, and 
used in the subsequent formulae wherever u appears. 

These procedures complicate but little the formulae to be found, but 
the influence of shear on the deflection is so small that the error due to this 
omission is immaterial. 
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of that equation. This small change will appear in subsequent 

fonhuke where J Uidxisto he found. 

The preceding analjrsis by which Eq. 12 is established is 
perfectly general and is readily made applicable to uniform 
loading, although in form a single load P only is used. It will be 
shown later with what facility that equation and the consequent 
results may be applied either to any number of single loads or 
to any continuous loading, imiform or otherwise. If a special 
demonstration with uniform loading had been employed in estab- 
lishing £q. 12, the second member of that equation would stand 

precisely as it is, except that the term — -j-jp would be added. 

Art. 65.— Bending Moment and Shear. 

The actual bending moment in the stiffening-truss now be- 
comes by Eq. 2: 

M =^ Mf H'iu- A + y) . . . . 13. 
By the aid of Eqs. 4 and 12, this equation takes the form: 



M 



= -.H'(C'^"^ + C''^-^^-£/-y(i + |) . 14. 



The shear at any point x in the stiflFening- truss is: 
^ dM 



dx 



^ ^W c{Ce''' "C'e"') ... 15. 



This equation shows that the shear in the stiffening-truss is 
not dependent upon the stretching of the suspenders. 

The rate of variation of the shear, i.e.^ the variation of the 
shear per unit of length of truss, is: 

Eqs. 14, 15, and 15a apply to a side span /i, with no other 
change than the introduction of subscripts. - 

The known values of the moments M and shears S at given 
points will aid in the determination of the constants C and C\ 
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This may be illustrated by the simple case of a non-continuous 
stiffening-truss of span I and with a imiform moment of inertia 
/, for which the moment if = o when either x = o or x ^ L 
Hence £q. 14 will then yield the two equations of condition: 

<:' + <''--¥ 7 i' + i) ■ ■ ■ 's»- 



c-^+c"'---¥ii' + l) ■ ■ ■ 



iS<^' 



Multiplying Eq. i^c by e*^, then substituting for C" from 
Eq. 15&, a simple reduction wiU give: 

^ ^ "T+T^WTV + e) • • • '5^- 

Hence, by the aid of Eq. 156: 

C" l—^ ^-^(1 + ^) x<e 

^ 1 + r'^H' fi V^ e) ' ■ ' *S«- 

These quantities will be needed in making a practical applica- 
tion of this analysis to non-continuous stiffening-trusses. 

Eq. 14 may be written: 

M ^ -H' {C e"^ + C" e"") + / . . , 16. 

Art. 66.— Pull on Suspenders. 

The dead load pull on the silspenders per linear foot of span 
is obviously the total dead load except that of the cable, i.e., 

5o = ^ — go. 

The moving load pull and the pull due to temperature load, 
7.e., in the suspenders, are both represented in what follows by 
^ per linear foot. This will not be known imtil B! is determined. 
As s' must be used in the formulae by which W is found, it may 
be estimated with dose approximation by the simple statical 
formulae of Chapter I. After finding E' ^ s' may be accurately 
computed, and if the approximate value should not prove to be 
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sufficiently close a revised solution for H' can be made; but this 
will seldom be necessary. 

The tangent of inclination of the cable to a horizontal line 
isby Eq. 4: 

j^ = -^{l'-2x) 16a. 

At the top of a tower x ^ o, and: 



\dx)a^ I 



When x = — , 7— = o. 
2 ' ax 



In general, then: 

^i-i=4^('-")-''(i-) 

If the centre deflection of the cable imder moving load or 
temperature variation is =^ Uci 

^, >B'U±u,) ^^, 

If a is the panel length between two consecutive suspenders, 
the moving load or temperature pull on one suspender will be: 

P' ^ as' 16c. 

The total dead and moving load pull on a suspender will 
then be: 

P = a{so + s') i6d. 

Ji X P or wiLi is the total moving load on the span, while 
So and 5'o are the two end shears in the stiff ening-truss {i.e.y 
at the two extremities of the span), that part of the total moving 
load carried by the stiffening- truss, as a truss only, is: 

ZP OT wiLi- s'l = So + S'o . . . i6e. 



i8. 
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Thus when once the horizontal component H' of the moving 
load cable stress is known, all moments and stresses in the entire 
structure can easily be computed. 

Art. 67.— Constants of Integration O and O'* 

Let o — ai, ai — oa, 02 — Oa, etc., be the parts of the span 
over each of which the moment of inertia / is constant, those 
constant values of / being /i, h^ /j, etc. Then the constants 
of integration, varying with c which contains / the moment of 
inertia, will take the following sets of values for the different 
parts of the span indicated in the various moments and shears 
at the points jc = o, x = ai, « = 02, x = az^ etc. 

Mo= -H'{ai + C\)+J ..... 17. 

"H'iCse'^' + C'ze-n +J . . . 
etc. = etc., etc., etc. 

Other similar sets of equations may be written until the 
entire span / is covered by them. 

If Mz is at the opposite end of the span from Ifo, az = /, and: 

Mi= -H' {Cz e'^ + C\e-'^ ) + / . . . 20. 

The number of these equations will be one more than the 
number of sections in the span /, while the number of the con- 
stants C'l, C'l, C'2, C\, etc., will be double the number of the 
sections. In general, then, other equations of condition must 
be found, which can easily be done, as shown by the following 
illustration. 

If there are three sections in the span, there will be six con- 
stants to be determined by the aid of the four equations above. 
If the trusses are non-continuous the end moments are zero, and 
Mq = Ml = o. This makes all of the equations 17, 18, 19, and 
20 available. Again, u, Eq. 12, must be zero for both « = o 



19, 
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and X — l^ since the end deflections of the truss are zero. These 
two equations are: 

For:i: = o: C\ + C\ + ^(f + v) +^{^+ 1)^ o . 21. 

For :i:=/: C, e^+C^ 6-^+ 1 ( ^+^) + |^ (| + i ) = o . 22. 

Evidently with non-continuous trusses Af = o when re = o 
and X — I. Also, in general, c is the same for both ends of the 
span /. Hence the parts of Eqs. 21 and 22 independent of the 
constants sought are identical. The six equations 17 to 22, both 
inclusive, will then be sufficient to determine the six constants of 
integration. 

^ If the stiffening-trusses are continuous, Mo and Mi will, in 
general, not be known; but Eqs. 21 and 22 will be available after 
giving Ml, (Eq. 10) its proper value (Eqs. 62 and 63) for each 
end of the span and adding it to the first member of each of those 
equations. For a side span, /i, Mi, » o for the anchorage end 

of the span. Also if the truss is held horizontal or '^ fixed" at 

du 
each tower -r- = o, for a? = o and a: = /. 
ax 



FoTx = o: 
For X ^ I: 



-: - c (c. - CO + i, m- f (I + - » -3. 



du 
d 






The six equations i8, 19, 21, and 22 (changed as indicated), 
23, and 24, will enable the six constants of integration to be 
determined. 

Finally, there will be a pair of equal values of -j— with 

different pairs of constants at each point between two adjacent 
sections, ai, Os, etc., thus forming an equation of condition at 
each such point, similarly to the formation of Eqs. i8 and 19. , 
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Hence, in all cases there will be a sufficient number of equations 
to find the constants of integration. 

After the horizontal components H' and i?'' of the cable 
stresses are known, therefore, the deflection of the stifFening- 
truss, the bending moments M and shears S in that truss may 
all be determined. 

If the moment of inertia / and the moving load per linear 
foot wi are each constant throughout the span, then will the 
shear 5 = o for the centre of the span, and Eq. 15 will give: 

In general, if the shear 5" =s o at the point located by x, then 
by Eq. 15: 

Art. 68. — ^Effect of Stresses in the Cable Due to Moving or 

Temperature Load. 

Stress in the cable may be developed by moving load on 
either or both of the side spans or on the centre span or by change 
of temperature, as will be obvious by referring to the conditions 
indicated by Fig. i of Art. 64. In any event the total length 
of cable between anchorages must be considered. Changes in 
the length of cable accompany corresponding changes of cable 
stresses and of stresses in the suspenders. The loads on the 
latter, vertical in direction, may be considered as acting at the 
lower ends of the suspenders where they join the stiflFening- 
truss, and they may be treated as forces external to the suspender 
and cable systems. The work performed by these external 
forces over the vertical deflections, i.e., their paths, must be 
equal to the energy expended in stretching the cable and sus- 
penders. 

Art. 69. — ^Energy Expended in Stretching Suspenders. 

Let $' B Moving load and temperature pull on suspenders 
per linear foot of span due to moving load 2) P or 
Wi Zri and change T of temperature. 
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Let a = Panel length in feet between two consecutive sus- 
penders. 
Let 5 = Coefficient of thermal expansion per degree Fahr. 

The total dead and moving load and the thermal puU (if 
any), on one suspender, will then be: 

a So (dead) + as' (moving and thermal). 

Hence the mean load acting at the lower end of each sus- 
pender over the deflection uisa{so + ^ s'), or for the distance 
d X the load will be (50 + 2 ^0 ^ ^' The change of length in the 
suspender due to the moving load unit stress / is given by Eq. 
5. The work expended in stretching the suspenders of one span 
is, therefore: 

{so + is')^i(v + if) . . : . 25. 

Inasmuch as the pull on the suspenders is always xmiform 
throughout the span, Eq. 25 is directly applicable to any con- 
dition of loading whatever. It is only necessary to determine 
the moving load pull 5' on the suspenders due to the loading 
assmned. The same equation is also directly applicable to the 
side span h by using the mid ordinate /i and the span length 
/i, if the side spans carry loading, i.e., if they have suspenders. 

The work expended in stretching the suspenders of a side 
span may be written as follows by the aid of Eq. ^a: 

f\so + hs')Aidx = (so + is')^li{^+v-ifi). 2sa. 

In the usual case of each of the side spans being one-half 

I f f 

the main span, /i = — and /i = — . Hence — h » — ^ /i = 

242 

V H asinEq. 25. In such a case, therefore, Eq. 25a shows 

that the work done in stretching the suspenders of a side span is 
one-half that similarly expended in the centre or main span. 
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If there are no suspenders in the side spans, no such expres- 
sions as Eq. 25a will be required for those spans. 

V 

Art. 70.— Energy Expended in Stretching the Cable. 

Let F be the area of cross-section of the cable if it be of 
uniform section, as for a wire cable, or the area of cross-section 
at its lowest point if that area varies as the cable stress, as for 
an eye-bar cable. If L is the length of cable between the tops of 
towers and ff' or H", respectively, the horizontal component of 

the moving or dead load cable stress, as heretofore, the moving 

dL 
load cable stress at any point x will be ff'-^ — . The moving 

H' d L 
load stretch oi dL will be -bte. 3 — d L. The dead load cable 

r JL ax 

stress performs work over that path or stretch. The mean live 

load cable stress also performing work over the same path is 

one-half of that given above. Hence the total mean stress 

dL 

is {H" + J n') -7—, and the energy expended on the small part 

Of X 

dLoi the cable will be the product of the two quantities: 



FE dx* 

The total work is, therefore: 



= dW. 



H'in" + in') ridL' e' m" + \ e') fi d l* 

^~ E JoFdx*~ E J.Fda^'^-^^' 

If the cable is of uniform section throughout its length, F 
is constant and £q. 26 becomes: 

^ FE •/, do^^* • • • ^7- 

If fhe section of the cable varies as the cable stress the 

dL 
general value of that section is F -^ — . Eq. 26 then becomes: 

d X 



w 



E' {E" + i gQ ^^dI^ 

FE J. dx*^^ ... 28. 
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Eq. 27 or Eq. 28 is applicable without change of form to 
each of the side spans when suspenders are foimd in them. If 
the ordinary case is assumed in which the cable in each side span 
may be taken, the same as half the cable in the main span, the 
work of stretching a side span cable will be half that expended 
in stretching the entire cable in the centre span. 

When there are no suspenders in the side spans the cables 
of the latter, or the "backstays," are essentially straight, and 
the area of cross-section is constant. For this case, if V is the 

length of cable or backstay and f the angle which it makes with 

dV 
a horizontal line, so that sec <p = -j— r, Eq. 27 becomes: 

Wi = y-^ — - sec^ <pli = ^r-g-^ — - sec^ <pL' . 29. 

If the structure is composed of one main span and two back- 
stay spans, the total work performed in stretching the cable by 
the moving load will be given by 

W + 2W1 29a. 

Art. 71. — Energy Expended Due to Thermal Changes 

in Cable. 

Stress conditions due to changes in temperature may occui 
with the structure either loaded with live load or without that 
load; they result from the change of pull in the suspenders 
consequent upon the thermal changes in length of the cable and 
suspenders. Those changes are equivalent to the action of the 
corresponding thermal load uniform over the entire span or 
spans and included in Wi. The corresponding change in cable 

stress is included in the value of g'3 — , the horizontal com- 

ponent g' representing the effect of live load and thermal or 
other influence. 

The thermal change in length of the element dLoi the cable 
for a change of T degrees in temperature is T SdLy and the 

mean cable stress at the same point is (g" + § g') -: — , as 

Of X 
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has already been stated. The work performed by that stress 
throughout the entire cable will, therefore, be: 

Tdm"+hH')f^dL-T8{H" + \H')fJj^*dx.io. 

The length L is the length of cable between the tops of 
towers. If the stiffening- trusses extend over the side spans h 
and /s and are carried by suspenders, Eq. 30 is to be applied to 
those spans simply by introducing the proper subscripts. For 
the ordinary case of the side span being essentially a duplicate 
of half the centre span, the thermal work done on the cable of 
the side span will be half that similarly expended in the centre 

or main span. If backstays only are in the side spans, as they 

dL 
are straight, -j— = sec <p, and Eq. 30 wiU take the form for each 

side span /i or /$: 

T8{n'' + in')sec^<pli^ T8{H'' + \H')sec9L' . 31. 

As in Eq. 29, L' is the length of backstay from the top of 
the tower to the anchorage. 

Art. 72. — ^Energy Expended Due to Thermal Changes 

in Suspenders. 

The thermal work done in the suspenders can be foimd by 
simply placing T" 5 for -^ in Eq. 25 : 

{s^ + \s')Td{v + \f)l .... 32. 

The same substitution of T ^ for ■= in Eq. 25a will give the 
thermal work for each side span: 

{s, + \s')Td{v+^-lf,)U ... 33. 

For the side span h, the subscript 3 is to be used instead 
of I in Eq. 33. As shown in connection with Eq. 25a, if /i = J /, 
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Art. 73. — Work Performed Through Vertical Deflection. 

The total dead, thermal, and moving load w is vertically 
displaced through the deflection «', Eq. 3, and in addition 
thereto the same total load less the weight of the cable is dis- 
placed vertically through the deflection A due to the stretch of 
the suspenders and to the change in length of the same members 
caused by thermal variations, as shown by Eq. 5. Strictly 
speaking, the weight of the suspenders is displaced by their 
stretch and thermal change in length only J A, but their weight 
is so small relatively that it may well be placed with the dead 
load of that part of the structure attached to their lower ex- 
trernities. 

Inasmuch as the moving load is distributed xmiformly to the 

cable through the suspenders (as is the thermal load), it may be 

considered uniformly distributed* over the span for the present 

4)urpose, and the same distribution will be assumed for the total 

dead load. 

The work performed by the moving, thermal, and dead load 
will therefore be, remembering that « = «' + A: 

p r^ r^ p dL 

Z ^ J wdxu — I go dL A = J wudx — gQ J A -1 — dx. 34. 

An exactly similar expression may be written for a side span: 

Zx^ J wuidx- goj Aij— dx . . . SS' 

q ^ * 

If the cross-section of the cable is not constant, but propor- 
tional to its total stress, go will be its weight per linear foot at the 
lowest point or apex of the curve, and in Eq. 34 there should be 



*This assumption is necessary for a simple treatment of the work per- 
formed by the moving load through vertical deflection, but it can scarcely 
be considered satisfactory. For uniform loading over a short distance such 
as a panel length of truss, or for a single concentrated load at a panel point, 
the assumption of uniform distribution over the entire span is certainly 
arbitrary and not likely to lead to a closely approximate expression for the 
work actually performed by either of such loadings. 
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dL 
taken go "T" for go. Hence in the last term of the last member 

of each of Eqs. 34 and 35 there should be written: 

dL* dL 

d^*°' 77 36. 

The work performed in deflecting the stiffening-truss is done 
by that part of the moving load carried by it as an ordinary truss 
to the piers or abutment at the ends of the span. This work is 
to be omitted in what foUows from the total work represented 
by Eqs. 34 and 35, because that part only of the work performed 
through vertical deflection and expended in stretching the 
suspenders and cable is needed. That omission is made by 
substituting Wo + ^s' for w in Eqs. 34 and 35. 

Since all load on the structure is considered to be uniformly 
distributed, if wq is the total dead load, including the weight of 
the cable, there may be written : 

(wo + 50| = {/^ «c) (H" + HO ... 37. 

In this equation Uc is the deflection, due to moving load on 
the cable, at the centre of span from its mean position under the 
conditions assumed and approximately determined by any con- 
venient process. The quantity / includes the deflection due to 
dead load. 

An average value for w;, i.e., Wo + ^ s\ may be written as 
follows: 

«'» + §/ = ^-^^^^(5" + ^50 ... 38. 

The first member of Eq. 38 is to take the place of zf in Eqs. 
34 and 35, and it is to be given the value shown by the second 
member of Eq. 38. The amounts of the work performed in 
the main and side spans will, by the aid of Eqs. 34 and 35, then 
become: 

z = ^^^ in" + §H0 fudx - go /a ^^dx . 39. 
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2i = p — -{E"-^\E')J Uxix-g^J Ai-j^dx.40. 

Frequently the deflection Uc may be considered zero without 
essential error, but it can be computed approximately with little 
trouble wherever desired. 

Art 74.— General Value of H\ 

The work performed by the dead, moving, and thermal loads 
in vertical displacement, except that done in deflecting the 
stiffening-tniss, must be equal to the internal work performed in 
stretching the cable and suspenders by the moving loads and 
variations of temperature. Hence by the aid of Eqs. 39, 40, 
26, 30, 25, 25a, 32, and 33, there may be written: 

+ U + isO (I* r a)/ [t-+i/+2j(^ + »-§/,)] . 41. 

If the cross-section of the cable varies as its total stress, 
for go there is to be written Fo -7— > as is shown by expression ^6, 

of the first member of Eq. 41 will then take the place of -j — . 

Qf X 

The integrals multiplied by 2 indicate that one integral is to 
be taken for each side span. If the side spans are of xmequal 
lengths, the integrals will evidently be correspondingly xmequal. 

*As the two parabolas have the same perameters: 

f ± Ue /t ± Uci 

. /s - n 



/ 
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If the cable is of constant cross-section, F will be constant 
and come out from under the integral signs. If the cross-section 
varies with the total stress, F will be the section at the lowest 

point and it must be displaced by F -7—. 

In some cases it may be considered proper to neglect the 
stretching of the suspenders. Both A and Ai will then be zero, 
as will also be the last term of the second member of Eq. 41. 



Bridge with No Side Spans. 

If the stiflfening-trusses are foimd in the main span i, only, 
i.e., if they do not extend into the side spans, there will be no 
suspenders in the latter. Hence wi = o and Ai = o, while Fi 
is constant. Also, 

dV 

-T— = sec <p: 2 § I —r- ) dx — 2 ii sec^ <p: ana 2 / \—r— i a x 



^' ^l'{^ydx^2hsec^9\ and2/^(^)d 

= 2/1 sec'^ <p\ as indicated by Eq. 29. Finally the expression 

2 -r y— + V — f /"i ) in the last term of the second member 

of Eq. 41 will disappear. That equation will then take the 
form: 

^i^ (H- + iB') f'uis- (.f'l^'^d, - 

{f\j^ydx+2hsec'<p)+iso + is'){^^ Td)l(v+if) . 42. 



Values of Integrals in Eq. 41. 
Six of the eight integrals in Eq. 41 involve the derivatives 

■3 — or -3 — , and as the curve of the loaded cable in all spans is 
dx dx' ^ 

the common parabola they are readily determined as follows. 

For the purpose of taking the integrals throughout each 
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span it will be convenient to place the origin of co-ordinate at 
the apex of the curve {i.e., at the centre of span) for the span 
^2 or /, and at the corresponding point in the span h, i.e.y at the 
lower extremity of fi in Fig. i, Art. 64. 

For the main span I: 

y = -yx^'y and ^ = y X . . . . 43. 
AsdL = (dy^ + d :r«)*, it follows that: 

fl-(.+ (!l)')'-(.+T"r • • - 

/LdL 
^ 1 — ^^' 
9 Of 00 

ridL ^ ^ ridL ,^ , , n fdL\t 

1 ^ 3 — xdx and 2 / ^ :; — a;* ao:; also of 2 / * (3 — ) dx and 
•^0 dx •'0 dx ^^ \dxj 

r-fdL\^ 
J ^ (-J — 1 dx. Precisely the same values are required for the 

side spans. 

Using the third member of Eq. 44 for -7— : 



2 



2^ 



2 



Factoring the third member of Eq. 44: 

If f I + " 72^ ) ^ be developed by the binomial formula 
and if the first three terms only of the development be used: 
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The error in this result is less than one-fifth of one per cent, 
for usual ratios of / to Z; hence Eq. 47 may always be used. 
Again: 

Proceeding in the same general way: 

+ »7i°8(f+-s/-+^)i • • • 49. 

The remaining integral is simple and easily foimd: 

All these expressions, Eqs. 45 to 50, both inclusive, are 

applicable to a side span by simply changing f to /i, and - to lu 

In the usual case where the sag of the side span cable below 

the top of the tower is approximately equal to i and U = -, 

each of the preceding quantities for the main span may be 
taken as the sum of those for the two side spans. 

Integrals J ud x and J Uidx. 



These integrals are readily obtained by the aid of Eq. 12. 
From well-known integrals the two following expressions may be 
written: 

/ C" e-"dx = C'fe^ dx =^{i-e^). . 52, 



f^C e"'dx = cfe" d « = - (c" - I ) . .51. 
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Precisely the same integrals are to be used for the side spans, 
but / is then to be displaced by /i. Also C and C will be 
determined for those spans. 

The remaining integrals in these expressions are so simple 

that they need no further attention, except J Mbdx will be 
treated later. 

A and Ai far Eq, 41. 

As already stated, Eqs. 45 to 50, both inclusive, are estab- 
lished for the origin of co-ordinates on the curve at the centre 
of the main span. Where those expressions are multiplied 
by A or Ai in Eq. 41, the latter quantities may readily be 
written with the same origin of co-ordinates. 

Under this condition the length of a suspender at the distance 
X from the centre of the main span will be: 

Af 
y + v -=^ j^x^ + V 53. 

Hence the stretch of the suspenders will take the form: 

/J r 
A -1- 

dx. 

If X and y, horizontal and vertical co-ordinates, be measured 
from the centre of each side span, but from an origin on the curve 
with y measured upward from a tangent to the curve at its apex, 
parallel to A D, Fig. i, Art. 64, the equation of the curve will be: 

y = ^- «' 55- 

The length of a suspender will be: 
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The stretch of the suspender will therefore be: 

This is to be used in the integral expression J Ai ^ — a x. 

Value of H' from Eq, 41. 

It will be observed that except for the factor I, P, or /' the 
second members of Eqs. 45 to 50 involve no variable except the 

ratio At OT ^ which is nearly always found between — and — . 

p ll o 12 

Hence let the second members of Eqs. 45, 46, 48, 49, and 50 be 
written, as follows: 

For span / For span /i 

Eq. 45 I A hAi 

46 PB l^iBi 

48 l^C IhCi 

** 49 ID hDi 

"50 IG liGx 

The following tabular values for A, J5, C, D, and G have 

been computed as shown for ratios of y varying from .2 to .05, 

which represent limits somewhat greater and less than the 
ratios ordinarily employed in stiffened suspension bridge design. 
These values may be used for side spans as well as the main 
span in which suspenders and stiffening-trusses are foimd. 
They answer, therefore, for Aiy Bi, Ci, A, and Gi, as well as for 
the quantities without subscript. 






/ 


A 


B 


C 


.2 


1.098,223 


.286,514 


.098,437 


.175 


1.076,473 


.278,412 


.094,671 


.15 


1.056,934 


.270,949 


.091,810 


.125 


1.040,194 


.264,947 


.089,326,5 


.1 


1.026,02 


.2591625 


.087,226,6 


.075 


1.014,753 


.255.392 


.085,560,4 


.05 


1.006,62 


.252,417 


.084,331 
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D 


G 


.2 


1.350,221,5 


1-213,333 


.175 


1.262,028 


1 . 163,333 


.15 


1.189,140,6 


1. 12 


.125 


1 . 129,520,5 


1.083,333 


.1 


1.081,845 


1.053,333 


.075 


1.045,555 


1.03 


.05 


1.020,113 


I 013,333 



Diagrams drawn at an exaggerated scale will give con- 
tinuous curves from which values of these quantities for any 

ratio of y may be scaled within the limits of the numerical 

computations. It is clear, however, from the numerical values 
given that simple interpolation will be sufficiently accurate 
for all ordinary purposes. 

In substituting for the values of the integrals shown in Eq. 41 

it will be assumed that the span h is so near — as to make 

2 

it permissible to use that relation, especially as this is usually the 

case in actual construction. This will make the woik expended 

(either for ordinary or thermal load), in stretching the cable in 

span l\y one-half of the work correspondingly expended in span /. 

A similar observation applies to the work expended in stretching 

the suspenders in spans l\ and /. In this manner the resulting 

equation will be shortened and simplified. 

By the use of Eqs. 45 to 57, Eq. 41 may be put in the following 

form, in which the cross-section of the cable F is considered 

constant, as for a wire cable. 

(ff" + ^ HO j ? (e"- i) + ^ (i - t^) + 2. ^' («"" - i) 
+ 2.^ (i - «-"'•) + -^, [f M,,dX + 2. f'Mb d x) 

+ 1(1^+2.) / + (i + |)(|^ (£/ + £/.) - fn) 



&{f±Uc)E F ■^80±«,)"'"5 8(/±«,)( ' E 
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Or, if X represents the quantity within the brackets in the 
first member of £q. 58, i.e., the quantity which is multiplied 
by {H" + J F0> and if Y represents the second member of that 
equation: 

H' = 2(|-ff") 59. 

These equations are perfectly general. They include the 
effects of moving load on any parts of the three spans separately 
or concurrently. They are so written as to show the double 
terms for the two side spans in order that the terms for each 
such span may be computed separately if desired. 

If the stiffening-trusses are non-continuous, and if the moment 

of inertia / or /i is uniform throughout the span, the constants 

of integration C and C will be given by Eqs. 15^ and 155. 

t . 
Furthermore, -^ is so small that it may be omitted in the term 

I + £. Then: 

\ci N . C'\ ^, i6//£Ai.i -^ 

-{e -i)+2— (i-e ) = -^l-^r T+TTTI S9&. 

These values will much simplify the use of Eq. 58. 

If it should be considered unnecessary to recognize the 

/ t 
stretch of the suspenders, every term in which -^ or e; ^ T 5 ap- 
pears is to be made zero. As, however, all those terms, with 
two exceptions, are simple and independent of n\ their presence 
adds little or nothing to the difficulty of application of Eq. 59. 

Inasmuch as c = ^ fry and as it enters a number of terms 
in Eq. 58 as an exponent, the value of H' can be determined 



C 
c 
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through the use of that equation only by trial. That process, 
however, is not so formidable as it may at first appear. The 
value of W, the horizontal component of the cable stress due 
to dead load, is readily computed as that load is known or can be 
estimated. The position and amount of the moving load will 
also be known in each case from which P or Wi will be determined. 
The permitted intensity of moving load tensile stress, /, in the 
suspenders will be specified or it can be determined approximate- 
ly, while go, the weight per linear foot of the cable, can be closely 
assigned. 

The moment of inertia / of the cross-section of the truss, 
varying if necessary at different points of the span, must first 
be determined by some approximate method and then corrected, 
if required, by trial in connection with H\ The quantities 

J Af&rfrcand 2, J Mbdx become at once determinable when 



the amount and location of the moving load are known, as Mb 
is the known moving load bending moment in any span of the 
stiffening-truss considered as an ordinary beam or truss (con- 
tinuous or non-continuous, as the case may be), resting on the 
supports at the extremities of the main and side spans and un- 
connected with the suspenders. Values for those integrals 
are given in Art. 75. The remaining quantities involve simply 
the dimensions of span or structure I, h, /, /i, v^ and Wq the dead 
load per linear foot below the cable. 

After the known numerical computations are thus made and 
inserted in Eq. 58, the resulting trial equation for the determina- 
tion of H' will be comparatively simple. 

The first approximate value of W may easily be found by 
means of the simple procedures of Chap. I, where the theory of 
the stiffening-truss is treated as a problem in statics. Closely 
approximate values of the deflection u^ may also be computed 
by the simple methods of the same chapter. 

This approximate value of H' should be decreased to some 
extent before being inserted in the exponential terms of Eq. 
58. The same value of W, if desired, may also be inserted in 
other terms of A'', Eq. 59. The latter equation will then at once 
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give a value of H' which may be compared with the assumed 
value of that quantity. This comparison will indicate a trial 
correction, so as to give a new value of H' to be treated in the 
same manner as before. This operation can be repeated imtil 
the assumed value and that given by Eq. 59 agree sufficiently. 

Or again, the assumed approximate value of ff' may be 
substituted in the exponential terms only of Eq. 59 and in the 
coefficients by which those exponential quantities are multiplied, 
thus conditioning Eq. 58, so that H' in the remaining terms may 
be foimd as from an equation free of exponential terms. The 
resulting value of ff ' will indicate whether further trials must be 
made to secure a sufficient degree of acciuracy. 

If, as will frequently, or usually, be the case, it h desired to 
find the horizontal stress H' independently of dead load or 
temperature, it will only be necessary to make H^', Soj goj and T 
each equal to zero, and then use the resulting equation. 

Again, if in addition to the conditions indicated in the 
preceding paragraph, the stretching of the suspenders be ignored, 
Eq. 58 will take the following form, after making A = r / and 

taking the value of J M^ d x from Art. 75 : 

fi ^|W ^1+^ ^ ^^ i + 6"V^8(/'±«e)£ F ^12^^ 
^ -^EI(i+r)-i{lZPz(i-q)+2.hXPz(i-q) . 59^. 

This equation may be used for finding the first value of H' 
for a subsequent and more accurate determination by the use of 
Eq. 58, if such refinement should be necessary. 

Inasmuch as the horizontal stress I?" is due to dead load 
alone, it can be simply computed without reference to the analysis 
of this chapter, since all dead load is assumed to be xiniformly 
distributed and to hang directly from the cable at mean tem- 
perature. Generally it will be preferable to use Eq. 59c instead 
of Eq. 58, involving ff" and H\ The terms involving the 
stretch of suspenders may be inserted in Eq. 59c without adding 
any material labor or complication. 

It will frequently result in applying Eq. 59c that the first 
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term of the first member and the first term of the second member 
are so much larger than the others that the first value of H' may 
be foimd by equating these two terms only. This approximate 
value of H' may frequently vary but little from the final value. 

This anal)rsis has been written for a single load P placed at 
any point on the stifFening-truss, which may represent a single 
panel load or two or three such uniform panel loads if the span 
is long. The horizontal component H' of the cable stress may 
then be found for each of all the positions throughout the span 
and thus represent completely the eflfect of a uniform moving 
load covering any part or all of any span. Any iurther special 
analysis for imiform loading is, therefore, unnecessary. 

The quantity s' in the second member of Eq. 58 is given by 
Eq. 166 or 166' of Art. 66, in which the approximate value of 
H' is first to be used. 

If Eq. 58 is applied for conditions of stress at the mean 
temperature, 7 = 0, and the last term of the first member will 
disappear. The plus sign of u^ is to be used for temperatures 
above the mean and — «<. for temperatures below the mean. 

When Eq. 58 is used for temperature stresses only, with the 

bridge free from moving load, the quantities / JIf ^ d x and 



Mhdx depend only on the uniform thermal load. The 

intensity of tensile stress / in the suspenders will then be due 
only to the change of temperature. 

Art. 75. — ^Values of / Mb d x and / ^Mb d x. 

Values of these quantities both for continuous and non- 
continuous trusses have been found for all possible loadings in 
Art. 44, in connection with other quantities required in the 
formulae established by the method of Least Work. 

If M2 and Mz represent the bending moments over the two 
points of support at the ends of the main or centre span, values 
of which are given by Eqs. 14 and 15 of Art. 42, Eq. 57 of Art. 
44 shows that if the stiffening-trusses are continuous the following 
values may be written: 



/ 
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For span ./i: 



/ 



Mfcd:*; = — (M2 + SP2;(i -g)) . . . 60. 



For span /e: 

Mbdx:=- —{Mi^-Mz + XPz (i -q)) . 61. 

u 2 

For span /s: 

f^Mdx^—{Mz + XPz{i''q)) ... 62. 

•'o 2 

If the trusses are non-continuous it is only necessary to make 
the quantities Mt and Mz each equal to zero in the preceding 
equations. 

These simple expressions supply all the formulae needed for 
the integrals desired. 

In accordance with the usual procedure the moment of 
inertia of cross-section of the truss is assumed to be uniform 
throughout each span although having different values for 
different spans. In the ordinary case when the side spans h 
and /s are equal to each other the moment of inertia of the cross- 
section of truss is assumed to be the same in these two spans, but 
different from the value of the main or central span It. 

If the moment of inertia of cross-section of any truss varies 
materially from one part of the span to another it is suflSciently 
accurate to determine a mean value to be used for the entire 
span. While it is feasible to determine all quantities in Eq. 
58 affected by the moment of inertia /, even if that quantity 
be assumed to be variable, such a procedure involves complica- 
tion and added labor without materially enhancing the accu- 
racy of the results. 

If a uniform load Wi per linear unit (foot) covers a part 
X — Xi ol any span, x and Xi being measured from the left end 
of the spanandiTi being less than x, Eqs. 60, 61, and 62 are readily 
adapted to that condition by writing Widz ioi P in the last 
term of the second member of each of those equations and then 
making the proper integration. The result will be: 
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. 63. 



Eqs. 63 are applicable to any span by simply giving the 
proper subscript to /. 

In the case of non-continuotfs trusses Eqs. 63 give the value 

of / Mb dxioTQ, uniform load over any part x — Xioi the span. 

If a uniform load cotters the entire span, as a thermal load, 
X = I and Xi = o. Hence : 

-SP2(i-g)= ^^ 64. 

2 ^ ^^ 12 ^ 

Art, 76. — ^Value of H for Stiffening-Trusses ia Centre or 

Main Span Only. 

This is the frequent case of a stiffened suspension bridge and 
it is shown in Fig. 2. The stiff ening-trusses and suspenders are 
found in the main span only. The horizontal component fl"' of 
cable stress due to moving load is to be found by trial after 
introducing values of the integrals already determined in Eqs. 
45, 46, 48, 49, and 50 of Art. 74. That operation gives: 

(fl" + i HOJf (e" - i) +7^(1 - e-^) + ^J^^M.dx 
+ E^ + '^ + \' + E)Mr^f^)- Sif±u.)EF 

+ iso + hs'){2±T8){v + ^)\ ...... 65. 

Or: (fl" + ^H')X = Y. 

Hence: 5' = 2 (^ - 5" ) 66. 



< 



tu 
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Every quantity entering the preceding equation may be 
considered known except H' which, as it enters the exponent c, 
must be determined by trial. Preh'minary approximate values 
of H' may be estimated by the simple methods of the statically 
determinate treatment. 

If the value of H' is to be found for the mean temperature, 

r = o. 




Fig. 2 

The ends of the stiff ening-trusses at D and F should be firmly 
anchored to the piers so as to prevent them from leaving their 
supports vertically, at the same time affording freedom for the 
horizontal motion of expansion and contraction. .The reaction 
imder the ends of the stiffening-trusses at D and F may be either 
positive or negative, and the greatest possible value of each 
must be foimd. 



Art, 77. — Application of Analysis to an Actual Bridge 

Structure. 

For reasons stated in the Preface the application of the 
formulae of the preceding article to an actual bridge structure will 
be limited to two illustrations which, however, will be sufficient 
for the purpose. In this procedure Eq. 59c of Art. 74 will be 
employed and the data to be used belong to the Manhattan 
Bridge at New York City, already fully set forth for a similar 
purpose in Art. 59. It will only be necessary, therefore, to repeat 
here the following quantities: h = 1446.7 ft; ft = i4S-3 f^-J 

4^ = .1. In this computation the span h has been taken at 720 
h 

feet. 

It will be convenient in this numerical computation to take 
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the foot as the fundamental unit, even for the areas of cross- 
section of the cable and the moments of inertia of cross-section 
of the trusses; hence Fo = 275 sq. ins. = 1.91 sq. ft. 

44000 , _ siooo 

I2 = — — = 305-6; /i = —— = 354.2. 
144 144 

Hence: r = Ii -^ It = 1.16. 

In the tabulation following Eq. 215 in Art. 59, there is given 
the horizontal component H in the non-continuous main span 
of the Manhattan Bridge produced by a unit moving load placed 
at the various points in the span indicated. In this case there 
will be foimd the horizontal component H' in the same span 
found by placing a panel load of 10,000 lbs. at the one quarter 
and centre points of the span. These two values of H' will 
therefore be, by the tabulation of Art. 59: 

For g = i (quarter point) : 

H = 10,000 X 1.276 = 12,760 lbs. 
For g = i (centre point) : 

H = 10,000 X 1.791 = 17,910 lbs. 

Trial values of H' are to be placed in the first member of 
Eq. 59^, Art 74, while in the second member the summation 
sign in the last term of that member is to be omitted. The 
second term of the second member will then become: 

4 4 

The It in this equation has been taken as 1447 ft. 
As the foot is the unit, the modulus of elasticity E = 30,000,- 
000 X 144 = 4,320,000,000. Hence: 

EI == 1,319,904,000,000. 
The two quantities c and Ci have the values: 

^^ EV ^^^ Ell 
With the panel load of 10,000 placed first at the quarter 
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point and then at the centre point of the span it is necessary 
to find two values of H' which will satisfy Eq. 59c with the 
second member modified as explained above. The two values of 
H' found by the Least Work Method and shown in the tabulation 
following Eq. 215 of Art. 59 may serve as guides in the tentative 
efforts to reach the values desired, since Eq. 59c is exponential 
in relation to the horizontal cable stress H'. The use of log- 
arithms will simplify and expedite this tentative operation, 
which at best, however, is laborious. 

The panel load P = 10,000 lbs. will first be taken at the 
quarter point, making g = J. The assumption of H' = 12,200 
lbs. will be made. Substituting this value and the other quan- 
tities required, and as given above, in Eq. 59c of Art. 74, it will 
be found that the large parenthesis containing the exponential 
quantities in the first term of the fixst member of that equation 
will be .14977. Then substituting the numerical values of 
E /, /i, h, and taking u^ = o, the entire first member of the 
equation will take the value: 

— 1,138,066,600,000. 

The second term of the first member of Eq. 59c will be found 
to have such a small value in comparison with the first term 
that it may be omitted without appreciable error. In fact, the 

first term, — Zf ' — f% U, might also be omitted without material 

error as it would have to be multiplied by more than 1,000 in 
order to be as large as the first term of the first member of Eq. 

Again, completing the numerical substitutions in the second 
member of the same equation, it will be found that it takes the 
value: 

— 1,141,381,000,000. 

These two numerical values of the first and second meiabers 
of the equation under consideration differ by not over -^ of 
1% and they may be considered sufficiently near each other to 
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give the correct value of H\ i.e., 12,200 lbs. Trial was made 
with two other values only of this quantity, but more would 
have been necessary if that established by the Least Work 
Method were not available. 

It was found that the second term of the second member of 
Eq. 59c in the preceding numerical operation was less than the 
one-thousandth part of the first term, and hence that it might be 
omitted without material error. This last result shows that the 
second member of Eq. 59c varies but little with varying positions 
of the single panel load. 

Again, taking the panel P = 10,000 lbs. at the centre of 
the main span / for which, by the Least Work Method, H' = 
17,910 lbs., let the trial value H' = 16,500 lbs. be assumed. 
After making the numerical substitutions precisely as in the 
previous case, making, however, g = i, the first member of 
the equation will take the value : 

- i,i37>742,7oo>ooo- 

The numerical substitution of the proper quantities, in the 
second member of the equation, will give the result: 

— 1,141,708,600,000. 

The difference between these two results is about — of 1% 

10 '^ 

and the corresponding value H' = 16,500 lbs. may be con- 
sidered satisfactory. Two trials only were required to reach 
this solution. 

These two illustrations exhibit the method of application 
of either Eq. 59c for the determination of the horizontal moving 
load cable stress H' or the more nearly exact Eq. 58. The 
results of the two methods differ between 4% and 5% with the 
panel load at the quarter point and about 8% when the panel 
load is at the centre point of the span, the Least Work Method 
giving the largest value in both cases. As Eq. 59c is an approxi- 
mate equation, this comparison of results may be considered 
satisfactory. In fact, in view of the conditions existing in an 
actual large suspension bridge structure, the results obtained by 
either method may be accepted as essentially correct. 



CHAPTER VI. 

THERMAL STRESSES 
Art. 78. — ^Temperature Stresses in Stiffened Suspension Bridges. 

Centre Sag of Cable, Equivalent Horizontal Component of Cable 

Stress and Suspender PuU. 

A variation in temperature of the cables and suspenders of a 
suspension bridge will change their lengths, increasing or de- 
creasing the sag of the cable and thus causing a corresponding 
deflection downward or upward of the stiffening-trusses. The 
resulting effects may be supposed to be the same as those pro- 
duced by that uniform load over the entire span or spans which 
would cause the same variation of length of the cables as the 
change in temperature, but it must be remembered that the 
thermal change of cable length displaces that ordinarily produced 
by the cable stress, the actual thermal suspender pull correspond- 
ing to that part of the ordinary loading carried by the stiff ening- 
truss as an ordinary beam. 

At this point it is essential to observe the difference between 
the two cases of a cable with a uniform section, like a wire cable, 
and one with a section varjdng in proportion to the resultant 
cable stress, like an eye-bar cable. In the former case theintensity 
of stress in any normal section of the cable varies in direct pro- 
portion to the total or resultant stress in the section, but in the 
latter case the intensity is constant. The rate of change of 
length of any part or all of the cable due to change of temperature 
is uniform for a given range of temperature irrespective of the 
cross-section. This is identical with the change in length of 
cable due to the stress in it only when the intensity of cable stress 
is uniform in all sections. This latter condition does not exist 

in the cable with uniform section. The uniform load, p, there- 

248 
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fore, corresponding to a given thermal centre deflection, will not 
be quite the same for the two cases. 

If it be supposed that the towers of the main span are of 
equal height, then as heretofore let L be the length of the main 
cable at mean temperature between the tops of the towers. If 
T be the variation of the temperature (Fahrenheit) from the 
mean, and if 5 be the coeffident of thermal expansion or contrac- 
tion for the Fahrenheit scale, i.e., the change in length for each 
linear imit (foot) per imit of temperature, the change in length 
for T degrees change in temperature will be: 

AL ^ T 8L 67. 

The corresponding variation in elevation of the vertex 
(lowest point) of the cable, given by Eq. 82 of Art. 35, will be: 

A/ = ^-7-7 i\ A L . . . . 68. 

-^ i6(5n — 24»') 

In this equation n = y. 

• 

If the saddles at the tops of the towers move toward the 
centre of the span so as to shorten the latter by the amount 
A /, the centre sag of the cable will be increased to the extent 
shown by Eq. 89 of Art. 35: 

A' / 15 -8 (5^' -36^0 

A / = 2"7 iv — A •» ... 09. 

■^ 16 (5 n — 24 »') ^ 

When the tops of the towers move horizontally in consequence 
of the flexure of the latter, the centre sag of the cable will be 
affected precisely as shown by the value of A'/. 

If the section of the cable varies as the resultant cable stress^ 
Fo being the sectional area at the lowest point (vertex) of the 
cable where H' (the horizontal component of the resultant stress 
throughout the cable producing the same total stretch as the 
change of temperature) exists, the rate of stretch of cable due 
to the stress in it is constant throughout its length. Hence: 

-^r^L^TbL :. H' ^Ff^TEb . . . 70. 
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// the section of the cable is constant: 

dx' 



FoE 



/(g+0'(g+.)*^-|^'(.+f|)-"-7. 



.-. H' = FoT 



ES 



1 + ^^^ 
^3^* 



72, 



tf there be taken for steel wire cables, 5 = .000,0x56,2 and 
E = 30,000,000 lbs. per square inch, the following tabular results 
will be found: 



/ 

I 


3 /« i 


1 

1 

' / 
1 I 

1 


ES L 


,2 

.175 

•15 
•125 


1 
168.347,47 

172.116,63 

175.520,86 

178.594,33 


.1 

•075 
.05 


180.176,97 

183.245,89 
184.767,72 

• 



In these computations the value of -j is taken from the 

tabulated statement of Art. 5, based upon Eq. 17a of that 
article. 

Having determined the value of what may be called the 
equivalent thermal horizontal cable stress H' by one of the 
preceding equations, the corresponding suspender pull s' per 
Unear unit (foot) of span follows at once if the centre sag or 
depression of the cable at the temperature T be represented by/': 



s - j^H 



73' 



The quantity/' will evidently have the value: 

/'=/+A/+a7 74. 

The proper signs of A/ and A'/ must be carefully observed. 
The term A'/ should include the centre sag due to a movement 
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of the tops of the towers toward each other m consequence of 
flexure or other cause, if there is any. 

The length of the shortest suspender at the centre of the 
span is v, and the sectional area of suspenders per unit of length 
of span is F2. Hence the stretch of that suspender is: 



5' 



F2E 



v^^tf 75' 



Thermal Centre Deflection of the Continuous Stiffening-Truss and 

Thermal Uniform Load pi. 

There must be found a uniform load pt which, extending over 
each entire span, will produce a centre deflection of the stiffening- 
truss, equal, in general, to A/+ A'/+ A2/ = Ui, That load 
is called the uniform thermal load. 

Let it be supposed that the spans h and h are equal to each 
other and that they are entirely covered by the uniform moving 

load pt and, further, that a = b and r = ->, while the uniform 

load pt covers also the whole of U- Then if these conditions be 
introduced in Eqs. 86 and 87 of Art. 47 : 



IT >. '^' g^ + r 

^^ ^ Pt ; = ^2 .... 76. 

Representing the centre deflection of the main span fc by «|, 
then resorting to Eq. 119, Art. 51, in which x must be made 



— , at the same time taking C from Eq. 120 of the same article, 
2 

and M 1 = Jkf 8 as given above, there will result: 

Ehut^ipt-s')^ ^+H'^^--Pt^ . 77- 

^^' ^32 2a+3f 48 ^'384 " 

Or, since H = -^-7: 78. 

072^ 

/ ,.hW a^ + r 5 \ 

El2Ut = (pt''s') — [ -J- -^) . . 79. 

* ^^' "^ 32 \2 a + 3f 12/ '^ 
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As y is given by £q. 73, and as: 

«i = A/2 + a7» f a,/2 80. 

' • ft "* I 4 / .^ _i_ ^ ^ \ T" ^ • • • O^- 



32 V2 a + 3f 12/ 



Pi is thus completely determined. 
In these equations, obviously: 

// =/2+ A/2+ A72 82. 

Similar equations are clearly applicable to the spans h and 
/s by taking corresponding values for /i and/j, ix.y by measuring 
the sag from the inclined chord as shown in Fig. 10, Art. 42, and 
considering the moment zero at the left end of span h and right 
end of Uy but they are not needed here. 

In the ordinary case a = J, and for that value: 

g^ + r _ -125 + f 
2a + 3f'*i+3f ^' 



If the moment of inertia is the same in the three spans, r » i 
and the preceding fraction will have the value .28125. 

It is interesting to observe that if s' = o, and if continuity 

,. , . g^ + f 

disappears, or making — -jr — = o: 

SptW' » 
^" 384 £/2" 

This is the proper deflection of a simple beam supported at 
each end and loaded imiformly with pt per linear imit. 

Having thus determined ^1, 5' and the horizontal stress H\ 
the bending moments, shears and all stresses in the stiffening- 
trusses, towers or other parts of the structiure due to any variation 
of temperature whatever, may at once be computed by the aid 
of the preceding equations of this chapter. It is only necessary 
to observe that the temperature may vary in either direction 
from the mean and that the bending moments and shears will be 
of opposite signs for upward and downward deflections, although 
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the equations of this article are applicable for deflection in either 
direction. 

Thermal bending moments, shears, and other quantities are 
to be computed independently of the effects of vertical loading, 
after which the results so obtained may readily be combined with 
those due to dead and moving or other loads. 

Thermal Centre Deflection of Non-Continuous Stifening-Truss 

and Thermal Uniform Load Pt, 

The equations for this case follow from those of the preceding 
case in the simplest possible manner. 

Eq. 72 or 78 gives the horizontal component H' of the 
cable stress, while the centre deflection Ut of the stiffening-truss 
has precisely the value given by Eq. 88. The suspender pull 
per linear imit (foot) of span has the same value abready given: 

* /,« ^4- 

/■'j is given by Eq. 82. 

As the moments Mt and Mi at the ends of the span are now 
zero, Eq. 77 becomes: 

EUiH^ -^*-^^ ' • • • 85- 

384 

The preceding formulas may be used as they stand for the 
spans h and hj remembering that /i and /s must be measured 
downward from the inclined chords or diameters drawn from 
the tops of the towers to the extremities of those spans. 

It is important to observe in the preceding equations that 
pt — s' is the true thermal suspender pull per linear imit of 
span, ix.j it is that part of the xmiform load pt which is carried 
by the trusses and produces their deflection. Thermal variation 
does not directly affect cable stress due to that part of the load 
carried direct by the cable, as the latter is perfectly flexible. 
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Art. 79. — Temperature Stresses Determined by the General 
Value of the Horizontal Component H of the Cable Stress. 

In the preceding article the horizontal component H' of 
cable stress has been determined on the assumption that a moving 
uniform load over each entire span rests on the stiflFening-trusses 
so as to produce the sam^ change of length of the cable as the 
assumed change of temperature. As this leads to the same 
deflection of stiff ening-trusses as the corresponding thermal change 
of cable length, the bending moments, shears, and deflections 
of those trusses are the same as the true thermal effects, but the 
cable and suspender stresses are much too large and they must be 
found by other methods. If all moving and dead load be con- 
sidered zero in Eq. 36, Art. 43, and if suitable terms expressing 
thermal effects be added to the tabulated statement preceding 
Eq. 36, the resulting value of H due to a change of temperature 
will be independent of all external loading whatever, and that 
value will now be found. 

It will be noticed, if Jkf^, k, and wq have each the value zero, 
that the value of H becomes zero also, as it should. It is neces- 
sary to add to the quantities in the tabulated statement under 

the head of E -r^ similar quantities due to the change of length 

of the cable and suspenders, as well as of the two towers, caused 
by the change of temperature of T degrees. If 8 represents the 
coefficient of thermal contraction or expansion of steel in the 
cables, suspenders, and towers, the change of length of the 
element d L ol the cable corresponding to the assumed change 
of temperature will h^T 8 d L, If H' is the horizontal compo- 
nent of cable stress sought, then the resultant tension R in the 

cable at any point will be i2 = H' -j — . 

Referring back to the first term of the second member of 
Eq. 29, Art. 43, there may be written for the cable of the main 
span: 

^ „,dL R ^. ^ dR dL 
dx^ EF ' dH dx 
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Hence, 

For the purposes of this investigation it will be assumed 
that each of the two side spans may be taken half the length of 
the main span without material error, and hence that the thermal 
work expended in changing the length of the two side span cables 
is equal to that expended on the main span cable. Again, it 
will be assumed that each side span cable curves down to the 
roadway floor just before it enters its anchorage, i.e., at the span 
length /i from the tower, in which case f + v = h". Remember- 
ing these observations and following the procediure illustrated 
above for the main span cable, there will result the set of ex- 
pressions found below which must in general be added to the last 
column of the tabulated statement from which Eq. 36, Art. 43, is 
written: 

dX 
Pari of bridge, E ^fjjT 



( ' 16 /2 \ 
Cable in main span ET hi li H ^1 

/ 16 /^\ 
Two cables in side spans £ J 5 / ( i H —-I 

Suspenders in main span ET hl-j^ (v + — ) 

8 /A" 
Suspenders in two side spans ET hl-^ — 

Two towers 2ET b l-r- {tan a + tow ai). 

If the side spans are simply backstay spans of length h: 

E y jjf = 2 ET dli sec^ <p, 

and this expression must displace the quantity E T 6 1 
I H ^ ) given above for the two cables in the side spans. 
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At the same time the quantity given for "Suspenders in two 
side spans" must be omitted. 

For this condition of thermal stresses M^ and w^ must each 
be zero in the values of the moment M for the stiffening-tnisses 
in both the main and side spans in the tabulated statement from 
which Eq. 36 is derived, while If" and M' must be taken from 

Eqs. 19 and 20, in which s' = H' ^ == -^'iT^' After placing 

dX 
the sum of all the terms of the kind E "jTpy thus determined, 

equal to zero, the following value of thermal H will be found for 
continuous trusses and suspenders in all three spans: 

2 hi 1 

H — J— (tan a + tan ai) Y 



S'~ - 



87. 



+ ^^(i..-C(i.-C))-3-i^c(.-f) 

If the stiffening-trusses are non-continuous, the numerator 
of the preceding equation (represented below by EI T SI N) 
will remain imchanged, but in the denominator 5 = C = o. 

Hence for non-continuous trusses: 

_ EITSIN 
n — 5 ~ "" 00. 

If T represents an increase in temperature it will be positive 
and H' will be negative, thus showing a decrease in cable stress 
and indicating that the cable will be relieved of a corresponding 
amount of dead or moving load, or both, which, in consequence of 
the increased sag, must be taken as increased load by the stiffen- 
ing-trusses acting as ordinary trusses continuous or non-con- 
tinuous. 
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On the other hand, if J" is negative, H' wiU be positive, in- 
dicating an increase in cable stress by taking up a corresponding 
part of the moving load carried by the stiffening-trusses at mean 
temperature. 

These considerations show that an increase of temperature 
will affect (generally increase) the bending moment M in the 
stiffening-trusses, even in the absence of moving load, by im- 
posing dead load (or dead and moving load) on those members; 
and that a decrease of temperature will in general relieve the 
moment M in the stiffening-trusses by taking up a corresponding 
amount of moving load carried by those trusses at mean tem- 
perature. 

After E' is thus foimd, the true thermal suspender pull s^ 
will be: 

^ ^ 12 " ^ ^ ^9* 

With an increased temperature H' and 5' are both negative, 
indicating that the bending effect on the stiffening-trusses is 
the same as if the suspenders were in compression and exerting 
a downward thrust on those trusses. 

The suspender pull 5' per linear unit of span given by Eq. 89 
is the same as the quantity p^ — 5' of Eqs. 81 and 86 of the 
preceding article; the latter being that part of the equivalent 
thermal load carried by the stiffening-trusses as ordinary beams 
or trusses. 



Application to Actual Structure Used in Art. 59. 

The coefficient of thermal expansion or contraction per- 
degree Fahr. will be taken as 

5 = .000,006,2 
The foot will be taken as the linear unit. Hence: 
£ = 144 X 30,000,000 = 4,320,000,000. 

The other data required, taken from Art. 59, are: 
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/ = 1450 ft; f = 145 ft.; I ^ '^ 
ii = 720 ft.; /*! = 37.2 ft; -jr = .0517 

hi = 282 ft; A" = /■ + t; =:: 175 ft 

1; = 30 ft; tana + tanai = .8617; T = ± 45° Fahr. 

J 

/ = 305.6 ft; r = -^; £ 5 = 26,784. 

F — 275 sq. inches = i .91 sq. ft. for one cable. 

The stiffening-trusses are in all three spans and they are 
non-continuous, hence the data given above must be substituted 
in Eq. 88. The result, if T = — 45°, is: 

H' = 99,350 pounds. 
The thermal suspender pull s' per linear foot is: 

s' ^E'^^E'^^ 54.8 pounds. 

These are the thermal values of E and s' for a decrease of 
temperature of 45° from the mean. 

Eq. 72 of the preceding article, with the aid of the tabular 
statement following that equation, shows that E' due to the 

equivalent thermal load pi is, if y = .1 : 

E' — 180. 177 FqT = 2,229,700 pounds. 

The value of 5' is, therefore: 

8 f 
s' = E' -j^ = 1230 pounds. 

In the present instance the sectional area of a single cable 
is 275 square inches. Hence the equivalent thermal intensity of 
stress in the cable at the top of the tower, where seca = 1.077,27, 
is: 

2,229,700 X 1.07727 



27s 



= 8,735 ^bs. per square inch. 
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The value of H' will be somewhat, though not largely, affected 
by the decrease or increase of / due to the variation of tem- 
perature, as shown in the preceding article, but as that influence 
is relatively small it has been neglected in these computations. 

Valys of H' for Uniform Equivalent Thermal Load Pt of Stiff ening- 

Trusses. 

It may be desirable in some cases to consider the effect of 
the equivalent uniform thermal load p^ per linear unit (foot) 
over each entire span. This may be done by employing Eqs. 
36, 69, 70, or 75 of Chap. IV. In such a procedure the uniform 
load pt will be considered the moving load producing the 
bending moment M. As the effects of the imiform load Pt 
only are desired, Wo and k must each be made equal to zero, thus 
causing to disappear from the equations used all terms in which 
those letters occur. 

The bending moments 3f " and M' have the values already 
used. The only remaining quantities to be employed are the 
terms: 

- fu.ydx; -^{{B + C) f^'u.xdx -Clf^^M.dx); 
--/ M,,yidx; + --^ CJ M^xdx. 

r •'00 Tfr 1 •'00 

The equations of Art. 44 give these values at once, remember- 
ing that a = 6 = 5 and r = — . 

r 

If the imiform thermal load pt covers all three spans, Eqs. 
86 and 87 of Art. 44 give: 

Mz = M2 = — Pt j — — " Pt~^ ; — • 90. 

^'32 3r + i ^'83r + i ^ 

The first of Eqs. 55 of Art. 44 then becomes: 

- / Mtydx= - Pt ; — .... 91. 

•^^ '^ ^ 240 3 r + I ^ 
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Similarly, Eqs. 56 of Art. 44 show: 

ri . /4 ^ 

/ Mixdx = pt '- — .... 92. 

•^0 ^' 192 3 r + I 

Also, by using Eq. 57: 

/ Mbdx = pt-T ; — .... 



93 



-¥((5 + f^M.xdx-Clf^Mtdx) 

= -'P,^{B-C) ^r— .... 94. 



The second of Eqs. 55 gives: 

r^^ °-^ ^'60 r 3 r + I 

Finally, using the first of Eqs. 56: 

—*rL I Muxdx = — pt ; C . 



95 



96. 



If the stiffening-trusses are non-continuous, 5 = C == o, and 
Eqs. 91 and 95, only, are required. 

Value of Thermal W Found by the General Formidm of Art. 74. 

The formula, Eq. 58, for the horizontal component of cable 
stress established by the method of deflections includes the 
terms expressing the effects of a variation of temperature in 
the cables and suspenders. Hence the value of thermal H' may 
be foimd by making all terms in that equation depending upon 
the moving or dead load zero, leaving only those terms depending 
on a change of temperature from the mean. The resulting 
equation may then be solved for H' which will represent the 
horizontal component of thermal stress in the cables. Inasmuch, 
however, as the ff desired is a factor in the exponential terms 
of the equation imder consideration the operation would involve 
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the usual complicated solution by trial which has already been, 
illustrated for vertical loads. Hence, an illustration of this 
method of determining H' will not be given. It is difl5cult to 
justify the use of such a complicated equation when other simple 
and equally accurate methods may be employed. 

Thermal W Found by Method of Art. 78. 

As p^ — 5' used in the preceding article and corresponding to 
the equivalent horizontal component of cable stress is equal to 
the uniform suspender pull which produces the true thermal 
horizontal component H^ of cable stress, Eqs. 81 and 86 of that 
article may be employed to find the true suspender pull producing 
the thermal H'. It is necessary, however, first to fijid w^, the 
deflection at the centre of the span produced by the variation of 
temperature. 

Precisely the same data as those of the preceding section of 
this article will again be employed here. Inasmuch as the 
stiffening-trusses are non-continuous and as the stiffening-trusses 
and suspenders are found in all three spans, Eq. 86 of the preced- 
ing article must be used. A variation of + 45° Fahr. will be 
assumed and the effects of that variation on the towers will be 
recognized, although it is small. Again, as the length of the 
shortest suspender at the centre of the main span is about 30 
feet only, the effect of the thermal variation in its length on the 
centre deflection of the truss will be ignored. 

Making the numerical substitutions of the data in Eq. 67 
of Art. 78, the variation in the length of cable in the main span 
will be: 

AL = .415 ft. 
The same substitutions in Eq. 68 of that article wiU give: 

M = .8175. 

A positive thermal variation in length of the cables in the 
side spans will cause a movement of the saddles at the tops of 
the towers toward the centre of the main span equal to the sum 
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of the lengths of the side spans multiplied hy + T d. Inasmuch 
as the length of each side span is taken to be 720 ft., the main 
span will be shortened by .40176 ft. = A/, making this and the 
other proper numerical substitutions in Eq. 69 of the preceding 
article, there will result: 

a'/" = 1.92 ft. 

The height of a tower above the point where the stiffening- 
truss rests upon it is about 175 feet, hence that part of the tower 
will be lengthened by 175 T 5 = .0488 ft. As this is a lengthen- 
ing of the tower the central deflection will be «< = .8175 + 1.92 — 
.0488 = 2.6887 ft. 

Substituting the preceding numerical values, including Ut, 
in Eq. 86 of Art. 78, there will result: 

Pt — s ^ — ~ j^ = 61.6 lbs. per lin. ft. 

As the value of this uniform load computed by the Method 
of Least Work is seen above to be 54.8 lbs., the agreement be- 
tween the two methods is satisfactory for such a computation. 

This method has the advantage of simplicity and gives results 
of sufficient accuracy for thermal computations. 

General Observations. 

After thermal H' and s' are found by Eqs. 87, 88, and 89, 
the thermal moments, shears, and deflections, indeed thermal 
effects of every kind, become completely known. The 
formulae giving these quantities and set forth in the preceding 
articles of Chapters IV and V are immediately applicable for 
all thermal computations precisely as for ordinary vertical loads. 
These thermal effects computed independently of other load 
effects are then to be combined with the computations for 
ordinary vertical loads in such manner as to produce the greatest 
resultants possible. 
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Stresses Due to Other Changes of Length of Cables, 

Any change of length of cable due to an increase of stress 
or decrease of stress will change the deflection of the stiffening- 
truss and produce moments, shears, and other stresses corre- 
sponding to such changes in length. The resulting moments and 
stresses due to such variations of cable length belong to the 
same class as thermal stresses, and they may readily be computed 
by the formulae already established for thermal stresses. It is 
only necessary to substitute for the thermal changes in length 
of the cable the changes due to the increased or decreased 
stresses in it. This is exactly equivalent to writing the rate 
of strain f or T 5 in the equations for thermal stresses already 
established. No other change is necessary, and the procedures 
required to determine the corresponding stresses are precisely 
the same as those already illustrated for changes of temperature. 



CHAPTER VII 
Akch Ribs Treated By Graphical Methods 

Art 80. — ^Equilibrium Polygons, or Polygonal Frames. 

When the sides of an equilibrium polygon take the positions 
and lengths of the centre lines of a constructed frame, the equi- 
librimn polygon is called a polygonal frame for the loads used 
in drawing that polygon. PreUminary to the specific treatment 
of arch ribs by the graphical method it is advisable to outline 
here some elementary general principles regarding equiUbrium 
polygons for any given S3rstem of vertical forces or loads, al- 
though they will be found fully set forth in any published treat- 
ment of the general subject of graphic statics. Similarly, for 
convenience of reference, some elementary and general matters 
concerning the common theory of flexure will also be set forth 
in a later article. 

In the figure below, let -4 L be any straight, simple beam, 
subjected to the action of vertical forces at B, C, D, etc. Let x 
be measured from any section positive and horizontal toward 
i4, and let P signify any external force such as the reaction at 
A or any of the loads applied to the beam, then will I Px repre- 
sent the bending moment to which the beam is subjected at the 
section located by x. Let there be imagined any force T acting 
parallel to A L, and let the moments I P x he taken at each 
of the points 5, C, Z?, E, F, G, K. Then, if the quotients of 
those moments divided by the horizontal component H, of T, 
be supposed represented by the vertical lines b By cC, dD, etc., 
respectively, will the polygon AbcdefgkLhe one equilibrium 
polygon for the given system of loads; so that if the beam A L 

were displaced by a tie in which exists the stress T, with the 
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given loads hung from the joints J, c, df etc., the whole system 
would be in equilibrium. 

In order to establish this, it is only necessary to show that 
no piece of the polygon is subjected to bending, for if that is 




Fio. I. 

the case the line of action of the resultant stress must coincide 
with its* centre line. 

Consider any portion of the system, as that lying on the left 
of the vertical line dD. Those forces which have moments 
about the point d are the external' forces to the left oi dD and 
the stress T in the tie -4 L.* The latter has a lever-arm n, equal 
to the normal distance from dtoAL, and its moment is opposite 
in sign to I P x. Consequently the resultant moment about 
d will hQM = IPx'-Tn. But by construction 2 P x = T n, 
hence M = o and the same result is true of every other joint. 
If H is the horizontal component of T, then evidently Tn = 
H {dD) = I Px. 

If z; be the general representative of the vertical ordinates 
bBy cC, etc., then, in general. 



2Px 



^2^- 



The last member of this equation is written because jff is a 
constant quantity. From these considerations follows this 
important principle: 

The vertical ordinates of the equilibrium polygon of any 
system of vertical loads are proportional to, and may represent. 
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the bending moments found at the various sections of a straight 
beam subjected to the action of the same system of loads, and 
having the same span. 

Since the stress T was taken arbitrarily, it is evident that 
there may be an indefinite number of equilibrium polygons for 
any given system of loads, each having a value oi T or H differ- 
ing from the others; but the principle stated above is per- 
fectly general, and is true for all. 

The equation above shows that v varies inversely as flii 

Art. 8i. — Construction of Equilibrium Polygon or Polygonal 

Frame for Vertical Loads. 

Equilibrium Polygon for Frame or Rib with Hinged Ends. 

The method of constructing the equilibrium polygon given 
in the preceding article is not the most convenient, nor the one 
commonly used. The ordinary method is the following: 

Let A K, Fig. 2, represent the centre line of a beam simply 
supported at A and.-K" and incb'ned in this case, but ordinarily 
horizontal; also let Pi, P2, Ps, etc., be the vertical loads acting 



A 




Fig. 2. 



along their respective lines of action. In Fig. 3 let the parts 
I, 2, 3, 4, 5, 6, and 7 of the vertical Une 1-7 represent those loads 
taken by any assumed scale. Since B C represents the sum of 
all the applied loads, it is also equal to the sum of the two reac- 
tions or end shearing stresses at A and K. In the case of the 
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simple beam taken those quantities will be determined by the 
law of the lever only. 

Suppose A^ C and ^4* JB to represent the end shears or upward 
reactions at A and K, respectively. Then draw A^ P parallel 
to A K, and on it take any point 
P. From P draw the radial 
h'nes a, 6, c, d, ... A, as shown, 
and starting from i4 or iiT in 
Fig. 2, draw the lines a, b, c, d, 
. . .h parallel to the lines denoted 
by the same letters in Fig. 3. 
Then will Fig. 2 represent an 
equilibrium polygon for the giv- 
en span and system of loading. 

The hne AKovPAHs called 
the closing line of the polygon. 
The reaction at -4 is evidentiy 
composed of the numerical sum 
of the vertical components of 
stress in h and A K, while that 
at K is equal to the numerical 
difference of the vertical com- 
ponents of stress in a and A K. 

The point P, from which the 
radial lines are drawn, is called the pole, and the normal dis- 
tance from the pole to the load line B C, the pole distance. The 
pole distance evidently represents the horizontal component of 
stress common to all the members of the polygon. 

In order that the equilibrium polygon, constructed according 
to the principles given above, shall exactly fit the span, it is 
only necessary that a proper observance be paid to the scales 

used, 

2Px 

The equation v = „ shows that the scale used for the 

forces does not aflfect the height of any joint of the polygon, 
which depends only on the scale according to which x or the 
horizontal span is drawn. 




Fig. 3. 
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Let the line P P^ he drawn parallel to B C, and let P* be the 
pole of a new equilibrium polygon. The pole distance will re- 
main the same as before, but the pole distance represents the 
horizontal component of the stress in the closing Une, and it 
has already been shown that if H remains the same v cannot 
vary. Hence, any movement of the pole parallel to the load 
line does. not change the vertical dimensions of the equilibrium 
polygon, these dimensions varying only with the horizontal 
stress H and in the inverse ratio. 

Fig. 3 shows that if the pole be moved parallel to the load line 
the direction of the closing line will be changed accordingly, but 
without changing the vertical dimensions of the polygonal 
frame. In this procedure the joints of the frame move in ver- 
tical lines, i.e., parallel to the load line. 

It is important to observe that the reaction at each end of 
a simply supported frame, when the end supports are not in the 
same horizontal line, is precisely the same as for a straight 
horizontal beam, each such reaction however being the algebraic 
sum of the vertical components of stress in the inclined closing 
line and the adjoining end member of the frame. This algebraic 
sum is the mmierical difference at the lower point of support 
and the numerical sum at the higher. It is well also to observe 
that if the equilibrium polygon or frame were inverted so as to 
make the stress in the closing-line compression and the stresses 
in the sides or bars of the frame tension, the reverse woi^d take 
place, i.e., the reaction at the lower point of support would bo 
the numerical sum of the vertical components of stresses in the 
dosing line and the end member of the frame, and the difference 
of those quantities at the higher support. 

The preceding constructions and diagrams show that when 
the end supports of a polygonal frame lie in the same horizontal 
line the closing line must be horizontal. As a general statement 
the closing line will coincide with or be parallel to the line 
connecting the two end supporting points. As every arch rib 
is a polygonal frame for some load, the closing line will always 
either connect the points of end supports of such a rib or be 
parallel to the line so formed. 
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Equilibrium Polygon for a Continuous Arch Rib with Fixed Ends. 

The preceding constructions for polygonal frames or arch 
ribs with hinged ends may easily be adapted to ribs with fixed 




ends, i.e., ribs which are continuous 
with the supporting piers or abutments 
at their ends. 

A rib with fixed ends differs from 
one with hinged ends only and precisely 
as a continuous beam differs from a non- 
continuous beam simply supported at 
its ends. In the analysis which es- 
tablishes the Theorem of Three Mo- 
ments it is shown that a continuous 
beam is nothing more than a simple 
non-continuous beam with a bending 
moment impressed upon each end. 
When these end moments are equal 
and opposite in sign the reactions at 
the two ends of the span remain pre- 
cisely the same as if the beam were 
non-continuous and simply supported at its ends. If as in the 
general case the end moments are unequal, the simple non-con- 
tinuous reactions are changed, one being less and the other 
greater by an amount found by dividing the algebraic differ- 
ence of the end moments by the length of span. 




Fig. 4. 
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The full line polygon in Fig. 4 represents a polygonal frame 
with hinged ends, the sides of the polygonal frame being drawn 
in accordance with the full line force polygon, P being the pole. 
If -ff is the horizontal component of stress in the dosing line 
A K, let two equal and opposite couples, each having the force 
E and lever arm a b, be impressed upon the two ends of the frame 
at A and K. As the force H of the couples is horizontal, the lever 
arm a 6 is vertical. Since these couples are equal and opposite 
in sign the reactions at the two ends of the polygonal frame will 
be unchanged; but the dosing Kne will be raised to A^ K^, each 
lower H of the couple neutralizing the equal horizontal reactions 
at A and K. The vertical distance A A^ ^^ K K^ = ab. The 
horizontal stress H will now, be the horizontal component of the 
stress T acting along the new dosing line A^ K\ 

As the reactions are unchanged by the action of these couples, 
the force polygon will also remain unchanged, CF being the 
reaction at A and F D the reaction at K. 

If, however, the moment applied to the left end of the poly- 
gonal frame, for instance, is M = H X a c, i.e., larger than the 
moment applied at K, the partial moment E X b c will act to 
increase the reaction at A and decrease that at K by an amount 
equal to the moment H X b c divided by the horizontal span 
length between A and K and supposed to be represented by 
F F^ in the force polygon. The closing line must be parallel to 
A Ky the line joining the points of support; therefore, the line 
F^ P^ in the force polygon is drawn parallel to A K ox P F, As 
the horizontal component of stress H is supposed to remain un- 
changed, the new pole P^ will be at the intersection of a vertical 
line drawn through P^, i.e., parallel to CZ), and the line drawn 
from F^ parallel to the closing line. 

If rays be drawn from P^ to the various load points on CZ>, 
the directions of the sides of the new polygonal frame shown by 
broken lines in the upper part of Fig. 4 may be at once drawn. 
This new polygonal frame must have its position fixed vertically 
in reference to the new closing line A^ K^ by the conditions of 
any given problem, as will be shown in a subsequent article 
where the fixed end elastic rib is graphically treated. Those con- 
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ditions may also be and in the general case are such as to change 
the pole distance and the horizontal component of stress H, 
The preceding construction, however, illustrates the kind of 
change introduced in the graphical construction by conditions of 
fixedness at the ends of the rib. The fixed moments in general 
not only raise the closing line of the force polygon parallel to 
itself, but make the value of the horizontal stress H differ from 
its hinged end value, while at the same time the reactions are 
changed as in the case of a continuous beam. Finally, it is 
evident from the construction in Fig. 4 that the moment ordi- 
nates in the case of a fixed end rib will be measured (positive and 
negative) above and below the closing line, the end ordinates 
measured from A^ and K^ to the ends of the polygonal frame 
representing the end bending moments. 

Art. 82. — ^Actual Bending Moments in Arch Ribs. 

It has been shown that if an arch rib or a frame has centre 
lines parallel to the sides of the equilibrium polygon for the loads 
which the rib or frame carries, no member of that rib or 
frame will be subjected to bending. This, however, is not the 




€E^ 



Fig. 55. 



usual condition. In general the sides of the equilibrium polygon 
or the polygonal frame do not coincide with the centre line of 
the rib. In Fig. 5 the curved line A B D h supposed to be the 
centre line of the arch rib, while the polygon A^B^D^ is supposed 
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to be the true equilibrium polygon or polygonal frame for the 
system of vertical loads shown. 

The line H K is supposed to be the line of action of the 
horizontal stress H which is the constant horizontal component 
of the stresses in the sides of the true equilibrium polygon; and it 
is also the constant horizontal component of the resultant stress 
in the equilibrium polygon represented by the centre line of the 
arch produced by the loading for which the rib is a true equilib- 
rium polygon or polygonal frame. 

If -B is any imaginary joint in the arch rib and if -B* is the 
point in the polygonal frame immediately above it, then will 
B G drawn vertically to H K he the moment ordinate for the 
arch rib considered as a true equilibrium polygon for its proper 
load, while B^ G will be the moment ordinate for the true equilib- 
rium polygon for the system of loads which the arch rib must 
carry. That being the case the vertical intercept B B^ must 
represent the actual bending moment in the arch rib at the 
joint B, as it is that part of the total moment ordinate not 
covered {i.e., not canceled) by the ordinate of the rib itself. 
Expressed analytically, if Af 5 is the moment ordinate for the arch 
rib and if Ma be the moment ordinate for the true equilibrium 
polygon, both drawn vertically from H K, then will the bending 
moment in the rib, due to the load which the rib must actually 
carry, be: 

M = Ma-Mj, I. 

This general equation may be written for any joint in the 
arch rib. Hence, the bending moment at any point or joint 
of an arch rib will be represented by the vertical intercept be- 
tween the centre line of the rib and the true equilibrium polygon, 
the actual moment being computed by multiplying the horizontal 
stress H in the closing line H Khy the vertical intercept B^ B ^ 
Av, or: 

M = H XBB = H Av . . . . 2. 

This result may also be estabUshed, and perhaps more 
simply, in the following manner, it being supposed that the true 



Art. 82.] VERTICAL INTERCEPTS 273 

equilibrium polygon A^B^D^ has been established for any 
given case whether the ends of the rib be fixed or hinged. Again, 
let B be any joint in the arch rib, while G B and G B^ are the 
moment ordinates for the rib and the polygonal frame, respec- 
tively. The ray in the force polygon parallel to that side of the 
true polygonal frame lying between the two loads P2 and Ps 
will represent the resultant force or stress in that side or member 
of the frame. Furthermore, the force represented by that ray 
is the resultant of all the forces or loads acting on the rib on one 
side of the vertical line G B. Let that resultant force be resolved 
into its vertical and horizontal components at the point B^ in 
the frame vertically over B. As the vertical component acts in 
a vertical line passing through B it will have no moment about 
the latter point, but the horizontal component H will have a 
lever arm equal to B B^, Hence the bending moment in the 
rib at the point or joint B will be: 

M = HXBB^ = nAv . . . . 3. 

If Az^ represent in general the vertical intercept between 
the centre line of the arch rib and the true polygonal frame, 
the bending moment will always be represented by the equation: 



Af = ^H Av 



The double sign is used because in the case of fixed end 
ribs the bending moment may be either positive or negative. If 
the rib has hinged ends the moment will evidently have one 
sign only. 

The preceding considerations have been set forth so as to 
be perfectly general, i.e., the prindple established applies to 
ribs with either fixed or hinged ends, or with one end fixed and 
one end hinged. Furthermore, the reasoning by which Eqs. 3 
and 4 are established holds true for any inclined loads as well as 
for vertical loads. Those equations, therefore, are applicable 
to any loadings whatever. 
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Art. 83. — General Formulae for Flexure. 

The following general formulae * of the common theory of 
flexure will be required in the treatment of the elastic arch rib 
to be developed in the succeeding articles. 

Let S denote the total shearing stress at any section of a rib 
or beam loaded vertically, n an indefinitely short part of the 
beam or rib, P any applied load or external force, M the bending 
moment, and D the vertical deflection, while D^ is the horizontal 
deflection at the same section; then the six general equations of 
flexure, some of which are used in the graphical treatment of 
arch ribs, are: 

M = 2Px, 
M 

M 
It will be recognized that u = -j^ is the reciprocal of the 

radius of curvature due to bending in the case of a straight 
horizontal beam. 

If the beam is originally straight and parallel to the axis of 
ac, n becomes d x and y = o. 

As usual, E and / represent the coefficient of elasticity and 
moment of inertia of the cross-section, respectively. 

The h'mits of the summations are the section considered and 
any section of reference. The quantities 5, Af, u and D then 

* Established in the author's " Elasticity and Resistance of Materials/' 
Art. 18. 
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refer to that portion of the beam over which the summation 
extends. ' 

One important deduction is to be drawn from the above 
equations, or rather" from the second and fifth of them. It is 

seen from these two equations that -rry" stands in the same 

rdaUo. to i, U.. P does . i.. O^^yU'^^^.^ 

the place of P in any graphical construction, D will be represented 

in the place of M. If, therefore, an "equilibrixmi polygon" 

ft A^ 
be constructed for any span by taking -prj as loads instead of 

P, the vertical ordinates of the polygon will represent the de- 
flections at the sections located by the corresponding values of x. 
This polygon may be called the "deflection polygon," and 
its construction plays an important part in the determination 
of the true equilibrium polygon for an arch rib. 

Art. 84.— Arch Rib with Ends Fixed. 

Division of Rib into Parts A L, 

The ends of an arch rib or beam are considered fixed when 
the angles formed by their centre lines with any invariable line 
at the fixed sections do not change under any applied load. 

Let BAD, Plate IV, be the centre line of an arch rib fixed at 
the points B and D. This line may be any curve, but for con- 
venience a circular curve has been drawn. In the demonstration 
no attention whatever is given to the character of the curve, 
hence the treatment is equally applicable to any other curve. 

In the present case the centre line of the rib is divided into 
the parts n determined by the intersections of the centre lines 
of the spandrel coliunns with that of the rib. These parts may 
sometimes be made of constant length, although there is no 
special advantage in that procedure. 

Calling the entire length of the rib L, in all that follows, A L 
will be written in the place of n. 

The division of the arch rib into the parts A Z is a matter 
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of much importance in the actual application of this graphical 
method of treatment. As indicated above, if the load of the 
superstructure is transmitted to the rib through spandrel piers 
or colimins it is convenient to make the length A L equal to the 
distance between the centres of those spandrel piers or colimans 
measured along the centre line of the rib. If this distance should 
be too great it can be subdivided, but that is seldom desirable. 
This operation will in general make the parts A Z of unequal 
length. Furthermore, the moment of inertia / is variable, 
having its smallest value at the crown and greatly increasing 
values in passing towards the ends of the span, especially with 
fixed ends as in the present instance. These conditions make 

the ratio -j- a variable quantity in the equations of the pre- 
ceding article. 

At first sight the summations of that ratio may appear 
formidable, and efforts have been made to simplify that operation 

by so taking A Z as to make the fraction -y- a constant quantity. 

This procedure with the greatly varying values of / used in 
elastic arches built at the present time is highly objectionable 
and should be avoided. The rather involved operation of de- 
termining the lengths AL requisite to make the ratio — y- 

constant prevents any saving of labor in the whole operation 
of numerical application, if indeed it does not add to the labors 
of computation, but besides that it has the fatal objection of 
making the points in the equilibrium polygon or line of resistance 
of the arch rib closer together at the crown than is necessary 
and much farther apart throughout the haunch of the arch and 
near the springing joint than is permissible. Furthermore, when 
the loads are transmitted to the arch rib through spandrel piers 
or columns great complication is introduced by disregarding the 
natural divisions of the rib determined by the points of loading 
at those spandrel columns. Each rib therefore will be divided, 
as indicated above, into parts determined by the centre lines of 
the spandrel columns. 
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It should be carefully observed that the moments M and the 
moments of inertia of cross-section / as well as other quantities 
used in this treatment are to be taken at points midway between 
the points of application of two consecutive loadings. This is 
shown on Plate IV, where io is midway between the points of 
application of B and Pi; 61 midway between Pi and P2, and so on 
throughout the rib. This operation is tacitly based on the 
assumption that the bending moment, moment of inertia, and 
thrust are each constant throughout their part A L of the rib. 
This clearly cannot be strictly true except when the points of 
application of each consecutive pair of loads are so near together 
as to constitute consecutive points of the curve. The assump- 
tion of finite values of A L necessary for actual computations is, 
however, sufficiently near the exact truth for all ordinary pur- 
poses. 

The points in the axis of the rib midway between the pomts 
of application of the loading, i.e., it, ii, J2, etc., are the imaginary 
normal joints of the rib at which the thrust, bending moment, 
and greatest intensities of stress are to be found in the process of 
designing the structure or of making such investigation in an 
existing elastic arch as may be necessary to determine its safe 
carrying capacity. The distance between these imaginary 
joints as 60 hi, hi 62, 62 is, etc., must not be confused with the 
parts A L which are the distances along the centre line of the rib 
between the points of application of the loading. 

General Conditions J or Arch Rib with Ends Fixed, 

The piers or points of fixedness are supposed to be immovable, 
whatever may be the distribution or amount of the load; and 
if that is the case, the summation of the direct strains of tension 
and compression at any given distance from the neutral axis of 
the rib, taken throughout its whole length BAD, must be equal 
to zero. If that distance is unity there results, for one condition, 
the equation: 

2^^«AL=2^^-^g^ = o ... 5. 
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It will be necessary to find the successive numerical values 
of the second member of Eq. 5 by the aid of the data given for 
any particular case, the parts A Z of the rib being determined 
in the maimer described above. 

It will next be necessary to establish values of the product 
E I corresponding to each of the parts A L. If the rib is of a 
single material like steel, E will have the value of the modulus 
of elasticity for that material, conmionly taken at 30,000,000 
lbs., although 29,000,000 lbs. is a better value for a built-up rib 
of steel shapes. 

If the arch rib is built of two materials, as in' the case of a 
reinforced concrete arch, the quantity EI must be displaced 
by the quantity EI + E^hy EI being the product of the 
modulus of elasticity of concrete multiplied by the moment of 
inertia of the normal section of the concrete at any point, while 
Ei I2 will represent the product of the modulus of elasticity of 
steel multiplied by the moment of inertia of the normal section 
of the steel part of the rib at any given point. 

In either case if the work is one of design, tentative dimensions 
of cross-section of the rib corresponding to each part A L must 
be assumed before Eq. 5 can be applied. The bending moments 
M, also at first tentative, will be measured from the graphical 
diagrams used in this method. 

Eq. 5 is that one of the equations of condition which is based 
upon the fixedness of the ends of the rib, and there are two others 
to be employed. 

As the points B and Z?, Plate IV, are fixed in position,. the 
deflections, both horizontal and vertical, taken between those 
points must each be equal to o. It has been shown in the 
preceding article that the vertical deflection of any point in the 
rib, due to bending only, is: 



^-2 



Mx AL 
EI 



The same general demonstration shows that the horizontal 
deflection due to bending has the same general form: 
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^ MyAL 

When these summations extend from one end of the rib 
to the other, Plate IV, D and Dy^^ Eqs. 6 and 7 must each equal 
o, since both those points are assimied to be fixed in position. 
These three equations of condition, Eqs. 5, 6, and 7, must be 
simultaneously fulfilled for the arch rib with fixed ends. 

Inasmuch as an equilibrium polygon or polygonal frame may 
be constructed for any load whatever, it is clear that any polyg- 
onal frame, whether the sides be straight and of finite length 
or whether they are infinitely short, thus constituting curved 
frames for continuous loads, must be an equilibrium polygon for 
some loading. Furthermore, the vertical intercept between the 
polygonal frame and its closing line must represent the bending 
moment which would exist in an ordinary straight beam, with 
ends fixed or otherwise as the case may be, of the same span and 
carr3dng the same loads. 

Hence the curve B ADm Plate IV is an equilibriiun polygon 
for its proper load, and let its corresponding moment ordinates 
measured from the horizontal closing line be represented by Afj^. 
Again, let OoS ^iS ^2*, etc., be the true equilibriiun polygon for 
the given load and with the end conditions assumed. Then will 
the actual moments to which the rib is subjected be represented 
by the vertical intercepts between the true polygonal frame and 
the centre line of the rib; and let this actual moment intercept 
be represented by M, If the moment ordinates of the true 
equilibrium polygon, measured from its closing line (the same 
from which Afj, is drawn), be represented by M^\ 

M = Ma-Mj, 8. 

Then by Eq. 5: 

^D EI "E^D I e2^d I "^ • 9- 

or: 
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Eq. 9 requires only that the first and second terms of its 
second member shall be equal to each other, and that equality 
is most simply and conveniently attained by making each 
member equal to zero. Hence the condition of fixedness for 
the ends of the rib may be put in the form: 

Similarly Eqs. 6 and 8 will give: 



D EI "£ VZ/^ / 2^p / J - 



12. 



Eq. 12 expresses the condition, only, that the two terms in 
the parenthesis of the second member shall be equal to each 
other, and that equality is again most conveniently attained by 
making each term equal to zero. Therefore: 

^ST'^MaX AL ^srs^MbX AL 

Finally, as has been stated already, the horizontal deflection, 
given by Eq. 7 of one end of the rib in reference to the other 
must be zero. By using Eqs. 7 and 8, therefore : 

y^^ Mgy AL \r\^ Mby AL 

2^^ I - 2^^ I ... 14. 

The equality indicated by Eq. 14 cannot be attained by 
making each member equal to zero, but it can be simply em- 
ployed by constructing two trial polygons to determine the pole 
distance of the true equilibrium polygon or polygonal frame, as 
will presently be shown. 

It must be kept in mind that M represents the actual moment 
to which the rib is subjected at any point and that it is proper 
to represent it as the difference between the two moment elements 
Afa and Afft. The application of these equations will be shown 
as they are needed in the course of the following graphical con- 
structions. 
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Application to an Actual Arch Rib. 

This graphical method will be applied to the same reinforced 
concrete rib and with the same loading as given in Art. 98 of 
Chapter VIII. Part of the same data used in that article will, 
however, be repeated here for convenience of reference. It will 
be observed that there are a few slight numerical differences in 
the two sets of data relating to the A L's as well as to the ordinates 
y and b of the imaginary joints and points of application of the 
loading to the centre line of the rib, but they are not material 
in their influence on the corresponding numerical results. As 
these data show, the span between the centres of the springing 
joints is 151.2 feet, while the rise of the centre line of the rib at 
the crown is 47 feet. 
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The uniform width of the rib is 3.25 ft. The depth of rib 
at the crown is 3.5 feet and 7.5 feet at the springing joint. There 
are thirteen points of application of dead and live load. It 
will be assumed that the arch rib carries in addition to its own 
weight six live loads apph'ed at the six points of application of 
Pi, P2, -Pa, -P4, -Pb, -Pe, on the left half of the structure. The six 
live and thirteen dead loads applied at the points indicated will 
be as follows : 

Dead Load. Live Load. Dead Load. 

Pi = 7*5.600 lbs 24,000 lbs. p8 = 36,500 lbs. 

Pt « 53»300 " 24,500 *• P, =» 44,000 

Pi = 49,800 '* 24,500 " Pio = 47400 

P4 = 47.400 " 24,500 " Pii = 49,800 

Pi = 44,000 " 24,500 " P12 = 53,300 

P« = 36,500 '* 24,500 " Pit = 75,600 

Pi = 36,500 " 

This live loading of uniform density covering a Uttle less than 
half the span will produce nearly, if not quite, the maximum 
bending mgment to which any part of the rib can be subjected, 
and it will be shown further on that the results may be used in 
obtaining those which belong to the condition of the entire span 
covered by the moving load. 

It will generally be advisable to construct a line of resistance 
for the dead load only. After the completion of the construction 
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which is to be made for the loads described, the method to be fol- 
lowed for the dead load alone, or for the live load on any part of 
the span whatever, or on the whole span, will easily be apparent. 



Construction of First Trial Polygon. 
The first condition to be applied is that expressed by Eq. ii : 

— 7 =0 IS- 

The A Us and /'s for the different joints, 60, 61, 62, etc., of 
the rib shown on Plate IV, are given in the preceding tabular 
statement of data. The trial values of the quantities Ma are 
to be determined by a trial polygon. A vertical line, 1-14, drawn 
to the left of B is to be taken as the load line of the trial polygon. 
The force scale used is shown on the plate, i.e., 60,000 lbs. to the 
inch. The load Pi is represented by the segment 1-2 of the load 
line; the load P2 by the segment 2-3 ; the load Pi by the segment 
3-4, and so on for the entire rib to the lower extremity 14 of the 
load line, the loads on the right part of the arch being represented 
by the segments of the lower part of the load hne. 

If any convenient point O be taken as the trial pole, the 
normal O U drawn from O to the load line will be the pole 
distance. After the rays are drawn from that pole to the various 
points indicated on the load line, the trial funicular or equilibrium 
polygon ECiF may at once be constructed. Starting from Ci 
the first side is drawn from that point parallel to the ray O — 7 
to its intersection with the line of action of Pe prolonged; from 
that point will be drawn the next side of the polygon parallel 
to the ray C^ — 6 until it intersects the line of action of Pi pro- 
longed, and so on imtil the completion of the sides Claras . .Oq E. 
The right-hand part of the same polygonal frame Ci a? as . . . ais F 
is constructed by the same process, using the rays drawn from 
O to the points 8, 9, 10, . . . 14. The complete trial polygon 
ECiF is thus foimd. If the ends of this rib were hinged the 
closing line would evidently be drawn from E to F. Inasmuch, 
however, as the ends are fixed, corresponding moments of proper 
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sign will be imposed upon the ends of the arch showing that the 

closing line must occupy some position as H K between EF 

and the crown Ci. If it be assumed that H K is the closing 

line sought, the lengths of vertical ordinates drawn from H K 

downward to the rib at and in the vicinity of the ends of the span 

and upward from the same h'ne to the rib at and in the vicinity 

of the crown will be in proportion to the bending moments at 

the points where these vertical ordinates intersect the rib, i,e., 

these vertical intercepts between the closing hneand the polygonal 

frame will represent the bending moments which would exist in a 

straight beam with fixed ends of the same span as the arch and 

carrying the same loads. As shown on the plate the vertical 

intercept Ce a^ will represent the value of Ma in the straight 

beam at ae; Ci ai will represent the bending moment in the 

same beam at ai, and so on throughout the rib. Furthermore, 

the actual bending moments are foimd by simply multiplying 

these vertical intercepts by the force represented by the pole 

distance of the force polygon. 

The first condition to be fulfilled, represented by Eq. 11, 

.J . . , • i. ,1 , . . Ma AL 
consists m detemumng the sum of all the quantities j — 

throughout the rib, at the same time so locating the closing h'ne 
HKasto make that sum zero. 

In Plate IV, H K has been located so as to make CoOo = 2.4 
ins. on the original drawing, at the same time making cw an = 
1.97 ins., Ce^e = .49 ins., and Cjaj = .43 ins. Calling the 
intercepts below H K negative and those above positive there 
will result: 

Plus ^ —^ — = + .06 + .34 + .45 + .39 +, 24 + .01 

= + 1.49. 

... s^^ MaAL 

Mmus 2^ — J = _ .07 - .35 - .24 - .11 - .13 - 

.22 — .29 — .06 = — 1.47. 

The difference between these plus and negative products is 
so near zero that the trial closing line H K shown on the plate 
may be accepted as substantially correct. 
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As already explained, precisely the same procedure must be 
followed to locate properly the closing line H^ K^ for the centre 
line B AD oi the rib considered as an equilibrium polygon or a 
polygonal frame for some load which it is not necessary to de- 
termine. Inasmuch as the centre line of the rib is symmetrical 
in reference to a vertical Une through its crown it is clear that 
the system of loading belonging to it will also be symmetrical in 
reference to the same vertical line, making the bending moments 
Affc at all points equally symmetrical. The closing line H^ K^ 
must, therefore,^ be horizontal. After proper trial it was found 
that the location indicated on the plate would satisfy the pre- 
scribed condition. On the original drawing the Hne c\ Jo was 
3.81 ins.; c\bi, 2.81 ins.; c^e&c .73 ins.; c\btj .53 ins.; etc. 
Making the intercepts above H^ K^ positive and those below 
negative, the following sums of products will be found by scaling 
the intercepts from the drawing and taking the corresponding 
A Z's and Vs from the statement of data given above: 



Plus 






Minus >^ —^ — = - 2 (.11 + .53 + .37 + .18) = - 2.38. 

These positive and negative sums are so nearly equal numeri- 
cally that the position of H^ K^ shown on the plate may be 
considered substantially correct. 

The preceding operations fulfill the condition for the trial 
polygons ECiF and B A D, sls shown by Eq. 11, but the con- 
dition expressed by Eq. 13 must be concurrently fulfilled. 

In order to meet the requirements of the latter equation, 

each of the terms — ^ — and — j — used in the preceding plus 

and minus summations is to be multipled by the corresponding 

, - , , S-^^MaXAL s:^^ MbX AL 
value of a:, so as to make > = = > = . 

Obviously as that summation represents the vertical deflection 
of one end of the rib in reference to the other, it is a matter of no 
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consequence whether x be measured from one end of the rib 
or the other; it will be measured from the right-hand end, D. 
It is required only that the two summations shall be equal, and 
that equality is conveniently secured by making each sum 

equal to zero. The summation 2^ ~~~^ =* o will first be 

considered. 

Inasmuch as the horizontal distance between two consecutive 
loads is constant, i.e., 12.25 ft., it will simplify computations to 
express the horizontal co-ordinate x in terms of that constant 
distance. The point 618 is horizontally distant i.i ft. from/?; 

hence — ' — = .00 will be used as the corresponding factor of 
12.25 f & 

M xAL 

— ^-y — . In the same way 612 is horizontally distant 8.1 ft. 

8 I 

from Z>: hence, — '■ — = .66 will take the place of a; in the 
' ' 12.25 

M X AL 
corresponding term — ^ . Similarly 1.66 will take the place 

of ic in the term — ^ for the point ftn, and 2.66 for 610, etc. 

Writing out the positive summations representing that part of 
the polygon above the closing line H K there will result: 

"^^^ Af X A Lt 
Plus terms of 2^ — ~t = + 12. 25 (.01 X 3.66 + .24 X 

4.66 + .39 X 5.66 + .45 X 6.66 + .34 X 7.66 + .06 X 8.66) 

= + 12.25 X 9.4836 = + 116.17. 

In the same manner: 

r'S::^^ MaX AL , , 

Mtmis terms of > j = — 12.25 (.06 X .09 + .29 X 

.66 + .22 X 1.66 + .13 X 2.66 + .11 X 9.66 + .24 X 10.66 + 
.35 X 11.66 + .07 X 12.23) = "• 12.25 X 9.516 = — 116.571. 

The simi of these two summations is — .4, which is so near 
zero that the closing line U K may be accepted as fulfilh'ng the 
conditions of both Eqs. 11 and 13 without material error. 
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The fulfilment of the condition zl — ^~? = o for the 

polygon BAD follows at once as a consequence pf the condition 

S^ MbAL 
y — - = o. This will be clear if it be observed that the 
D ^ 

, , All, A Li . 11 1 1 • o « 

quantities — j — are symmetncaily located m reference to the 

vertical line through the crown A and that the members of each 
symmetrical pair have each the same value. These conditions 
make the sums of the positive and negative members of the sum- 

mation y =; equal to each other, and hence their aggre- 

gate sum equal to zero. The closing line H^ K^ shown on Plate 
IV thus fulfils the requirements of Eq. 13 for the polygonal 
frame BAD, 

The preceding operations have determined the location of 
the two closing lines for the moments jJf ^ and Af 5 so as to indicate 
those portions of the rib subjected to positive or negative mo- 
ments, but the pole distance of the true equilibrium polygon yet 
remains to be determined by the fulfilment of the final con- 
dition: 






It has already been shown in the preceding article that if 
the quantities — ^ — and — j — be considered as loads, the 

summation of the corresponding products ^ — ^-7 — *- and 

y J wiU be the moment ordinates (horizontal in this 

case) of equilibrium polygons or polygonal frames which will 
represent the horizontal deflections of a beam or of the rib under 
treatment. 

It wiU thus be necessary to construct two equilibrium poly- 
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gons, one by using the series of expressions — ^y — as horizontal 

loads acting at the vertical distances y from the line B D and the 

other by using the series of quantities — j — as horizontal loads 

acting at the same vertical distances y above the line B D. The 
figure at the right of the arch on Plate IV, with the title "De- 
flection Polygons/^ illustrates this operation. 

The horizontal line B Dis extended to the pole X from which 
the vertical line A^X is drawn upward, the point A^ being pro- 
jected horizontally from A the crown of the arch. In accordance 

with Eq. 14, > J must be equal to > j , each 

of these summations representing the horizontal deflection of the 
rib taken between the limits indicated. These quantities, in 
fact, represent the horizontal deflection of a straight vertical 
beam with length X A^ subjected to the bending moments Ma 
and Ml, at points at the same vertical distances y above the 
horizontal line B D. 

Inasmuch as the joints bn and 60, ftw, &i, etc., are at the same 
vertical distance y above B D in pairs, it wiU simplify the con- 
struction to take the sum of each such pair of moments instead 
of treating each one separately. Hence, taking the horizontal 

line through -4* as a load Une, A^tis laid off to represent ^ 

• 

for the two joints 618 and fto, that distance being — .13 as laid down 
by a scale of 10 units to the inch. In a similar manner / /j = — .64 

represents the sum of the two quantities — ^ for the two 

« 

joints fti2 and 61; /i fe = — .46 represents the sum of the same 
quantities for the joints bn and 62; h fc = — .24 represents the 
sum of the same two quantities for the joints iio and bz\ tzh = + 
.07, measured in the opposite direction as it represents positive 
moments or moment ordinates measured upward from the closing 
line, represents the sum of the same quantities for the joints 
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&o and bi] tih — + .58 represents the sum of the same quantities 
for the joints ftg and b^; finally, t^A^ — + .84 represents the sum 
of the last pair of the series for the two joints fty and bt. Ra)rs 
are then drawn in the usual way from the pole X to the various 
points, /, hi fe, h, Uf fc. The deflection polygon is then completed 
by drawing its sides parallel to the rays to their intersections 
with the horizontal lines projected over from joints ftis, 612, &11, iio, 
etc. This operation gives the desired deflection polygon X C", 
diy dij diy J4, dij dty and the point on the horizontal line through 
A^ at the left extrenuty of /. This latter quantity / is the hor- 
izontal deflection of either end of the rib in reference to the other 
which would be produced by the moments M^ acting upon it 
at the joints indicated. 



Construction of Second Equilibrium Polygon. 

The corresponding deflection polygon for the rib BAD, 
shown on the right-hand side oi A^ X, is drawn in precisely the 
same manner by using the moment ordinates Af 5 measured from 
H^ K^y and normal to it, to the centre line of the rib BAD. 

The plus and minus values of — j — are shown on page 285. 

In accordance with those values -4^ ^ = — .22 (adding symmetri- 
cal pairs) for joints io and b^] s Si — — 1.06; ^1^2 = — .74; 
^2^3 = — .36; 53^4 = + .12; 54^6 = + .92; ^6^6 = + 1.32. 
Again, drawing rays from X to the points, s, Si, S2, 53, ^4, etc., 
thus established, and fixing their intersections with horizontal 
lines drawn through the joints of the rib the deflection polygon 
X, C," dhj d\ dh, d\ d\d^9 is completed, giving t^ as the hor- 
izontal deflection sought. 

The deflection / is seen to be much smaller than /^, showing 
that the moment ordinates Ma must be increased in the propor- 
tion of / to /^, which is equivalent to decreasing the trial pole dis- 
tance OD in the proportion of l^ to /. Hence in the "Pro- 
portional Scale," shown at the lower right-hand comer of 
Plate IV, lay off F M equal to / on the horizontal line through 
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Y and erect a vertical line through M. Then swing a radius 
equal to l^ from F as a centre till it cuts the vertical through 
M mNj and draw the indefinite line Y N P. 

If F P be made equal to the trial pole distance O U and if 
a vertical be dropped from P to O, Y O will be the true pole dis- 
tance. Hence draw O- L parallel to H K, then make the hor- 
izontal line C L equal to FO in the Proportional Scale. The 
rays drawn from the true pole C wiU be parallel to the sides of 
the true polygonal frame or equiUbrium polygon sought. 

Any number of points in the true equilibrium polygon may 
readily be found by using the moment orduiates Ma and the 
Proportional Scale. Lay off Fgi in the latter equal to CiGi 
and erect the vertical gi pi. Then make c\ ah equal to F pi 
and a\ will be a point in the side of the true polygonal frame 
parallel to the ray C 2. Similarly every other side of that frame 
may be drawn; or the true polygon may be completed by the aid 
of the rays from the true pole after one side has been determined 
in the manner shown. Both methods should be used to check 
results. The true frame E^ a\ a\, a\ etc., a^n P^ is thus 
established. 



Horizontal Stress H. 

The pole distance C L scales 4.52 inches; hence the horizontal 
thrust H, i.e., the constant horizontal component of the resultant 
stress in each side of the polygonal frame whose Une of action is 

H = 4.52 X 60,000 = 271,200 lbs. 

If a horizontal tie were used to take up the thrust of the 
rib the tension in it would be, obviously, the above value of H. 

Bending Moments, 

The bending moment at any joint in the rib may now be 
found by simply multiplying the vertical intercept between the 
centre line of the rib and the true polygonal frame, at any joint. 
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by the above value of H. If the springing joints at B Und D be 
included, the vertical intercepts and moments at the various 
joints indicated will be the following: 



Joint. 


Vertical Intercept. 




Momenf. 


B 


— 2.2 ft. 


— 


596,640 ft. lbs. 


bo 


- 2.1 " 


— 


569.520 




bi 


- 2.7 " 


— 


732,240 




bt 


- 1.4 " 


— 


379»68o 




b. 


.00" 









64 


+ .9 " 


+ 


24408 




6. 


+ 1.2 " 


+ 


325.440 




i. 


+ .7 " 


+ 


18.984 




67 


- .1 " 


— 


2,712 




b. 


- .8 '* 


— 


21,696 




b» 


- I.I " 


— 


298,320 




&10 


- .8 '* 


— 


21,696 




611 


+ .2 " 


+ 


5.412 




612 


+ 2.2 " 


+ 


596,640 




bit 


+ 4.8 " 


+ : 


1,301,760 




D 


+ 5.0 " 


+ : 


1.356,000 





These bending moments must be used in determining the 
greatest intensities of bending stresses either for a rib of a single 
material such as steel or concrete or for a combined material like 
reinforced concrete. The greatest bending intensities must then 
be algebraically added to the intensities due to direct thrust, in 
order to obtain the greatest resultant intensities at all joints. 



Thrusts and Shears, 

The lengths of the rays drawn from the true pole to the load 
line, as shown on Plate IV, wiU give the thrusts at the various 
joints of the rib, using the scale of 60,000 lbs. per linear inch. 
Although these thrusts are not accurately normal to the joints 
to which they correspond they may be so regarded without 
sensible error. The component of each of these thrusts parallel 
to the joint on which it acts will give the ransverse shear at 
each such joint. These tangential or shearing components are 
shown on the plate. The following tabulation gives the joints 
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and the corresponding shears and resultant thrusts for the four- 
teen joints of the rib: 



Joint. 

b, 
bi 

6, 

bi 

b, 

bt 

h 

bs 

b, 

610 

bii 

bn 

bm 



Resultant Thrust. 

530,000 lbs. 

448,000 

387.000 

338.000 
301,000 

278,000 

271,000 

274,000 

281,000 

295,000 

316,000 

344,000 

377,000 

434,000 



Shear. 

+ 9,500 lbs 
+ 6,000 
+ 23,000 
+ 18,500 
+ 13.500 

- 3.000 

— 19,000 

— 14,000 

- 5.500 

o 
+ 14,000 
+ 24,000 
+ 49.000 
+ 53.000 



The plus and minus signs of the shears simply indicate 
the change of direction of the tangential component of the thrust 
as will be apparent by comparing the direction of the thrust at 
any joint with the direction of the centre line of the rib at the 
same point. 



Vertical Reactions at Ends of Span. 

The vertical reactions at the ends of the span B and D, re- 
spectively, can be scaled from the load line 1-14. C L being 
horizontal, L-i represents the reaction at S, while £-14 repre- 
sents the reaction at D. Hence as £-14 scales 7.59 inches, the 
reaction at 5 is: 

7.59 X 60,000 = 455>4oo lbs. 

Similarly as L-14 scales 5.7 inches, the reaction at Z? is: 

5.7 X 60,000 = 342,000 lbs. 

The sum of these two reactions is 797,400 pounds, which is, as 
closely as can be scaled, the total load on the rib. 






cT 



at 



Tu 



' V 



I Ends. 
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Art. 85. — ^Arch Rib with Hinged Ends. 

An arch rib with hinged ends obviously has no constraining 
moment applied to those ends; the latter are free to take any 
direction in a vertical plane consistent with the state of stress 
produced in them by the given loading. If the ends are hinged 
by resting on steel or other metal pins the friction on the surfaces 
of the latter tends to resist any motion which the ends of the rib 
might otherwise have in consequence of the stresses in them, but 
this frictional resistance is usually ignored. 

If the hinged condition of the ends is produced by a steel or 
other metal plate which is supposed to bend within its elastic 
limit to give the ends of the ribs the desired freedom to take any 
required change of direction, the resistance to bending of those 
metal plates is also a constraining tendency, but it is neglected 
in an analytical or graphical treatment of elastic ribs, as is the 
friction on the pins when used as hinges. It is feasible as a 
matter of analysis to take into account these constraining in- 
fluences which may be considered secondary, but they are 
not of sufficient value to make it generally advisable to 
do so. 

As the ends of the rib in this case are hinged and assumed 
free to take such change of direction as the conditions of stress in 

them may require, the condition y p t ^ ^' expressing full 

constraint at the ends, does not hold. This means essentially 
that the bending moments at the hinged ends are zero. 

In order to make the graphical constructions for this case 
the same rib and the same loading used in the preceding article 
will be taken. Hence the dimensions of the rib will also remain 
the same. 

Although the change from fixed to hinged ends would ordi- 
narily require some changes in the dimensions and moments of 
inertia of the normal cross-sections at and near the springing 
joints as well as in the percentage of steel, for the purposes of 
comparison of results those data as well as others wiU remain 
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unchanged. In the following construction therefore all numer- 
ical data required wiU be taken as established in the preceding 
article. 

The ends of the centre line of the rib must remain at an in- 
variable horizontal distance apart. This means that the hor- 
izontal deflection of either end of the centre line of the rib in 
reference to the other must be zero, and such a condition is ex- 
pressed by the following equation: 



D 



It must be observed that any vertical movement of one end 
of the span in reference to the other, as long as the span length 
remains unchanged, will not affect in any way whatever the 
stress conditions of the arch rib unless the elevation of one end 
in reference to the other is so great as to change materially the 
direction of the rib in reference to the applied vertical loading. 
The equation showing the vertical deflection of one end of the 
rib in reference to the other therefore cannot be used as an 
equation of conditions. 

Taking any convenient point C, Plate V, as the pole for the 
trial polygon and erecting the vertical line 1-14 through £ as a 
load line, the segment 7-8 of the latter {B being assumed as its 
middle point) represents the load P^ at the crown A of the arch 
by a scale of 60,000 lbs. per inch on the original drawing. By 
the same scale 8-9 represents the load Pe; 9-10, the load Pe, . . . 
and 13-14, the load Pi. Similarly the loads Ps, Po, • . . Pio 
are represented at the same scale by 7-6; 6-5 . . . and 2-1 
on the upper part of the load line. Drawing rays from C the 
trial polygon £ oo^i^ . . . ^XisP is constructed in the usual 
manner by making the sides of that polygon parallel to the 
rays, each side being drawn to the intersections with the lines of 
action prolonged of each two consecutive loads. The closing 
line in this trial polygon is £ P as t^e ends of the rib are hinged, 
making the bending moments at these points zero. The ordi- 
nates Oo ^0, di Ci, (h C2, etc., represent or are proportional to the 
bending moments which would be produced in a straight beam 
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B D simply supported at its ends and carrying the loads resting 
on tlie rib, i.e., they are the moment ordinates. 

It has been shown above, in connection with the analysis in 
the preceding article, that the equation of condition to be 
fulfilled in this case is: 



s-^^MyAL ^^^MayAL ^^^M^yAL 



^o 



EI 



= 2. 



EI 



^D EI 



= o, or, 






18. 



As in the preceding article, E being constant divides out of 
this equation. 

The trial polygon E C F, Plate V, as constructed gives the 
desired moment ordinates Ma- As the rib h^ hinged ends the 
true closing line must pass through the centres of its hinges at 
B and Z), the moment ordinates M being measured from it. 

The deflection polygon must be drawn to fulfil the condition 
shown by Eq. 18. The quantities entering the sum of the series 



^0 I 


d.rc Miuwii u 


1 UiC IVXXUWlllg 


UlUUid.UUU. 


Joint 


/ 


Moment Ordinate 
Ma 


I 


Oo 


.03 


.1 in. 


A h ^ 0.0 


fli 


.19 


.66 " 


toll ^ .11 


<h 


.25 


1.49 " 


/i/t« .34 


ai 


.35 


2.10 " 


/i h = .68 


04 


.49 


2.50 " 


/i /« = 1 . 16 


as 


.87 


2.73 " 


tih = 2.28 


oe 


.91 


2.78 •* 


/fi /e « 2.49 


Or 


.91 


2.69 •• 




Os 


.87 


2.51 " 


The above nu- 


at 


.49 


2.22 " 


merical values are 


aio 


•35 


1.80 " 


cfach one half of 


an 


.25 


1.25 " 


a pair, having the 


an 


.19 


0.54 " 


same^r. 


a,. 


.03 


.10 " 





The deflection polygon for the first trial polygon EC F^ will 
be drawn by taking i4 C as a trial pole distance and using 



296 



ARCH KIBS 



[Chap. VII. 



the horizontal line drawn through A as the line on which the de- 
flection loads or quantities — ^y — are laid off. The imaginary 

joints in the rib are symmetrically placed in pairs in reference 
to the crown A, each pair having the same vertical ordinate y. 
Hence the sum of the above quantities for each such pair will be 
used precisely as was done in the preceding article for the rib 
with fixed ends. Furthermore as the sum of all those quantities 
would exceed the length ol RA for the moments M^ and the 
length S A for the moments Af ^ they will each be laid down at 
half full size. 

The product — ^ is so small for the joints io and biz that 

it is considered zero; the sum of the half products for the two 
joints bi and 612 is .11" and is laid off from A to h. Similarly 
tiU — .34 represents the sum of the same half products for 
the two joints b% and in. Proceeding in precisely the same way 
kh = .68"; /8/4 = 1.16"; iAh = 2.28"; and tt^U = 2.49". 
Drawing the rays from C to the points t thus established the 
deflection polygon C, C", di^ (fe, dj, d^, dt, Je, is completed. The 
deflection distance / is then determined at half its full size. 

The moment ordinates Mf, are next to be treated in the same 
way. These ordinates are equal in pairs, each pair also having 
the same vertical ordinate y. By careful scaling from the or- 
iginal drawing the following tabulated values are foimd and 
computed: 



Joint 


I 


Moment Ordinate 
M 


4 / 


Oo 


■03 


. 19 in. 


i4 5o = 0.0 


Ol 


■19 


1. 17 " 


5o5i = .11 


at 


.25 


2.49 " 


Jl5j= .31 


at 


.35 


3-43 " 


5i5| = .60 


(U 


49 


4.07 " 


Si Si — 1. 00 


at 


.87 


4.48 " 


54 5j = 1.95 


(H 


91 


4.68 " 


SiS6 = 2.13 
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One-fourth of the quantities — j — only are used in this case, 

making the deflections one-quarter their full size. The quantity 
for joints &o and hn is so small as not to be appreciable at the 
scale used, hence it is considered zero. A Si is then laid down as 

.11", S1S2 = .31"; ^2^3 = .6"; 58 54 - l"; 54 56 = 1.9s"; ^5 5« = 

2.13". Rays are then drawn to the points 5 as in the preceding 
instance, enabling the deflection polygon C, C/' d\, J'a, d't, d\, d'5, 

d\ to be completed, thus giving the deflection distance -. 

4 

As / is less than h the pole distance B C for the polygon 
EC F must be decreased in order to make the moment ordinates 
Ma correspondingly greater. The proportional scale is used to 
accomplish this purpose as in the preceding article. The vertical 
line -4 C is produced downward to O and on it C Af is laid ofiF 
equal to /. The horizontal line M N \b then drawn. A radius 
C N equal to h is then swung from C imtil it cuts the horizontal 
line through M at N, The line C N is then prolonged to P. 
Each of the moment ordinates Ma in the trial polygon EC F 
must be increased in the ratio CM to C N, Laying off Cg 
equal to the moment ordinate o^ Ci, then drawing the horizontal 
line g to p gives C p which laid off vertically above c^t will give 
the point ah in the true equilibrium polygon. Similarly C gi 
is the moment ordinate 0$ Ct and by drawing a horizontal line 
through gi the resulting distance C Pi gives the moment ordinate 
of the true equilibrium polygon or polygonal frame. This proc- 
ess may be repeated for every side of the true equilibrium 
polygon, but the latter may be more conveniently constructed 
by the procedure shown in the preceding article. 

CP is laid off equal to the trial pole distance C B; then 
from P the horizontal line O P is drawn, giving the true pole 
distance C O, By drawing the line C L parallel to £ F there 
will be cut off on the load line the part i4-£, the vertical reaction 
at B, and i-L the vertical reaction at D. As the true closing 
line must be horizontal the horizontal line L O equal to C O is 
then drawn, giving the true pole O from which the rays shown 
are drawn to the proper points on the load line. Starting from 



298 



ARCH RIBS 



[Chap. VII. 



B OT D the sides of the true equilibrium polygon may then be 
drawn parallel to these rays in the usual manner and as shown 
on Plate V. The true equilibrium polygon B a^o a\ 0^2 a^t . , . 
(1^2 a^uy D is thus completed. 

The true pole distance LO measures 4.15 inches, hence the 
constant horizontal component of stress in the sides of the true 
polygonal frame is 

H = 4.15 X 60,000 = 249,000 lbs. 

The moment intercepts, i.e., the vertical lines included be- 
tween the centre of each joint and the corresponding side of the 
true polygonal frame, scaled from the original drawing are shown 
in the following table. The bending moments in foot-pounds 
at the various joints of the rib are found by simply multiplying 
the value of fl" = 249,000 lbs. by the intercepts in feet as given 
in the table. The moments so found are given in the third 
column of the table as clearly indicated : 



Joint 


Moment 


Moments 


Joint 


Moment 




Moments 


Intercept 


Ft. -Lbs. 


Intercept. 




Ft.-Lbs. 


B 


.0 ft. 





' h 


+ 2.8ft. 


+ 


697,200 


bo 


+ .2 •• 


+ 49,800 


h 


-1-2.0 '• 


-h 


498,000 


bi 


+ .5 " 


-h 124,500 


b. 


-ho.i " 


+ 


24,900 


h 


+ 2.2 " 


+ 547,800 


bio 


- I.I " 


— 


273,900 


bi 


+ 4.2 " 


+ 1,045,800 


bn 


-1.8 " 


— 


448,200 


6« 


+ 5.2 " 


+ 1,294,800 


bit 


-1.4 " 


— 


348,600 


b. 


+ 5.3 " 


+ 1,319,700 


biz 


.0 " 







bo 


+ 4.2 " 


+ 1,045,800 


D 


.0 " 








The bending moments in the above table must be used in 
determining the dimensions of the various cross-sections of the 
rib in design work whether for a single metal as in steel ribs or 
combined materials as in reinforced concrete ribs. If it is a 
question of capacity of an existing rib these bending moments 
must be used in connection with the actual dimensions of such a 
structure. In either case, the greatest stresses produced by 
positive or negative bending moments must be combined with 
the intensities of stress produced by the concurrent direct thrusts 
at any or all joints. 
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An examination of the true equilibrium polygon shows that 
the resultant thrust at any joint, taken in the computations as 
acting at the centre of the latter, is rarely parallel to the axis of 
the rib at that joint; but in all ordinary cases, as in the present 
instance, the direction of the resultant thrust varies so little 
from the axis of the rib that that variation may be ignored. In 
cases (which seldom occur) where this variation is too much to 
be neglected, the component of the resultant thrust normal to 
the surface of the joint (i.e., parallel to the axis of the rib) must 
be taken instead of the resultant itself. 

The resultant thrusts scaled from the original diagram at 
60,000 lbs. per linear inch will be found in the following table 
as will also the transverse shears at the various joints, i.e., those 
components of the resultant thrust which are parallel to the 
imaginary joints or normal to the centre line of the rib: 



Joint Shear 


Resultant ThniBt 


Joint Shear 


Resultant Thrust 


bo+ 21,500 lbs. 


509,000 lbs. 


67 — 28,000 lbs. 


252,000 lbs. 


^1+ 16,500 " 


423,000 " 


68 - 22,500 '* 


262,000 " 


bt+ 30,000 " 


362,000 " 


69 — 20,000 " 


280,000 " 


&I+ 20,000 " 


313,000 " 


610 — 8,000 " 


302,000 " 


&4+ 11,000 " 


276,000 " 


611 — 1,000 " 


334,000 " 


bi — 10,000 " 


253»ooo " 


bit + 22,000 " 


372,000 " 


60 - 30,000 " 


247,000 " 


bit + 24,000 " 


433,000 " 



The shears and thrusts at the joints 60 and 613 belong to the 
springing joints B and Z). 

The plus and minus signs before the shears indicate that the 
direction of some shears is opposite to the direction of the others 
in reference to the joints on which they act, as will be evident 
on reference to the plate. 

The position of the true polygonal frame both in this and 
in the preceding cases shows the effect of the moving load on 
the left-hand part of the rib. The true equilibrium polygon 
rises under that part of the rib carrying the greatest load, but 
falls below the centre line of the rib in much of that part of the 
span carrying no live load. 
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Vertical Reactions at Ends of Span. 

The vertical reaction at the left end B of the span is shown 
by the part Z~i4 of the load line. That part scales 7.35 inches. 
The reaction at 5, therefore, is: 

7-35 X 60,000 = 441,000 lbs. 
The reaction at Z> is represented by the part Z-i of the load 
line, which scales 5.93 inches. Hence the reaction at Z7 is: 

5.93 X 60,000 = 355,700 lbs. 
The sum of the two reactions is 797,700 lbs., the total load 
on the arch. 

Art. 86. — Combination of Results for Partial Loads. 

If the preceding graphical constructions are made for partial 
loads, as in the cases taken, they can be used without further 
construction for two symmetrical loadings of the same amounts, 
i.e., when live loads of the same total amounts and intensity 
cover symmetrical parts of the same span. In such cases, how- 
ever, it will be necessary to make a construction, first for the 
dead load or own weight of the structure, and then to find the 
true equilibrium polygon for the moving load alone. The 
moment intercepts between the centre Une of the rib and the 
equilibrium polygon for each condition of loading are then to be 
algebraically added for each joint. The results will evidently 
be the moment intercepts for the concurrent action of the two 
loadings. In fact, the true equilibriimi polygon for the combined 
two loadings may be readily constructed by laying oflF these 
resultant intercepts, positive or negative, from the centre line of 
the rib. 

If the equilibrium polygon for any partial live loading is 
found the same polygon may evidently be used for the same 
amount and distribution of live loading placed on the other 
symmetrical part of the span. The combination of these two 
polygons in the manner already described will give the true 
equilibrium polygon for the two symmetrical live loadings acting 
concurrently. In a similar manner the equilibriima polygon 




Platb v.— Arc 




^b with Hinged Endt. 
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SO found for the two symmetrical Uve loadings may be combined 
with the equilibriimi polygon for the dead or fixed loads, so as 
to give the equilibriimi polygon or polygonal frame for the two 
symmetrical live loadings acting concurrently with the fixed or 
dead load. 

If the live loading should cover half the span, the two equi- 
librium polygons, one for each half span covered, combined will 
give the polygonal frame or equilibriimi polygon for the live or 
moving load on the entire span. 

In a similar manner the equilibrium polygons for live loading 
on different parts of the span may be combined, so as to find 
without further construction the polygonal frame for the simul- 
taneous action of all such live loads. 

It is further clear that an equilibrium polygon for any system 
of loading whatever covering either the whole or partial span may 
be used as the true equiUbrium polygon for any other similar 
loading of different intensity. In other words, as long as the 
loadings are similar and are varied by a constant ratio in passing 
from one system to another the same equilibrium polygon may 
be made to answer for all. In changing from one to the other 
it is simply a matter of scale used for the loads. 

Art. 87. — ^Thermal Stresses in the Arch Rib with Ends Fixed. 

Thermal stresses are those stresses which are co-existent with 
any variation of temperature in the structure considered and 
whose values depend upon that variation. A variation of the 
temperature of an arch rib will cause a variation in its length, 
and consequently a deflection at any given point. Although 
the temperature is supposed to change the ends of the rib must 
remain in their normal positions, so that the general conditions 



\r\^nM , \r\^nMy \r^^nMx 



2^oeT'° ^d 2,^ -^y- = o = 2^^ 



EI 



hold for 



thennal stresses as well as for any other. 

Any change of form, such as that arising from the appUcation 
of loading, will cause corresponding stresses which are to be 
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determined in precisely the same maimer as that used for thermal 
stresses; in fact, they belong to the same class of stresses. 

The coefficient of linear expansion 5 of a few structural 
materials for a variation of temperature of one degree between 
32° and 100° Fahr. may safely be taken: 

For wrought iron: 5 = .000,006,78 

For cast iron: 8 = .000,006,25 

For structural steel: 8 = .000,006,8* 

For granite: 6 = .000,003,81 

For concrete, mortar [ * _ 

and rubble masonry: J * > 5j55 

Each of these quantities shows the* variation of a unit length 
for a change of one degree Fahrenheit in temperature. 

The arch rib considered in the two preceding articles will 
also be employed here with all the dimensions imchanged. 
The range of temperature will be taken from 40° above to 40° 
below the mean. It must be remembered that the range of 
temperature in the mass of a masonry or reinforced concrete 
arch rib will not be so great as that of the air, as it requires con- 
siderable time for the interior of such a mass to attain the same 
temperature as the exterior, especially if the cross-section of a rib 
be large. 

If the ends of the rib were free to move horizontally, and if 
the whole rib were also free to rise or fall in response to changes 
of temperature, no thermal stresses would exist. If, however, 
after such free expansion or contraction a sufficient horizontal 
force be applied along the closing line of the polygonal frame to 
bring the ends of rib back to their original positions thermal 
stresses will arise. The deflection upward or downward at the 
crown corresponding to these thermal stresses is not therefore 
the whole deflection, but the difference between the whole and 
that produced by free expansion or contraction. The crown 
deflection of the rib cannot usually be computed accurately for a 
given change of temperature, i.e., for a given change of length 

* The latest investigations indicate that this value may possibly be taken 
at .000,006. 
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of the rib, but it can be found closely enough for stress com- 
putations. • • ' 

If/ is the rise of the centre line of the rib at the crown, A L 
the change of length of the latter due to the variation T of the 

•. .' •. > / 

temperature from the mean, and if w = -j, I being the length of 

the §pan, Eq/82 of Art. 35 gives appro]fcimately' the centre de- 
flection of the rib: 

.... • -^ . i6(5«-^24»*> ^ 

In this equation::. 

AL = d T L : . ... 20. 

In this case: 

n = --^ = .311. 
151.2 ^ 

Also, if 5 = .000,006,8; J^ = 40°; and L = 186 feet; 

AZ = .0506 ft. 



Hence : 



A/ = — — .0506 = .057 it. 
13-33 



If thermal movement were entirely free the rise or fall of the 
crown would be: 

47 X 40 X .000,006,8 = .0128 ft. 

Hence the deflection producing thermal stresses is: 

A^f = .057 — .0128 = .0342 ft. ... 21. 

The difference between the total thermal deflection and 
that actually required to be used is thus seen to be material for 
ribs with considerable rise, but the neglect of the difference 
would be an error on the side of safety. 

The effect of the thermal variation is to cause bending mo- 
ments at the various sections of the rib from which the deflec- 
tion results. Under such conditions the ends of the rib are kept 
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in their original position essentially through the action of a 
horizontal force such as the stress which may be supposed to 
exist in a horizontal tie. No external forces or loading act 
upon the rib, except the stress in this imaginary tie. The stresses 
and bending moments caused by thermal variations are thus 
seen to be the same as those which would be caused by a hor- 
izontal force only having the proper line of action, and the 
problem resolves itself into finding the proper value and line of 
action of such a force. 

As the ends of the rib are fixed the equations of condition to 
be fulfilled are Eqs. 5, 6, and 7 of Art. 84, the second member 
of each of those equations being made equal to zero when the 
simmiation extends from one end of the rib to the other. These 
conditions are obviously identical with those expressed by Eqs. 
10, 12, and 14 of the same article, when the rib carries vertical 
loading. The moments in this case are produced by the action 
of a single horizontal force. 

Eqs. 5 and 6 of Art. 84 adapted to vertical loading in Eqs. 
10 and 12 of the same article were used to determine the posi- 
tion of the dosing line H^ K^ of Plate IV. It is clear that if the 
same equations, ix.y Eqs. 5 and 6, are used in the same manner, 
they will determine precisely the same dosing line H^ K} shown 
on Plate IV. Hence that plate will be used in showing the 
method for determining temperature stresses in an arch rib 
with fixed ends. 

Inasmuch as H^ K^ is the true dosing line, t.e., the line of 
action of the horizontal stress or force H produced by change 
of temperature, the moment ordinates v will be represented by 
c^o Jo, ch ii, ch 62, and the remaining normals drawn from each 
joint of the rib to the dosing line H^ K^. Those measured bdow 
the horizontal line H^ K^ will be considered negative and those 
measured above the same line positive, as has been done in the 
preceding artides. 

Eqs. 6 and 7 of Art. 84 give the vertical and horizontal 
deflections of the rib at any point when the summations are 
taken between either end of the rib and the point where the 
deflection is desired. 
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Inasmuch as the rib is symmetrical in reference to a vertical 
line through the crown the horizontal thermal deflection of that 
point will be zero, however much the temperature may be 
changed. Hence Eq. 6 of Art. 84 will be used in connection 
with the vertical deflection produced by thermal stresses shown 
by Eq. 21. The thermal bending moment at any point of the 
rib will be M = Hv. The following equation, therefore, will 
give the value of the horizontal stress H which is being sought, 
the summation being taken between the end of the span and 
the centre or crown of the rib. 

E 2^. ~1 £ Z^— 7~ ' ^^ ^ -^342 ft. . 22. 



E 

2^. I 



23 



By carefully scaling v on the original drawing, the values 
found in the following table were determined. The other 
quantities are taken from the data already used in the preceding 
articles. As the summation extends over half the rib only the 
numerical values in the tabulation belong to half the 
span: 



X 


AL 

J 


f 


vxAL 
I 




1.05 ft. 


.03 


- 38 ft. 


- 1. 197 1 




8 
20,4 " 


.19 
.25 


— 28.4 " 

- 150 " 


- 43.168 ^ 

- 76.5 


- 183.235 


32.4 " 


.35 


- 5.5 " 


- 62.37 J 




44.8 " 


.49 


+ 1.2 " 


+ 26.342 




57.2 " 


.87 


+ 53 " 


+ 263.749 \ 


+ 735.026 


69.6 " 


.91 


+ 7-25 " 


+ 444.935 J 






+ 551.791 



The product £ / in Eq. 23 and in the preceding equations 
represents in the case of a reinforced concrete rib the quantity 
E (I + e I^. As is usual in a combined material, if £ is the 
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modulus oi elasticity for concrete and Et the modulus for steel, 
the ordinary expression £ / must be replaced by: 



EI + E2lt^E(I +elt) 



24. 



In this equation e is obviously the ratio found by dividing 
the modulus of elasticity of steel by the modulus of elasticity of 
concrete,. and it is usually taken as. 15 for the purposes of design, 
although 12 is sometimes used. Inasmuch as the stresses arising 
from changes of temperature, as well as those arising from 
changes of shape (to be treated in a later article), take place 
only after the concrete has attained considerable age, thus 
giving it full permanent value, e will be taken as 12 for this 
special purpose, making E = 2,500,000 per square inch. 

In all the preceding analysis of this chapter wherever / has 
been computed for reinforced concrete its numerical value has 
been foimd as / + 6 h. 

Introducing in Eq. 23 the numerical quantities shown in 
the tabulation and taking 2,500,000 per square inch, or 144 X 
2,500,000 in this case, as all dimensions are in feet, the horizontal 
stress H is f oimd to be : 



H = 



144 X 2,500,000 X .0342 
551,791 



= 22,310 lbs. 



The bending moments at the various joints of the rib caused 
by this horizontal thermal stress H are as follows: 



Joint 


Moment Ordinate 

9. 


Moment 


fro 


- 38 ft. 


— 848,670 ft.-lbs. 


61 


- 28.4 " 


- 634,250 " " 


&> 


- 150 " 


- 335.000 " " 


b. 


- 5.5 " 


- 122,830 " " 


bt 


-f 1.2 " 


+ 26.750 " " 


h 


+ 5.3 " 


+ 118.370 " " 


b. 


+ 7.25 " 


-f 161,920 " " 



The bending stresses produced by these moments are to be 
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combined with other concurrent stresses so as to determine the 
greatest possible intensities. 

It will be observed that the moments at and near the 
springing joints are large. They show the bending moments 
required to fix the ends of the rib, on the assumption that the 
abutment supports remain completely immovable. In reality 
that condition is impossible. The abutment supports move 
sensibly within the elastic limit of the materials of which they 
are composed, and in some cases that movement is easily per- 
ceptible. There is, therefore, a material though indeterminate 
departure from the condition of perfect fixedness assumed which 
reduces correspondingly the apparent high bending moments 
at and in the vicinity of the springing joints. 

The normal stresses of tension or compression and the shearing 
stresses caused by thermal changes in each of the imaginary 
joints of the rib may at once be written after having determined 
the value of the horizontal stress H given on page 306. If the 
normal stress on each such joint having the inclination ^ with a 
horizontal plane is called N, and if S represents the shearing 
stress on such a joint, those quantities will have the following 
values: 

N = E sin<t> 25- 

S = H cos (f> 26. 

In other words, the horizontal force H is resolved for each 
joint into two components, one normal and the other parallel 
to that joint. 

It must be remembered that the normal force N will be 
compression for a rise in temperature and tension in the case of 
decreasing temperature. This distinction must be carefully 
made in determining the resultant intensity of stress in any 
joint. 

The first of the following tabulations gives the sines and 
cosines for the various joints in half the rib only, as the two 
halves are in all respects symmetrical. The second tabulation 
gives the values of the normal and shearing stresses N and S 
as indicated by the two preceding equations. 
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N 


s 


sin 32° = .53 


cos 32' « .848 


11,820 lbs. 


18,910 lbs. 


" 38" 35' - .624 


" 38^ 35' = .782 


13.920 " 


17.440 " 


" 48' 15' - .746 


" 48° 15' - .666 


16,640 " 


14.870 " 


" 56° 45' = .836 


" 56° 45' - .548 


18,640 " 


12,220 " 


" 66° 45' = .919 


"66^45' -.395 


20,490 " 


8,810 " 


" 76" 15' = .971 


" 76* 15' = .238 


21,650 " 


5.310 " 


" 85° 5' = .996 


" 85° 5" = .086 


22,210 '' 


1,920 " 



The preceding moments and stresses show all the eflFects 
due to thennal changes in the rib. They are to be combined 
with the moments and stresses caused by the vertical loading 
and with those due to change of shape of the rib wherever the 
latter are of sufficient magnitude to make it necessary or ad- 
visable to recognize them. As it is quite possible, if not probable, 
that extreme temperatures may exist with the rib heavily loaded, 
thermal stresses should be combined with the greatest stresses 
which may be produced by the moving load. 



Art. 88. — Stresses in the Arch Rib with Ends Fixed Due to 

Change of Shape. 

The direct thrust, i.e., compression, in an arch rib produces 
a change of shape the measure of which is usually taken as the 
vertical deflection at the crown, although the vertical deflection 
at any other point might be taken. 

It is obviously the principal purpose to find these secondary 
stresses due to change of shape and to thermal changes so as 
to make their combination with those due to vertical loading 
result in the greatest possible intensities of stress at some or 
all of the joints. The loading to be taken in order to find such 
stresses due to change of shape of the rib is to some extent a 
matter of judgment, but it may be stated that usually moving 
load covering either approximately half the span or the whole 
of the span should be used. Inasmuch as the graphical con- 
structions of Plate IV have been made for the moving load 
covering a little less than half the span stresses for the change of 
shape under the same loading wUl be foimd. Precisely the 
same procedures will be required for moving load over any other 
part or the whole of the span, or for own weight only. 
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The stress diagram and equilibrium polygon of Plate IV 
disclose at once the direct or axial thrust, i.e., compressive 
stress for all joints throughout the rib. These axial compressive 
stresses shorten the rib by an amount which can be very simply 
foimd, and from that shortening the vertical crown deflection at 
once results. As was the case with the thermal stresses the 
full vertical crown deflection is not to be used, since no stresses 
due to change of shape would be developed if the ends of the 
rib were free to move horizontally toward each other as the rib 
is shortened. The amount to be deducted from the full deflec- 
tion will be clearly shown. 

The stress effects due to change of shape, Uke the effects 
resulting from thermal changes, may be considered equivalent 
to those prockiced by a single horizontal force H with a proper 
line of action. Inasmuch as the general conditions to be fulfilled 
by this horizontal force and its bending moments are precisely 
the same as those fully discussed in connection with the vertical 
loads and the thermal stresses in Art. 87, the line H^ E} oi 
Plate IV will be the line of action of the horizontal force H re- 
sulting from change of shape due to axial compression. In 
other words, the problem is again to find the value of H and 
then to determine the bending moments and the stresses due to 
its action. 

When the vertical crown deflection is downward the action 
of the horizontal force H is outward or away from a vertical line 
through that crown, whereas when that deflection is upward the 
direction of H will evidently be inward or toward the same 
vertical line through the crown. 

Crown Deflection Due to Direct Thrust, 

The direct thrust in each section AZ of the rib causes a 
shortening which produces a vertical downward deflection at 
the crown of the rib in addition to that of bending. The shorten- 
ing of each A L of the rib is to be foimd throughout its entire 
length, and the sum of such shortenings is first to be taken. 
That component of the resultant compressive stress in each side 
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of the polygonal frame which is parallel to the axis of the rib 
must be found, and if it be called C, the shortening of each A L 
will be: . . 

C AL CAL 

' , AEyAEir + eii -r)) ' ' ' ' ^7' 

In this expression r is the ratio of the area of concrete section 
divided by the total area A, so that (i — f) ^4 is the area of the 
steel section. As already used e is the ratio of the two moduli 
of elasticity and it is to be taken as 12 for this purpose. The 
quantity E^ = E {r + e {1— r)) is obviously the composite 
modulus of elasticity for the reinforced concrete section, E being 
the modulus for concrete and taken here at 2,500,000 per sq. in. 
Since in this case the steel reinforcement is taken at about J 
per cent, of the total section : 

r = .995 and E^ = 1.055 ^ = 2,637, 5vX> per sq. in. . 28. 

The following table shows values of C scaled from the load 
or force diagram of Plate IV as well as other data needed to com- 
pute the desired shortening. 





Axial Thrust 








CAL 


Joint 


C 


A 




AL 


A 


bo 


528,000 lbs. 


24 sq. 


ft. 


4 ft. 


160,000 


h 


447,000 " 


22.8 " 


tt 


19.9 " 


716,733 


h 


385,000 " 


19.2 " 


ti 


16.5 " 


624,784 


h 


337,000 " 


16.6 *' 


<4 


14.6 " 


573,760 


h 


300,000 " 


14.3 " 


l< 


13.3 " 


553»350 


h 


278,000 " 


II.7 " 


14 


12.7 " 


715,410 


h 


270,000 *' 


II.4 " 


ii 


12.3 " 


585,897 


b, 


273,000 " 


II.4 " 


tl 








bs 


281,000 " 


II.7 " 


*l 




3.929,934 


b9 


295,000 " 


14.3 " 


II 






bio 


315,000 " 


16.6 " 


tt 






bii 


342,000 " 


19.2 " 


tt 






bi. 


374,000 " 


22.8 " 


Ii 






bit 


432,000 " 


24.0 " 


11 







/^ A T 

The values of A L and — ^ — ^^^ given for half the span 
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only because both A and A L are equal in symmetrical pairs. 
Hence symmetrical pairs of thrusts C are added and multiplied 

by the corresponding value of —r-. 

The total shortening of the rib will then be, as all dimensions 
are in feet: 

— e= .011 It. = .132 m. . . 20. 

144 X 2,502,500 ^ ^ 

By Eq. 19 of Art. 87, since n = .311, there will result; 

Crown deflection = X .011 = .01242 ft. . 30. 

1333 

If, however, the ends of the rib were free to move horizontally 
as the shortening under compressive stress takes place, the span 
would be slightly shortened and the crown would sink, as the 
length of the rib is 186 feet, by the amount: 

•Oil 

-gT- X 47 = .00278 ft 31. 

If a horizontal force H acting along its proper line of action 
then be applied to the rib with just sufficient magnitude to bring 
the ends back to the original span, the state of stress due to this 
change of shape will be reached. 

Hence the vertical downward deflection to be used in finding 
the stresses due to change of shape caused by the direct thrust 
will be: 

.01242 — .00278 = .00964 ft 32. 

This correction for the deflection accompanjdng free short- 
ening, so to call it, is precisely similar to that made in Art. 87, 
in connection with thermal stresses. Indeed, after the thermal 
deflections are computed those due to shortening the rib may be 
found by simple proportion. By referring to the thermal 
changes of length in Art. 87, for example, the free deflection 
due to the direct thrust is: 

X .0128 = .00278 ft. (See Eq. 31) . . . 33. 



.0506 
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In the same manner other quantities, as bending moments, 
normal and tangential stresses on the various joints of the rib, 
may be computed* by simple proportion from the values of cor- 
responding quantities due to thermal changes. 



Bending Moments, Normal Stresses, and Shearing Stresses Due to 
Change of Shape Caused by Direct Stresses. 

It has been shown by Eq. 32 that the vertical downward 
crown deflection to be used in finding the stresses due to change 
of shape caused by the direct thrust is: 

.00964 ft. 

Consequentiy the quantities sought can be obtained as shown 
in the preceding section of this article by multiplying the corre- 
sponding quantities due to thermal changes by the ratio: 

.00964 



.0342 



= .282 



34^ 



The value of the horizontal stress H for the change of shape 
caused by the direct thrust will then be: 

H = 22,310 X .282 = 6,290 lbs. ... 35. 

The desired bending moments, normal or direct stresses N, 
and shears 5, at the various joints of the rib, will be foimd by 
multiplying the corresponding quantities due to thermal changes 
and found on pages 306 and 307, by the above ratio or coefficient 
.282. This procedure will give the following tabulation of quan- 
tities sought: 



Joint 


Moments 


N 


5 


bo 


— 239,400 ft. lbs. 


3,330 lbs. 


5,330 lbs. 


bi 


— 179,000 " *' 


3,920 " 


4,910 " 


b. 


- 94.500 " " 


4,680 " 


4,200 " 


b. 


- 34,700 " " 


5,250 " 


3,440 " 


64 


+ 7.560 " " 


5,780 " 


2,480 " 


bi 


+ 33,300 " " 


6,020 " 


1,500 " 


b. 


+ 45,700 " " 


6,260 " 


540 " 
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As the vertical crown deflection in this case is downward, 
the direct stresses N will be tensile and must obviously be con- 
sidered of opposite sign to the compressive stresses with which 
they may be ultimately combined in order to determine resultant 
intensities. 

These computations complete all required for the treatment 
of the arch rib with ends fixed. It is seen that, with the exception 
of the bending moments due to the change of shape caused by the 
moments produced by vertical loading, the moments and stresses 
resulting from change of shape are relatively small and may be 
ignored in many cases of short spans. 

Art. 89. — Crown Deflection of Arch Rib with Fixed Ends Due 

to Vertical Loading. 

By Eq. 6 of Art. 84, the vertical downward deflection at the 
crown A of the rib is: 



\r^^ Mx AL _ Hs^^vx AL 



EI 



E^A I 



36. 



The moment intercepts v scaled from Plate IV are given on 
page 291, where the moments M are also foimd, while the quan- 
tities X, AL and / are shown on page 281 . The following tabula- 
tion exhibits the data required for the solution of the above 
value of D: 



X 


AL 


MomentB 


Mx^L 




i 


if 


I 




1.05 ft. 


.03 


— 570,000 ft.-lbs. 


17.955 




8 


.19 


— 732,000 '* " 


— 1,112,640 


— 3,068,600 


20.4 " 


.25 


— 380,000 " " 


- 1,938,000 




32.4 " 


.35 


" " 







44.8 " 


.49 


+ 24,000 " " 


+ 526,800 




57.2 " 


.87 


+ 325.00^ " " 


+ 16,173,000 


+ 17,903,200 


69.6 " 


.91 


+ 19,000 " " 


+ 1,203,384 






Summation = -f 14,834,600 



As the ratio e of the modulus of elasticity of steel divided 
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by that of concrete is to be taken at 12, and as aU dimensions are 
taken in feet: 

£='144X2,500,000 = 360,000^000,. . . 37. 
Hence the vertical deflection at the crown of the rib is*: 

360,000,000 ^ ^yo o 

The deflection at any other point than the crown may 
readily be found by precisely the same general procedure. 

It may also be desirable in many cases to determine in the 
same manner the crown or other deflections separately for the 
moving load and own weight. 

Art. 90. — Stresses and Moments Caused by Thermal Changes 

in an Arch Rib with Hinged Ends. 

In treating thermal stresses in an arch rib with hinged ends 
the same change of temperature, 40° Fahr., from the mean will 
be assmned as in a preceding article for a rib with ends fixed. 
All data, including dimensions of the rib, will be the same as 
already used for the hinged end arch rib under vertical loading. 

The vertical upward or downward crown deflection .0342 ft., 
given by Eq. 21 of Art. 87, will therefore be used in this case. 
Obviously the crown deflection for a given change of length of 
rib will not be precisely the same for ends fixed and hinged, as 
the character of the curve will be slightly different. As this 
slight difference in deflection due to small changes in the shape 
of the curve cannot be simply computed and is too small to be 
material it will be ignored. 

As the ends of the rib are hinged, the line of action of the 
horizontal stress H produced by the change of temperature will 
pass through the centres of the two hinges. The thermal bend- 
ing moments in the rib will therefore be found by simply multiply- 
ing that horizontal stress by the vertical ordinates of the various 
joints of the rib, the origin of the co-ordinates being the centre 
of the hinge B at the left end of the rib, Plate V, as heretofore. 
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The value^f the horizontal stress F may; therefore, be at once 
found by Eq. 23 of^ Art. 87, remembering, however, that th6 
moment ordinate z; in that equation is here identical with the 
ordinate y of the centre line of the rib. The values of D then 
are to be taken from the tabulated values of y\ yi, etc., on 
page 282, the value of y\ being 1.55 ft., and ye, i.«., at the joint 
nearest the crown 46.8 ft. 

The following tabulation gives the numerical values of all 
quantities required to determine the horizontal stress Il\ 



■ 


AL 




vx\L 


« 


I 


r. 


1 


1.05 ft. 


•03 


+ 1.55 ft. 


+ .049 


8 " . 


•19 


..+ ^.8 ;• 


+ 17.936 


20.4 " , 


. .. -25 


+ 24.7 " 


+ 125.97 


32.4 " 


.35 


+ 34^1 " 


+ 386.694 


• 44.8 " • 


49 - 


+ 40.8 " 


+ ' 904.781 


57^ " • 


.87 


. +44.8 ". 


. + 2,229.427 


69.6 " 


.91 

, 1 


.4- 46.8 " 

Total 


+ 2,964.125 


" 


= 4-6,628.982 



Remembering that as all dimensions are given in feet, the 
value of the' modulus of elasticity E will be taken as 144 X 
2,500,000, the value of H foimd by the equation dted above 
will be: 



F = 



144 X 2,50 0,000 X .0342 
.^ 6,628,982 . , 



= 1,858 lbs. 



The value of this horizontal stress is thus seen to be a little 
more than 8% of the value found for the rib with fixed ends. 
If H be multiplied by the ordinates of the various joints, the 
thermal bending moments at those joints will at once result, 
and the bending moments so found are given in the tabulation 
below. Again, if £r be resolved into components normal and 
parallel to the successive joints in half of the rib as indicated by 
Eqs. 25 and 26 of Art. 87, and as was done for the fixed end rib 
in a preceding article, the normal thrusts N and the shearing 
stresses 5 on each of the joints will be found. The tabulation 
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given below shows the values of the bending momeats H v and 
the values of N and S for all joints, one-half of the rib being 
precisely like the other half , as the thermal efifects are necessarily 
symmetrical. 



Joiat 


Honwnt •• Bt. 


N 


5 


ht 


+ 3,880 ft.-lbs. 


985 lbs. 


1,580 lbs. 


bi 


+ 21,920 " " 


i,ieo " 


1450 " 


bt 


+ 45.890 " " 


1,387 " 


1.340 " 


ht 


+ 63,190 " " 


1.553 " 


1,020 " 


»4 


+ 75,810 " " 


1.708 " 


730 " 


h 


+ 83,240 " " 


1,804 " 


440 ' 


ho 


+ 86,950 " " 


1.851 " 


160 " 



These computations complete all required to determine the 
thermal effects for a given change of temperature. It should be 
observed that the change of temperature may be either above or 
below the mean. If there is a rise of temperature above the 
mean, the horizontal stress H will act from each end of the rib 
inward, or toward the midpoint of the span, making the normal 
thrusts N compression, whereas if the temperature is below the 
mean, causing a downward deflection at the crown, the horizontal 
stress H will act outward at each end of the rib, making the 
normal stress N tension. Obviously the shear S will have 
opposite directions in the two cases. 



Art 91. — Stresses in an Arch Rib with Hinged Ends Due to 
Change of Shape Caused by Axial Thrust. 

The axial thrust along the rib produced by vertical loading 
¥dll shorten each section of the rib between two consecutive 
joints, and the total shortening will be the sum of the compressions 
of all such parts of the rib. It will first be necessary to find that 
shortening. The effects due to the change of shape produced by 
the axial thrust will then be precisely like those resulting from 
the same shortening due to a corresponding change of tempera- 
ture. The general procedures to be followed are therefore the 
same as those employed to find the effects of thermal changes. 
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including the correction in the resulting deflection found by first 
assuming free contraction, i.e., contraction accompanied by the 
corresponding shortening of span. 

By careful scaling from the original drawing from which Plate 
V was made, the axial thrusts C along the rib are found to be 
those shown in the tabulation below. The areas of normal 
section A and lengths of section of rib AL are the same as those 
used in preceding articles. The shortening of each section A L 
of the rib produced by the axial thrust C has already been given 
by Eq. 27 of Art. 88, the quantity -E* having the value shown in 
connection with that equation. As the quantities A L and A 
are each the same for the two halves of the span, the thrusts C 
are added for each symmetrical pair of joints and multiplied by 

A Zr, so that the coliunn headed — -1 — requires values for the 
half span only, although the results given are for the entire rib. 



Joint 


Axial Thrust 
C 


A 


AI, 


CAL 
A 


bo 


509,000 lbs. 


24.0 sq. ft. 


4.0 ft. 


157.000 


hi 


420,000 " 


22.8 ' 




19.9 " 


690,385 


h 


360,000 " 


19.2 * 




16.5 " 


596.354 


ht 


311,000 *' 


16.6 ' 




14.6 " 


538.254 


h 


275,000 " 


14.3 ' 




13.3 " 


514,345 


h. 


252,000 '* 


II.7 ' 




12.7 " 


556,862 


h 


246,000 " 


11.4 ' 




12.3 " 


536.263 


br 


251,000 " 


I1.4 * 










b. 


261,000 " 


11.7 ' 






3.589463 


b. 


278,000 " 


14.3 ' 








610 


301,000 " 


16.6 * 








^1 


334,000 " 


19.2 * 








bit 


371,000 " 


22.8 ' 








biM 


433.000 " 


24.0 ' 









By using the nimierical quantity in the preceding tabulation 
there is at once found: 



Shortening = — ^ — - — - — = .00096 ft. = .12 in. 
^ 144 X 2,502,500 ^^ 
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'■■ Agaan, by using Eq. 82 of Art. 35, ' as was done before, 
there will result: 

.. :•. . . 
IC 

Crown deflection = — "^ >< .60006 = .0112 ft'. 
... .. 13-33 • '. 

» • ■ . 

If , however, there had been free contraction of ,the rib, i.e., 
if there had been a corresponding shortening of the span, the 
crown of the rib would have? b^en depressed, p,s thei ri^e of the 
pentre line of the. rib is 47 feet, by -the amount: . 

.00006 r 

— — X 47 = -00252 ft, 

., The crown deflectioii therefore, to be. used for stresses and 
moments due to axial thrust along the rib is: 

.0112 — .00252 = .0087 ft. 

It has already been observed that in cases of thermal changes 
or effects, or stress effects due to the change of length of rib 
produced by axial stresses, the values of the horizontal stress H, 
and hence the bending moments and the values of the direct 
thrusts and shears, f.e., N and S, will be in direct proportion 
to the crown deflection upward or downward as the case 
may be. 

Hence in this case the value of the horizontal stress H due 
to the shortening of the rib by axial thrust may be at once found 
from the value due to thermal change given in the preceding 
article where the crown deflection producing stress was shown 
to be .0342 ft. The value of H sought in this case will then 
be: 

■^ « « .0087 „ 

^ = ''^58 X -— f = 472 lbs. 

.0342 

» 

As the ratio .0087 -^ .0342 = .254, if the moment = Hv 
and the values N and S of the preceding article be multiplied by 
.254, the corresponding quantities required in the present case 
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¥dll at once result. The tabulation given below represents the 
results of such a procedure: 



Joint 


Moment — Hv. 


N 


5 


6. 


+ 731 ft. lbs. 


250 lbs. 


401 lbs. 


i. 


+ 5.577 " " 


295 " 


368 " 


*a 


+ 11.756 " " 


352 " 


315 " 


b. 


+ 16,049 " " 


394 " 


259 " 


*. 


+ 19.255 " " 


434 " 


186 " 


h 


+ 21,143 " " 


458 " 


112 " 


b. 


+ 22,085 " " 


470 " 


41 " 



These complete all the computations of stresses required for 
the hinged end arch for vertical loads, thermal changes and 
stresses due to change of shape produced by axial thrust. The 
normal stresses N are tensile, as the crown deflection if downward. 

The preceding results show that the stresses and moments, 
due to change of shape, produced by axial thrust, are much 
smaller than those due to thermal changes. Indeed they are 
so small that in the present case they. can be safely ignored. 

As is to be expected, all the secondary stresses and moments, 
i.e., those due to changes of temperature and change of shape 
due to axial thrust, are much smaller for the rib with hinged 
ends than for ribs with fixed ends. 



Art. 92. — Crown Deflection of Arch Rib with Hinged Ends 

Carrying Vertical Loading. 

It is frequently desirable to determine the crown deflection 
of a rib with hinged ends under own weight and moving load, the 
latter being of any given amount. To illustrate the requisite 
procedure, the deflection will be found for the hinged end arch 
with its own weight and moving load as taken in Art. 85. The 
procedure for any amount of moving load by itself or for own 
weight by itself, or for the latter combined with any arbitrary 
amount of moving load, will then be obvious without further 
explanation. All the data to be used are given in Art. 85. 

As the moving load covers a little less than half the span, 
it is clear that the shape of the rib while deflected under the 
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assumed loading will not be symmetrical in reference to a vertical 
line through the crown. This condition must be carefully 
observed in computing the crown deflection desired. 

By referring to Art. 83, the general formula for the crown 
deflection in this case will be found to be: 



D 



= V 



^ MxLL 






EI 



39- 



AL 



The values of the quantity -y- have been used a number of 

times in the preceding articles, as in Art. 90. The values of 
the moments Jf , due to own weight and moving load, are found 
on page 298. As heretofore, E will be taken at 144 X 2,500,000, 
because all dimensions are given in feet. 

If the centre line of the rib at the crown A , Plate V, be assumed 
fixed in position, while each half of the rib is subjected to the 
bending moments due to the vertical loading assumed, Eq. 39, 
if applied to each half of the rib, will give the vertical deflection 
of the ends of the rib B and A in respect to the crown. Those 
deflections will be unequal, but they will both be vertically uj>- 
ward. If then the arch rib in the deflected condition described 
be supposed to drop so that the two ends B and D assimie their 
normal and proper positions, the crown deflection will be found 
by combining the two movements, i.e., first, that due to the 
bending moments m each half of the rib, and second that due to 
the dropping of the rib to its two points of support B and D. 

The first tabulation below gives the nmnerical quantities 
from the articles already indicated to be used in finding the 
vertical deflection for each half of the rib, assuming the centre 
line of the rib at the crown to be fixed in position. 



X 


^L 
I 


Moments B — A 
Ft.-Lbs. 


Momenta D —A 
Ft.-Lbfc 


1.05 ft. 

8.0 " 

20.4 " 

32.4 " 
44.8 " 

57-2 " 
6Q.6 " 


.03 
.19 
.25 
.35 
49 
.87 

.91 


+ 49,800 
+ 124,500 
-f 547,800 
+ 1,045,800 
-h 1, 294*800 
+ 1,319,700 
+ 1,045,800 




- 348,600 

- 448,200 

- 273,900 
-h 24.900 
+ 498,000 
+ 697.200 
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In this tabulation it should be carefully observed that for the 
moments D—A the co-ordinate x is measured from D. 

By substituting these numerical quantities in Eq. 39 the 
results given below are at once found: 





B-A 


D-A 




MxAL 


MxAL 




I 


1 




+ 1,569 







+ 189,240 


- 529,872 




+ 2,793,780 


- 2,284,920 




■f 11,859,372 


— 3,106,026 




+ 28,423,450 


+ 547,095 




+ 66,543,551 


+ 24,782,472 




+ 66,579,393 


+ 44,386,262 




-h 176,390,346 


+ 63,795,011 



Hence, the upward deflection of the end of the rib B in refer- 
ence Co the crown will be: 



176.390,346 



= .49 ft. 



144 X 2,500,000 

Similarly the upward deflection of the right-hand end D of 
the rib in reference to the crown will be: 

63,795,011 



144 X 2,500,000 



= .177 ft. 



.40: ft. 
_J B 




Fig. 6. 



The rib will then be in the position indicated by the broken 
line in Fig. 6, the point B having been raised vertically to B^ 
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and D to Z>^ If the rib now be supposed to drop to its original 
position so that B^ may be brought back to B and D^ to D, the 
crown A will be deflected by the amount: 

.49 + .177 

^ = -3335". = 4in 40. 

The actual vertical deflection of the crown imder the. loading 
taken will therefore be one-third of a foot, or 4 inches. 

The axis of the rib at the crown A will, however, no longer 
be horizontal but inclined upward in passing from the left of 
the crown to the right, since B^ B is greater than D^ D. The 
tangent of inclination of the axis of the rib at the crown A will 
then be: 

•49 - -177 _ ^^^^ 
- = .00207 



151. 2 

The deflection and change of slope at any other point of the 
rib may be determined in a precisely similar manner, the simama- 
tions being taken from the ends of the rib to such points as may 
be desired. Obviously the- same general procedure will be 
followed for any other amoimt of moving load than that taken, 
also, either for own weight alone or for moving load alone. 



CHAPTER Vin 

The General Analytic Theory of Elastic Arch Ribs Ac- 
cording TO THE Law of Least Work. 

Art. 93. — General Considerations on the Theory of Arch Ribs. 

An arch rib differs from an ordinary bridge truss chiefly in 
that the reactions at the two ends of the rib are not vertical, a 
horizontal component always existing. The arch rib, like the 
truss, may be continuous, but that continuity may be such as 
to join the ends of the rib to the piers only which support them. 
The ends of the arch rib may also be hinged or jointed, and again 
there may be a hinge or joint at the crown. If the hinge at the 
crown is absent the arch rib is statically indeterminate, whether 
its ends are hinged or continuous, but if the rib has hinges both 
at the ends and at the crown it is statically determinate, requiring 
only the ordinary statical equations of equilibrium for the com- 
plete analysis of its stresses. 

In the cases of statical indetermination, i.e.^ when the ends 
are continuous or, when there are hinges at the ends only, it is 
necessary to employ equations of condition which depend upon 
the elastic properties of the materials used in the rib, in addition 
to the ordinary statical equations of equilibrium. These equa- 
tions may be based upon others giving deflections by the common 
theory of flexure, as in the case of stiffened suspension bridges, or 
they may be foimd by the aid of the law or principle of least 
work, also as illustrated in the theory of suspension bridges. In 
fact, an arch rib is essentially an inverted, stiffened, suspension 
bridge, by which transformation the stiffened cable becomes the 
arch rib in compression, the bending moments in the stiffening- 
truss or stiffening bracing of the suspension bridge corresponding 
to the bending moments of the arch rib. It is dear, therefore, 
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that the arch rib must sustain a combination of bending or 
flexure and direct compression, and its cross-section must be 
designed accordingly. That cross-section may be solid, like 
either a plate girder or a plain concrete arch of a single material, 
or a solid reinforced concrete section; or again, the rib may be an 
articulated structure with open bracing, as in many steel arch 
ribs for railway station buildings and other similar structures. 
It is equally clear that the cross-section of the arch rib may be 
subjected to transverse shear in a normal cross-section or to a 
shear in some other direction, depending upon the character of 
the loading. 

Arch ribs may be subjected to loading in any direction, i.e., 
normal to the exterior surface, as in the case of wind pressure, 
or in a vertical direction, as in the case of many plain and rein- 
forced concrete arches, or in any other direction. A proper general 
theory for such structures must therefore provide for loading 
in any direction and for the effects of bending moments, normal 
stresses, and shears. 

In the following articles will be given a general analysis for 
any conditions of loading, based upon the principle of least 
work. The graphical method based upon the use of elastic 
deflections due to flexure is given in the preceding 
chapter. 

Art. 94. — Arch Rib with Fixed Ends — Stresses and Moments 

^Total Work Expended. 

The general treatment of an arch rib with fixed ends pre- 
supposes any curve for the rib and any system of loads, as 
illustrated in Fig. i. The loads Pi, P2, Ps, etc., acting at any 
points and in any directions, are shown as applied to the centre 
line of the rib having the span F K or I, The points F and K 
are supposed to be at the same elevation and F is the origin of 
the co-ordinates x and y of the curved axis of the rib. 

The points c and c^ represent any normal sections of the rib, 
with which the lines of action of Pi, P2, etc., make the respective 
angles ^1, ^2, etc., the normal sections themselves making the 
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angles ^ with a horizontal plane. The lines of action of Pi, P2, 
etc., make the angles «!, a,, etc., with the horizontal, so 
that: 

«i + 01 = «2 + ^2 = etc. = <f>. 

It is to be carefully observed that «!, aj, etc., (f>i, <^2, etc., are 
positive as measured clockwise, i.e., right-handed from a hor- 
izontal line or from the lines of action of Pi, P2, etc. The same 
observation applies to the angles <f> locating the normal sections 
of the rib and measured clockwise from the same horizontal line 
as «!, ^2, etc. 

It will first be necessary to determine the total normal and 
tangential (shearing) forces or stresses in each normal section of 
the rib. The requisite expression may readily be written as 
follows, H and V being the horizontal and vertical components 
respectively of the reaction at F, while H^ and V^ will be the 
corresponding components at K. 

The component of any load Pi, Fig. i, acting perpendicular to 
any normal section c or c^ of the rib, is Pi sin <Ai, and the tangential 
or shearing component of the same load is Pi cos <t>i. Similarly 
the horizontal and vertical components of the reaction at F will 
have normal and tangential components, respectively, H sin <t>, H 
cos (p, and V cos <A, — F sin <t>. If the angle made by any force 
Pi with the normal section is negative, like — ^s for Ps, the 
normal component becomes — P3 sin <^, although the tangential 
component may still remain + P3 cos <t>z. 

As the forces and moments to which any part F c or F c^ oi 
the arch is subjected are being considered, a positive value of 
the normal force acting on any joint c or c^ indicates compression 
and a negative force, tension. 

The moment about the joint c or c^ of every load or force 
acting on any part F c or F c^ oi the rib must also be written. 
For this purpose let ai and 61 be the horizontal and vertical co- 
ordinates of the point of application of any force or load on the 
axis of the arch, and let x and y be the corresponding co-ordinates 
of the normal section c or c^. Then the lever arm of any such 
force Pi will be (y — 61) cos ^i + (x — ai) sin «!. 
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Hence the desired moment for Px will be; 

-Pi 1 C> — &i) COS «! + (* — fli) sin ttif . 



For H, this expression becomes, since o 
By . 



- o, and Hi = fri = o: 



And for V, since a, = — 90° and a\ = hi = o; 
-Vx 



As the ends of the arch rib in this case are fixed, each of the 
end joints F and K is subjected to a bending moment of such 
magnitude and direction as is necessary to secure fixedness under 
any loading. In general the moments will not be equal nor of 
the same sign. Let this external or fixing moment acting at F 
be represented by Mo- The resultant bendii^ moment at any 
section of the rib will then be the algebraic sum of Mo and the 




ordinary non-continuous moment in the curved beam or rib 
acted upon by H, V, Pi, Pi, etc., as shown below in Eq, 6, 

The following general expressions for the normal and tan- 
gential components of the external loads JV and S on any normal 

*This equation may perhaps be written more simply by remembering 
that Fi cos a. and P| sin a, are the horizontal and vertical components al 
Pi acting with the lever arms (y— 6j and (x— Oi), respectively. 
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section of the rib, and for the moments M of those loads or forces 
about the centre of that normal section may now be written as 
follows: 

N ^ H sin<l> + V cos<t> + ^^ Pisin4>i 4. 

S = H cos<t> — V sin<l> +2^ P\cos<t>\ 5- 

M = M(i+Hy - VxH- ^ Pi \ (y — bi)cos «!+ {x — ai)sin a, V 6. 

These equations are obviously perfectly general and they 
recognize the radial shear S. 

In all that follows, there will be used: 

M^ = ^ Pi j (y — 61) cos «! + (« — ^1) sin ^i Y . 6a. 

In accordance with the law of least work, H, V, and Mq must 
have such values that the total work W expended in stressing all 
the members of the arch rib will be a minimxmi. The expression 
for that total expended work is, if L is the length of the rib meas- 
ured along its axis: 

In this equation, / is the moment of inertia of any normal 
section of the rib about its neutral axis, while A is the area of that 
cross-section and A^ is the normal sectional area on which the 
radial shear S acts. The area A may or may not be equal to A^. 
Each i L is an indefinitely short part of the rib or of the member 
carrying the shear S. G is the modulus of elasticity for shear, 
and E that for direct stress. 

If the rib is of rectangular cross-section and of plain concrete, 



^ Elasticity and Resistance of Materialb," by Wm. H. Burr, Art. 29. 



328 



ARCH RIBS 



[Chap. VIII. 



b being the breadth of the rib and h the depth A^ — b h and 5 
will be the total radial shear (Eq. 5) at any normal section. If 
the concrete be reinforced, A^ will have the same value b h plus 
such allowance as may be made for the steel part of the section. 
The latter may be taken in some cases as an area of concrete sec- 
tion sufficient in amount to afford shearing resistance equiva- 
lent to that of the steel. 

If the rib should be of steel-plate girder section, A^ would 
probably be taken as the area of the normal section of the web 
plate, possibly allowing for the rivet holes. 

Whenever the shear section A^ is constant, we may at once 
write: 

6 rs^.. -±-fs^dL 



sg/a^^^^ 



8. 



If the arch rib is an articulated truss with the usual chords 
and web members, as in Fig. 2, the expression for the work of the 
shear S in Eqs. 7 and 8 must again be modified. If there be either 
a single or a double system of web members, the shear 5 remains 




Fig. 2. 

constant throughout the panel length p = 00^. The tension or 
compression in the web member O Q will then be S sec ?. The 
length of the web member O Q will be p cosec p. Hence if -4" is 
the area of the normal cross-section of the web member O Q, the 
work expended in stressing it will be: 



„_„ 5* sec^ /? cosec P 
W = ;rT77 — p 



2EA 
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If there are two systeixis of bracing, Eq. 9 will be in no way 
changed, but A" will then represent the area of the normal cross- 
section of the two web members found in the panel p. 

If the system of web bracing is diagonal and radial, as 
O 0,0' Q', Fig. 2, p in Eq. 9 should be displaced by h tan /9, 
after which ^ is to be made zero. Introducing these changes 
in Eq. 9, the work expended in stressing the radial web member 
O'Q willbe: 

^ = VeaT' '^- 

Obviously, A'*' is the area of normal section of the radial 
web member. 

In the general application of Eq. 7, the third term of the 
second member of that equation is to be displaced by Eq. 9 for 
each part of the integration covering a panel ^, S being constant 
for each panel, but varying from panel to panel. 

If diagonal and radial bracing is used in the rib the sum of 
the second members of Eqs. 9 and 10 must displace the third 
term of the second member of Eq. 7, as explained above, instead 
of that of Eq. 9 alone. 

Art. 95. — Arch Ribs ¥rith Fixed Ends — ^Application of Principle 

of Least Work. 

It is stated in connection with Eq. 7 of the preceding article 
that ff , V and Mo must have values which will satisfy the law 
of least work. This requires that the first partial derivatives 
of W (Eq. 7), in respect to fl^, F, and Af© as independent variables, 
shall each be zero. Hence, displacing the integral sign by the 
more general summation sign, and making G = nE, Eq. 7 will 
give: 



bH " E\2^ I bH'^ ^ A 6ff ■*'5»-^i4'5J?} ' 



bW dL ^^ M 8M 



2f 



S V 



II. 



12. 



dL{^M dM ^N6N i2^S SS) 
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the ratio "ej) is known. 



In the actual use of these equations the quantity iL will 
have finite values each representing the length of a section of the 
rib, or some other finite length. 

Again, the third term in the second members of Eqs. ii and 
13 will be modified for particular cases as already set forth in 
connection with Eqs. 9 and 10, but without changing the principal 
elements of those terms. 

By differentiating Eqs. 4, 5, and 6: 

hM 8M 

6H "^ dV ^ ^ 

BN . \ 8N 

j^-stn<f> jy-cos<f> 

hM 



8Mc 



= I 



These values are to be inserted in Eqs. 11, 12, and 13, Then 
writing A L for dL and extending the sunmiations over the 
entire length L of the rib, each of those equations must be placed 
equal to zero, remembering that E divides out and disappears: 

|_- 2"7*+ ^ J cos <l>-^^ J} sin ^0^=0 . 16. 

The values of N, S, and M, given in Eqs. 4, 5, and 6, must 
next be substituted in Eqs. 14, 15, and 16, giving three equa- 
tions from which H, V, and Mo may at once be found. 
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To simplify the fonns of those equations let the following 
notation be used: 

Fx^y^ 'sr^sin4>cos<l> , 12 'ST*' sin <l> cos 4>'^ _ 



AL 



21 

» B "■ 



C = 



-,S'-S^(S?'.-*.)]-i 



19. 



AL sr^M' 



a = ; = ; c = , . 20. 

X'j^L Xh^ Xt^^ 

a = : — ; — -: . 21. 

f'ST^^y \r^stn<t>cos<t> 12 -s^sitifl} cos <l>\ 

»"-— ^- »■ 

L2 -r -2 ^ (2 -Pi""*!) + 



c" = 



f„2f*(2r'-*.)]" 



23. 
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The values of B and C are obvious, as shown, and W is 
given by Eq. 6a. 

When the parts into which the rib may be divided, as indicated 
in Fig. I, are all equal, A L will divide out and disappear from 
Eqs. 17, 18, 19, 20, 21, 22, and 23; but when, as in the general 
case, those parts are imequal, A L must be made a factor of each 
quantity preceded by the summation sign ^, as shown in Eqs. 18, 
20, and 22, for A L is then a variable quantity and of finite value 
in the actual application of the formulae. 

Making the substitutions indicated above, and using the 
notation shown, the following equations will result: 

H + aV + bMo + c^o . . . . 24. 

H + a'V + yMo + c' =-0 .... 25. 

H + a''V + y'Mo + c'' ^o ... 26. 

Subtracting Eq. 24 from Eq. 25, and then subtracting Eq. 
25 from Eq. 26: 

F(a' - a) +ilfo(ft'~ J) +c'-c = 0. ... 27. 

V (a" - a') + Mo (6" - 6') + ^" - c' = o . . 28. 

Eliminating 7 in a similar manner by using Eqs. 27 and 28: 

(c'-c)^^'-(c"-(;0 
a —a 

Mo = // _ / .... 29. 

Eq. 27 will then give: 

Or, byEq. 28: 

F = Afo-77 — r> "■ 177 — -7 .... 31. 

a — a a — a 

Then by Eq. 24 (Eq. 25 or Eq. 26 may be similarly used): 

H^—aV — bMo — c . . . . 32. 
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In Eqs. 14 to 23, both inclusive, the summation sign 2* is to 

be taken as covering the entire rib, i.e., y^ except in terms 

where the limits <t> and o are shown, as in two terms each of Eqs. 
19 and 23. 

In this latter case, however, the summation 



2 T-*(2r^. "■»*.) 



is to be taken between the limits ai (the point of application of 
the force or load nearest to the left end of the span) and /, the 
right end of the span. In fact, the summation for each load 
is to extend from its point of application to the right end of 
the span. This procedure will be illustrated later by actual 
application. 

Care must be taken in applying the preceding equations to 
determine properly the value of the sectional area A on which 
the normal stress N acts when the rib is of reinforced concrete 
or any other combined material. If e is the ratio between the 
moduli of elasticity for concrete and steel as given in Eq. 46 of 
Art. 97, and if Ai and A2 (bs used hereafter) are the sectional 
areas of concrete and steel, respectively, the quantity to be 
used for Aj the total area of section, is: 

Ai + eA2 = A + (e " 1) Ai . . . 32a. 

In the same case the quantity E I must be given the value, 
as shown by Eqs. 49 and 50 of Art. 97, /i and I2 being the mo- 
ments of inertia of the concrete and steel sections respectively: 

£1 7i + £2/2 = £1 [/ + (<?- i) /J . . . 32b. 

These two equations have been used in the nimierical applica- 
tions of this analysis to an actual reinforced concrete arch in 
Art. 98, / being the moment of inertia of the entire section. 

The preceding equations are perfectly general for any loading 
whatever and for any curve of rib, whether symmetrical or un- 
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symmetrical. They can be materially simplified for sjnnmetri- 
cal curves and vertical loading. 

Art. 96. — ^Arch Ribs with Fixed Ends — Symmetrical Arches. 

When the arch curve is symmetrical in reference to a vertical 
line through the crown, some of the equations, 17 to 23, of the 
preceding article may be materially simplified. 

In this case the joints located by the angle 4>, Fig. i, will be 
symmetrically placed in reference to the crown of the arch, 
whether their number be even or odd. Then, since cos (90° — 
<A) = — cos (90° + <^) and sin (90° — (p) = sin (90° + <^), and 
remembering that for symmetrical ribs, -4,-4', and AL have 
each the same value at equal distances either side of the crown: 

2^ sin<f>cos<t> _ \r^^ sin<l>cos<t> 

.^4 — ^^ = ° = A-^i^^^- 

The summation limits / and have the same significance as 
L and o. 

This result reduces the numerator of the second member of 
Eq. 17, and the denominator of the second member of Eq. 21, 

to the single term, ^ ~j-A L. 

Furthermore, this latter siraimation is composed of pairs of 
terms of the kind: 



Hence: ± 

\r^^yAL 



2/t-^='27-t 



. * 



33- 



It is also evident, for these conditions of symmetry, that: 

1 i_ 

and i. 

2^cos^fl> , \r^^cos^(t> , , 
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In Eqs. 18 and 20^ obviously: 



/ 



X'.h'—XH^ 



• • ■ • 



35- 



The summation in the numerator of the first of Eq. 20 is 
composed of pairs of terms: 

X AL (I- x) AL .AL 

-7-+ J =^^; 

> 

Hence: £ 

2^ X AL , ^TA* AL 

Finally: i^ 

^0 I " ^ ^0 / • • • • 37« 



Introducing these modifications in Eqs. 17 to 23, including 
both, there will result: 

For Symmetrical Arches with Symmetrical Ribs: 

-^' y A L 
2 £ £ £ 

X^a y AL 
6 = g^ 39- 

-^-^'Af'yAi . "sr^^ sin <l> f ^^^<l> -, . \^r . 



c = 



2F 






5„^ A' \^ 



• > 



40. 
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L L 

1 2^0 I ^, 2^0 I ' 2^, I 

\r^^ y AL -^g y AL ^*y_AL 



a = ^^ . 42. 

2v AL 



7x7^ y ^ 



»Ai 






^y AL 



43- 






• ■ • 



44, 



These equations are applicable for any loading acting in any 
direction; it is only required that the points of loading shall be 
symmetrically placed. 

As 6" = y, Eq. 29 gives: 



7^('"-'')-^ + ' 



Mo = — w ^ h ' ' • ^^' 



Also, by Eq. 31: v^'hP^, 446. 



a ' — a* 
The value of H given by Eq. 32 remains unchanged. 
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It is to be carefully observed in applying the preceding equa- 
tions that^ Pi sin 4>i is the total, normal, external force 

or loading on any joint located by the angle 4>\ also, that / ^ 

Pi cos 4>i is the total external shearing force or loading on the same 
joint. A similar observation applies to Af' (Eq. 6a). By re- 
ferring to Eqs. 4, 5, and 6, in connection with the procedures by 
which Eqs. 14, 15, and 16 were established, it will be clear that the 

simfmiations involving M' or Pi such as 2. ^~J~ \ ^^ ^^ ^^^ *i ) 

A L are to be extended from the point of application only of each 
Pi to /. There must be in effect, therefore, if not in general 
form, a summation for each load, Pi, P2, etc., beginning at its 
point of application and extending to the further end of the span. 

Vertical Loading. 

Most reinforced concrete arches are not only symmetrical, but 
their loading is usually vertical, making aj = a2 = etc. = 90** 
and 90° + <f>i = <f> or <f>i =: <l> — 90°. Hence for that condition: 

sin 01 = — cos <t> and cos 0i = sin <A . . . 44c. 

These values may conveniently be used in Eqs. 40 and 44, 
but no other changes are required for vertical loading. 

In consequence of Eq. 44^, if in Eqs. 40 and 44 there is but a 
single force Pi: 

^^ sin <l> f sr^iP ^ . ^ \ . ,. p ^sr^^ sin^^_cos^ 

^sr^^ cosit>f^^^<l> „ \ ^ T, X^ ^ sin<t>cos<t> 

'sr^^ cos <t> / ^s-^<t> ^ . \ , ^'^^^ cos^<t> , . 

Furthermore, since cos (90*^ — 0) = — cos (90® + <!>), the 
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summation ^^ -: AL between the symmetrical limits ai 

and I — ai will be zero. Again, because cos (i8o — 0) = — cos4> 
there will result for any load for which ai, o^, etc., is less than \ I: 

^sr^ ^ sin^cos± ^ . ^^ sr^ai-isin^cos^ 
For the same reason: 

Again, when ai, o^, etc., is greater than \ I, the summation 
of Eq. 44(i is also expressed by Eq. 44/^, since the synmietrical 
terms of the summation (symmetrical in reference to the crown 
of the arch) cancel each other in pairs, as already observed. 

For the same reason, when ai, Oa, etc., is greater than \ /, 
the summation of Eq. 446 is expressed by Eq. 44^. 

In the use of Eqs. 44A and 44^, it must be carefully remem- 
bered that <^ is an acute angle. With the vertical loads supposed, 
Eq. 6a shows: 

M' = ]^ Pi (x — fli) . . . . 44^. 

2^ M'yAL 
— 

in Eq. 40 may be written: 



'y A LM' _ x^ ' (x- ai) y A i 






44m. 



The second member of Eq. 44W is to be used in computations 
to be made hereafter. 

Under the same supposition of a single vertical load the 
numerator of Eq. 41 becomes: 

These equations will greatly simplify and shorten the treat- 
ment of symmetrical arch ribs with vertical loading, as will be 
shown further on. 
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Art. 97.-— Moment of Inertia — ^Intensity of Stress. 

Moment of Inertia I 

If the rib is of two materials, like reinforced concrete, the 
moment of inertia / must be written accordingly. 

In order to write the value of / for a reinforced concrete rib, 
let A 2 represent the area of the steel section divided into the 
two parts r A2 in the lower half of the rib and (i — r) i42 in the 
upper half. Assmning the cross- 
section of the rib to be rectangu- 
lar, let the dimensions of that 
cross-section be as shown in Fig. 
3, the line N S being the neutral 
axis, or Une of no stress, of the 
section. The notation of Fig. 3 
is self-explanatory, but it may 
be well to state that di is the 
distance from the neutral axis to 
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Fig.3- 



the centre of gravity of (i — r) A2, while fe — ^ is the distance 
from the neutral axis to the centre of gravity of r A2. If, then, 
the coefficient or modidus of elasticity of steel be represented 
by £2, while Ei represents that of concrete, and if 



£2 
£1 



= e 



46, 



the distance, di, from the upper surface of the rib to the neutral 
axis will take the value: 



di = 



Lff^ + e-^(a + rh2) 



hi + 6 



• 47- 



In this equation the tensile resistance of the concrete is given 
full value. 



*See Appendix IL 
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If the tensile resistance of the concrete be neglected, the value 
of di becomes: 

d,= -e^*yj{ef-y + 2e^{a + rh,) . 48.* 

If the steel should be found wholly on one side or the other 
(i.e., top or bottom) of the rib, r = o, or i, as the case may be. 

Similar formulae may be written for other forms of cross- 
section than the rectangle. 

It is obvious that if the cross-section of both steel and concrete 
is symmetrically disposed about a horizontal Une at mid-depth of 
the rib, the neutral axis will coincide with that mid-depth line, 
making 

di = J hi. 

This is shown by Eq. 47, because r is then i and a + i A2 = 

After di has been determined, the moment of inertia / of the 
combined cross-section about the neutral axis, now known, must 
be found. 

If the radius of curvature due to bending only is R, then it 
must be remembered that the moment of the internal stresses 
of any normal section is: 

for each part of the, section. Hence, the quantity EI for the 
reinforced concrete section may be written: 

EiIi + E2l2=-Ei{I + eh) ... 49- 

It is convenient to compute / as if it covered the entire 
normal section, i.e., not only the concrete part but the area of 
the steel section; thus giving to Eq. 49 the following form: 

Eili + E2l2 = E[I + (e- 1)1^ ... SO. 

Eqs. 49 and 50 are perfectly general, and they are applicable 
to ribs of any section. 

In Bq. 50, / is the moment of inertia of the entire cross-section 
of the rib about the neutral axis. 



*" Elasticity and Resistance of Materials," by Wm. H. Burr, pp. 639, 640. 
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If the width or breadth of a rectangular rib is J, and h is its 
depth, then il di = \h\: 

12 ^ 

Assuming, as is usually the case, that the steel is symmetric- 
ally disposed, there may be written: 

h = 2 (—<h) = ^2(^ .... 52. 

Inasmuch as the area of steel seldom exceeds 2 per cent, of 
the entire section, and is often as small as | per cent., each part 
of it may be considered concentrated as its centre of gravity. 
This greatly simplifies finding the value of /2. 

The moment of inertia of the combined rectangular section 
then becomes: 

I+{e-i)h = ^ + {e-i)Aa, . . 53. 

If these equations are applied to one unit (foot) width of rib, 
6 = 1, and Ai is the area of normal section of steel belonging to a 
unit width of rib. 

These formulae enable all computations of stresses in any 
reinforced concrete rib to be made when the bending moment 
M is known. 

In the case of a plain concrete rib, the moment of inertia / is 
simply as given in Eq. 51. If the rib is of structural steel, the 
moment of inertia / is to be found precisely as for any steel 
cross-section, for which the neutral axis passes through its centre 
of gravity. 

Intensities of Stress. 

Expressions for the intensities of stress in either the concrete 
or the steel may readily be written. For this purpose, 

Let ki = (greatest) intensity of stress in the concrete at distance 

di from the neutral axis. 

k^ = (greatest) intensity of stress in the concrete at dis- 
tance {hi — di) from the neutral axis. 

c = (greatest) intensity of stress in the steel at distance 
(^2 from the neutral axis. 
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The sign of the bending moment M, Eq. 6, Art. 94, will show 
whether Jfe^, Jfei, or c is tension or compression. A negative mo- 
ment will make ki and c compression, and hence, k^ tension. 

The intensity ki will be: 

. M ^ 

V = *L^Jfe,;andc = e^*x ... 55- 

Furthermore, the intensity of stress in the steel of the kind 

opposite toe is: 

hi ^ di hi — di 

h = — -j — c = C' — T — »i . . . 5^' 

The preceding equations recognize the tensile resistance of 
the concrete, but if that tensile resistance be neglected, the 
intensity ki, now compression, becomes: 

, M 

In this case, k^ = o, but otherwise Eqs. 55 and 56 are im- 
changed. 

Although the preceding equations belong to rectangular 
sections, it is clear that similar equations for any form of section 
may easily be written. 

If the steel reinforcement is wholly on the tension side, r = i 

in Eq. 57, and: 

M 

^1 - ft ti: ^2 . . • . 58- 



+ ej^{h- <hy 



Bending Moment M. 

In all the preceding equations, the moment M is given by 
Eq. 6, Art. 94, in which Mo, By and V are found by Eqs. 29, 30, 
and 32 of Art. 95. 

*0p. cit.^ pp. 642, 643. 
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When the loading is vertical, cti = ctj = etc. = 90°, then co$ 
«i = cos ttj = etc. = o and sin «! = sin a^ = i. Hence: 

4 



M--Mo+ny-Vx+ ^ Pi{x- ai) . sSa. 



Normal Compressive Stress at Any Section. 

The total normal stress N on any normal section of an arch 
rib, given by Eq. 4 of Art. 94, is uniformly distributed over the 
sectional area of the rib, except that in case of reinforced concrete 
the uniform intensity of the stress on the steel section A2 is e 

I = -^ J times as great as on the concrete section. Hence if Pi 

is the imiform intensity of compression due to iV, the direct 
normal stress, then A, being the total normal sectional area of 
the rib: 

PiA + (e- i)piA2 =- N 

Or: 

N 

^'^ A + {e--i)A2 ^^• 

The greatest intensity of compression in the concrete section 
will then be, by Eqs. 54, 57, or 58 and 59: 

P = ki -{- Pi 60. 

While the least intensity will be: 

p^ = ki — pi 61. 

The greatest compression in the steel will be, by the aid of 

Eq. 55- 

di e N d^ 

The greatest tension in the steel in the same section will be, 
remembering Eq. 56: 

h- d2 , eN h-di, 

t = e pi — e — J — ki = *-j — :— 7 r-j e — j — ki . 03, 

^ di A + {e — i) Ai di ^ 
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These equations complete the analysis for the direct stresses 
of compression and tension in any section of a reinforced concrete 
arch. 

For plain concrete or any other single material it is only 
necessary to make 6 = iore— i=oin the Eqs. 59, 62, and 63. 

Vertical Loading. 

If the rib carries vertical loading, a^ = a2 = etc. = 90® and 
sin go^ = 1, cos 90° = o. Also, as stated in the preceding 
article, sin <^i = — cos <^, and cos 0i = sin 4>, Hence, by Eq. 4 
of Art. 94: 

N ^Hsin<t>-^(y -^"^ P^ cos4> . . 64. 

This value of N is to be used in the preceding equations for 
^1, c, and t when the loading is vertical. 

The bending moment M for vertical loading is given by Eq. 
S8a. 

Shearing Stress in Any Normal Section. 

The general value of the total shearing stress S in any normal 
section of the arch rib is given by Eq. 5, Art. 94. This shearing 
stress is assumed to be uniformly distributed over the normal 
section A, which includes the stee^ section -42 in the case of rein- 
forced concrete. 

When the rib is of solid reinforced concrete it may seriously 
be doubted whether the steel should be considered as relieving 
the concrete of any material amount of shear unless the imbedded 
steel is designed as a braced rib in itself. If the steel is not so 
designed the intensity 5 of the shear in the concrete will be: 

^ , ^„, ^ , Pi cos <l>i 

s = ^ . . 65. 

The total sectional area A, which includes A2y is written, as 
it is reasonable to suppose that the steel section is at least equiva- 
lent to an equal concrete section in resisting shear. 
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Should the steel reinforcement be designed as a trussed 
member or braced rib, the amount of shear which it will carry 
will depend upon that design to such an extent that the amount 
cannot be determined imtil the design is known; it may be de- 
signed to carry the total shear. The shear which the steel does 
not carry must evidently be carried by the concrete. It may be 
observed that it is difficult to arrange the combined concrete 
and steel so as to make each part carry satisfactorily its computed 
proper portion. In most cases it is probably best to design the 
work so that either the concrete or the steel shall afford sufficient 
capacity to carry all the shear. 

When all the loading is vertical, cos<t>i =^ sin<t> ia Eq. 65, or: 



H cos il> - sin 4> (V - ^o Pi) 



_ , -S..., 

s = A — ' . . . 66. 



In some cases it may be advisable to'determine the shear on 
some other than the normal section of the rib, as on a vertical 
plane normal to the vertical axial plane. It is only necessary to 
determine the resultant stress along such a plane in the same 
general manner as that employed for the normal section; then 
find the area of the section in question and divide the former 
by the latter, remembering the general observations regarding 
the steel reinforcement made above. 

Art. 98. — ^Application of Formuls to a Reinforced Concrete Rib. 

The rib used in the application of these formulae is shown on 
Plate IV. It is taken from a bridge already constructed. The 
span of the rib from centre to centre of springing joints is 151.2 
ft., and the rise of the centre Une of the rib at the crown is 47 ft. 
The curve of the centre-line of the rib is circular, but two centred, 
the radius of the central part being 78.2 ft., and that of each end 
part 106.5 f^- The uniform width of the rib is 3.25 ft. The 
depth of rib at the crown is 3.5 ft., and 7.5 ft. at the springing 
joint. 

There are 13 loads applied to the rib by means of spandril 
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columns, placed 12.25 ft. from centre to centre. The dead loads 
of the structure and the moving loads are as follows: 



Dead Load. 

Pi = 75, 600 lbs. 
P2 = S3»3oo 
Pz = 49,800 

P4 = 47)400 
Pb = 44,000 

Pe = 36,500 
Pi = 36,500 



Live Load. 

24,000 lbs. 
24,500 '' 
24,500 " 
24,500 '' 
24,500 " 
24,500 " 



Dead Load. 

P 8 = 36,500 lbs 
P9 = 44,000 

Pio = 47,400 

Pll = 49,800 

^1« = 53,300 

Pis = 75>6oo 



The points of application of the loads fix the lengths (A £) of 
the sections into which the rib is divided. The first load. Pi, 
acts on the rib at the horizontal distance ai = 2.1 ft. from the 
joint, where the centre-line of the rib cuts the springing joint, 
which point is taken as the origin of the co-ordinates x and y, 
and a and 6. The lengths A L along the centre-line of the rib 
are the distances between the points of application of the loads 
Pi, P2, Pj, etc., and the distances of Pi and Pu from the ends of 
the centre-line. 

The co-ordinates x and y locate the normal sections of the rib 
at the mid-points of the length A L, ix., midway between the 
points of application of each two adjacent loads. This part of 
the procedure is based upon the tacit assumption that the state 
of stress is uniform throughout each length A L, and it involves 
a corresponding approximation. 

All dimensions, even for cross-sectional areas of steel and for 
moments of inertia, are taken in feet. Hence areas of sections 
will be given in square feet, and the modulus of elasticity for steel 
will be 144 X 30,000,000 = 4,320,000,000. The modulus for 
concrete must be similarly taken, i.e., 144 X 2,000,000 = 
288,000,000. The ratio e will thus become: 



30 

2 ^ 



The ratio n between the moduli of elasticity for normal and 
shearing stresses will be taken as .4. 
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The subscript applies to the springing joint, but A'o or /'o 
indicates the area of normal rib section or moment of inertia 
midway of the A io at the end of the rib, and similarly for other 
letters affected with the prime and 
zero. The subscripts 1, 2, s; etc., 
indicate the joints, loads, etc., num- 
bered consecutively from the end of 
the rib. 

Fig. 4 shows the cross-section of 
the .rib with the steel reinforcement. 
The depth of the rib is represented 
by ho, h\ hi, A2, etc., as given below. 
Fig. 4 shows the cross-section where 
the depth is A4 = 4.4 feet. 

The values of the angles ^, ^', 
<t>\ ^", etc., of inclination of the normal section of the rib to 
a horizontal h'ne at the mid-points of A L are : 



.__>^__ 




<t>o = 30° 


25' 


4>"' = 56° 


45' 


*)' = 32 


00 


«'' = 66 


45 


«' =38 


35 


«' =76 


IS 


4," = 48 


15 


«" =85 


5 



The inclinations of the normal joints in the second half of 
the arch are not needed, as they would be supplements of the 
angles of inclination in the first half. 

The lengths A L, the total areas of normal sections of the rib, 
and the areas of steel section (about \ per cent, of the total 
sectional area) are as follows: 



Values of AL. 

A Lit « A L'o — 4.0 ft. 

A Lit — A Li = 19.9 

A Lu ^ A L% — 16.5 

A Lio = A L 8 = 14.6 

AL,^ AL4= 13.3 " 
Alr8=»ALss 12.7 

ALi = A Le - 12.3 " 

93.3 " 



(( 



« 



II 



If 



Total Section. 

A ^ 24.4 
A'o — 24.2 
A 1 — 22.8 
i4 s a 19.2 
i4 8 = 16.6 
A 4 = 14-3 
A 4 = 11.7 
i4 4 "■ 114 



sq. 
(I 

f< 

i< 

II 

i< 

11 

i€ 



ft. 
If 

II 

II 

II 

II 

11 

€t 



Steel Section, 
A n ^ .125 sq. ft. 
A'» = .125 
An = l 
i4» = .1 
i4 tt — -oS 
A u ^ *oS 
A u ™ •od 
A n ^ •od 



14 

II 
fi 
II 
If 
<« 
II 
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'I'he moments of inertia, depths of rib, and the co-ordinates 


X, y, a, and b 


are 1 


shown below: 








• 




■ 


Moment of inertia. 




Z?f />^A (?/ ri^. 










h 


= 135.8 


Ao 


= hu = 7.5 ft. 










/o' 


= 132.2 


V 


= Ai. - 7.46 " 


- 








/i 


= 106.8 


At 


-Ai. = 7.0 " 










/. 


= 65.86 


^ 


-All = 5-9 *' 










/. 


= 41.9 . 


At 


-Aio = 5-i " 










U 


= 27.33 


^ 


- A, - 4-4 " 










h 


■= 14.65 


A. 


= A, =3-6 " 










h 


= 13-53 


A« 


« At =3.5 " 






«o* «» 1.05 


ft. 




yo' = 1.6 ft. 




%i ^ 2.1 ft. 


bi « 3.2 


ft. 


xi = 8. 


<i 




yi = 11.20" 




a, = 14.35 " 


bt » 184 




xt « 20.4 


<i 




y« = 24.4 *• 




ci = 26.6 " 


61 »= 29.8 


**• 


«8 = 32.4 


i< 




yt - 34. " 




04 - 38.85 " 


bi = 37-8 




X4 = 44-8 


II 




yi = 40.8 " 




a» = 51. 1. " 


bi =43- 




Xi « 57.2 


II 




ys = 45. " 




o« - 63.35 " 


&e — 46. 




xe = 69.6 


II 




yt = 46-8 " 




ar = 75.6 " 


br =47. 




Xi « 81.6 


(( 




yi = 46-8 " 




a, - 87.85 " 


&8 = 46. 




X8 = 94- 


11 




y. = 45. " 




(h - lOO.I " 


69 - 43. 




X9 = 106.4 


II 




yt = 40.8 " 




aio = 112.35 " 


frio = 37-8 




Xio - 1 18.8 


tt 




yio = 34. " 




ail = 124.6 " 


611 = 29.8 




«ll = 130-8 


II 




yn = 24.4 " 




Oil = 136.85 " 


bu - 18.4 




«« = 143-2 


II 




yii = 1 1.2 " 




ail = 149.1 " 


bit = 3.2 




xit = 150.15 


41 




yi9 = 1.6 •• 








\ 


*14 = 151 -2 


(span) 













The results of the successive applications of a single force P 
to each point of loading throughout the entire rib will next be 
found. 

The quantity M^ given by Eq. 6a will now take the form: 

M' = Pix-ai) ...... 67. 

Consequently the terms in Eqs. 40, 41, and 44, in which AP 
appears, will become: 
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2.,— I — ^ Iz^arr- - ''' 2^arr\ • 7°- 

The following tabulations illustrate the application of the 
preceding data to Eqs. 38, 39, 40, 41, 42, 43, and 44 for the de- 
termination of the quantities a, &, c, a', ft', c', a", J", and c". 





y AL 


y«AL 


xyiiL 




y 


/ 


/ 


I 


X 


1.6 


.0484 


.0775 


.0508 


1.05 


II. 3 


2.1055 


23 . 7925 


16.8442 


8.0 


24.7 


6.I88I 


152.8458 


126.2370 


20.4 


34- 1 


11.8822 


405.1813 


384.9817 


32.4 


40.8 


19.8406 


809.4977 


888.8602 


44.8 


44-8 


38.8371 


I 739 903 


2221.4833 


57.2 


46.8 


42 . 5454 


1991.1252 


2961 . 1605 
3471.7055 


69.6 




121.4474 


5122.4230 


81.6 








3650.6968 


94.0 








21 I I. 0403 

141 I. 5994 
809.4022 

301.5119 
7.2702 


106.4 
118. 8 














130.8 
143-2 
150.15 












» 




18362.8442 





a 


x>l xy £kL 


yl yl^h 


ylx^ L 


x>l M'AL 


^l Af'yAl. 




18^)62.844 










2.1 


18362.793 


- 509.977 


464.967 


452.104 


17852.816 


14-35 


18345.949 


- 3454.633 


463.476 


378.25 


I4891.316 


26.60 


18219.712 


- 6239. Ill 


458.365 


307.049 


I 1980. 601 


38-85 


17834.73 


- 8650.768 


447 075 


239.611 


9183.962 


511 


16945 . 87 


— 10364.664 


425.23 


177.199 


6581.206 


63.35 


14724.387 


— 10389.02 


375.703 


123.13 


4335 367 


75.6 


11763.226 


— 9181.469 


312.43 


79-744 


2581.757 


87.85 


8291.52 


- 6931.629 


238.248 


47.122 


1359 891 


100. 1 


4640.823 


— 4010.607 


156.76 


26.444 


630.216 


112.35 


2529.783 


— 2272 . 279 


105.019 


13-390 


257.245 


124.6 


III8.184 


- 1039.538 


63.623 


5-42 


78.646 


136.85 


308.782 


— 294.912 


30.853 


1. 213 


13.87 


149.10 


7.27 


- 7.216 


4.545 


.275 


.054 
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a 


yl AL 


-<4-' 


X'l x*AL 

^a I 








6.1557 
6.12544 




41417.788 
41417.755 






2.1 


- 12.8634 


- 976.431 


40441.324 


14.35 


5-939" 


— 85.2262 


41405.830 


— 6650.881 


34754-949 


26.60 


5.68858 


- 151. 3162 


41301.569 


- 12192.509 


29109.06 


38-85 


5-34013 


— 207.464 


40935.780 


- 17368.864 


23566.916 


51. 1 


4.85384 


— 248.0312 


39959.776 


-21729.253 


18230.523 


63 -35 


3.98694 


-252.5726 


37123.417 


-23800.785 


13322.632 


75.6 


3.07785 


-232.6855 


32719.637 


— 23619 . 708 


9099.929 


87.85 


2 . 16876 


- 191 . 1256 


26766.410 


— 20930.087 


5836.323 


100. 1 


I .30186 


- 130.3162 


19106.482 


-15691.676 


3414.806 


"2.35 


.81557 


- 91.6293 


13601.208 


-11798.885 


1802.323 


124.6 


.46712 


— 58.2032 


8683.375 


— 7927.426 


755.949 


136.85 


.21659 


- 29.6403 


4397.150 


- 4222.233 


174-917 


149. 1 


.03026 


- 4.5117 


682.207 


- 677.66 


4.547 







a -» 


a-t 






♦ 


a 


V sin^cos^ A L 


_ X'Sin^cos^^L 


x*I C05* ^AL 


^l j»ii«<^AL 




-0 ^ 


'^ A' 
^ 


-"a A 


32^ 
38' 35' 












3.1 




0693 


- .0743 


-2.7195 


8 . 8585 


48" 15' 


14.35 




.4702 


- .4998 


— 2.2170 


8.5190 


56^ 45' 


26.60 




.8681 


- .9267 


- I. 8618 


8.0407 


66<>45' 


38.85 




2459 


-1.3300 


— I.614I 


7.4255 


76^ 15' 


51 -I 




5587 


- 1.6673 


-1.4798 


6.5474 


85^ 5' 


63-35 




7925 


-I. 9179 


- 1.4225 


5.5232 


94' 55' 


75-6 




.8783 


— 2.0I0I 


-I. 4152 


4.4524 


103** 45' 


87.85 




7925 


-I. 9179 


— 1.4078 


3.3816 


113' 15' 


100. 1 




■5587 


- 1.6673 


- 1.3506 


2.3575 


123' 15' 


112.35 




2459 


- 1.3300 


— I. 2162 


1.4793 


131'' 45' 


124.6 




.8681 


- .9267 


- .9685 


.8642 


141' 25' 


136.85 




.4702 


- .4998 


- .6133 


.3859 


148'' 00' 


149. 1 




.0693 


- .0743 


— .1109 


.0464 



The following values, which do not involve the load P, at 
once, result: 

a = — 1.78939 (From Eq. 38). 



h = 



.02367 (From Eq. 39). 



Art. 98.J 



APPLICATION TO RIB 



351 



= — 1.91597 (From Eq. 41), 



a 

b' = .02534 (From Eq. 41), 

a 

6" = 6' = .02534 (From Eq. 43), 



= — 2.2571 (From Eq. 42). 



The quantities c, c\ and c" (Eqs. 40, 41, and 44) will each 
have a separate value for each point of application of P. If P be 
taken as um'ty, these values will be: 



a 


c 


cf 


c" 


2.1 ft. 


I . 73968 


I.86I3I 


2 . 20395 


14.35 " 


I. 45 1005 


I . 55726 


I . 8942 


26.6 " 


I . 16728 


I. 2641 2 


1.58664 


38.85 " 


.89545 


.98648 


I . 28471 


51. 1 '* 


.64098 


■ 72953 


.99395 


63.35 " 


.42208 


.50693 


.7265 


75.6 " 


.25118 


.328306 


.49637 


87.85 " 


.13213 


. I94OOI 


.31846 


100. I " 


.061077 


. 10887 


.18642 


112.35 " 


.0248 


.055127 


.098459 


124.6 " 


.007477 


.022114 


.041361 


136.85 " 


.001251 


.004994 


.009622 


149.1 " 


.0000097 


— .0011322 


.000261 



The negative and exceedingly small value of c for a = 149. i 
is evidentiy a small error due to the approximate character of 
the method for all exceedingly small values due to placing the 
load close to the end of the span. 

Introducing the above numerical values in Eqs. 44a, 446, and 
32, there will result: 

Mo = 222.19 W - O - 598.8 (c'- c) .... 71. 

V = 2.93143 (c'' -O 72. 

H = 1.78939 y - -02367 Mo- c .... 73. 



These are the equations of the influence lines for Mo, V, and 
H, shown on Plate VI, 
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Eqs. 71, 72, and 73 give, by the aid of the preceding values 
of c, c' and c'\ the following results: 



a 


Mo 




V 


H 


2.1 ft. 


+ 3299 ft. 


lbs. 


.9944 lb. 


— .0396 lb. 


1435 " 


+ 11.207 " 




.9876 " 


.0501 " 


26.6 " 


+ 13.676 " 




•9454 " 


.1998 " 


38.85 •' 


+ 11.758 " 




.8742 " 


•39 " 


51 I *' 


+ 5.73 '* 




.7748 " 


•6097 " 


63.35 " 


— 2.02 '* 




.6437 " 


•7778 " 


75-6 " 


- 8.843 " 




.4927 " 


•8403 ** 


87.85 " 


- II. 51 " 




.3644 " 


.7431 " 


100. 1 *' 


- 11.385 " 




.2273 " 


.615 " 


112.35 " 


- 8.534 " 




.127 " 


•405 " 


124.6 " 


- 4483 " 




.0564 " 


.1996 *' 


136.85 " 


- I. 213 " 




.136 " 


.0518 " 


149. I " 


- o.5(?)" 




.0004 (?)ft. 


.0125 •* 



These values are for one pound (or other unit load) placed 
at the points on the rib located by the horizontal co-ordi- 
nate a. 

The values of H should be equal in pairs symmetrical to a 
vertical Une through the crown of the arch, and they are so with 
substantial accuracy. Again, the values of V added in sym- 
metrical pairs should make the sum of each such pair equal to 
unity, and that will be found to be essentially the case. 

The above numerical values of Afo, V, and H have been used 
to construct the influence lines on Plate VI, All the points fall 
essentially on the smooth curves except the value of Mo for 
a = 87.85. The value JIf = — 11.51 ft.-lbs., given in the 
tabulation above, was scaled from the plate, the computed values 
being a little less. 

The line B' M LD' represents the numerical values of Afo, 
found in the second column of the table, the ordinates laid 
off upward from 5' £>' being positive and those below that line 
negative. The reversed curve K Z?' represents the end reactions 
or shears F, for the unit load placed at the points represented 
by a, as shown in the third column of the table. Finally the 
curved line B' F Z?' represents the values of H shown in the fourth 
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column of the table for unit loads placed at the points indicated 
by the horizontal co-ordinates a, as for Afo and 7. These three 
lines, therefore, constitute complete influence lines for the 
quantities which they represent. The dotted line K D' inter- 
sects the curved influence line for V at the, point shown, where it 
also intersects the vertical line G F drawn through the centre of 
the span, thus constituting a check on the accuracy of the in- 
fluence line for V. 

The end moment Mo and the vertical and horizontal forces 
V and Hy for any load at any point, can at once be found by 
multiplying the above unit value of the same quantity (taken 
from the preceding table or scaled from Plate VI) by that 
load. 

The general values of the normal or shearing force (iV^ or 
5), or of the bending moment My at any point given by 
equations 4, 5, and 6, may now be determined by simply adapting 
those equations to vertical loading as indicated by Eq. 44c, and 
in the paragraph preceding that equation. These operations 
will enable the influence lines for M, Ny and S to be drawn. The 
complete conditions of stress in the entire rib, or its complete 
design, may then be treated as set forth in Art. 97. 

Art. 99. — Intersection Locus for Reaction Lines. 

In finding positions of the moving load which cause the 
greatest bending moment at any point of an arch rib, it is con- 
venient to resort to a graphical method which involves the con- 
struction of the locus of the intersection of the reaction lines 
belonging to all positions which a single or concentrated load 
may occupy. 

In Fig. 5 a single vertical force or load is represented with 
its line of action through / and K. The reaction lines / E and 
/ F are supposed to be so drawn as to make the actual bending 
moment in the rib as found in the preceding article, the ends of 
the rib being fixed and the moments Mo at B and M'o at D being 
equal to the products of the components of P along / E and / F 
by the normals drawn from B and £>, respectively, to those lines. 
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The vertical components or reactions at B and D are V and V, 
and the common horizontal component of each inclined reaction 
is represented by H. The problem is to find the locus of / as 




Fig. 5. 

the load P is moved from point to point in the span. 
The conditions represented in Fig. 5 lead to the following 
eqautions: 

Mo 



Mo = H XBE :. BE = 



H- 



74. 



Taking moments about G: 



VxBG = HxBE:. BG^^BE 



Mt 



7S. 



Similarly: 



Mo' = H XFD :. FD = 



Mo' 
H ■ 



. . 76. 



Also, taking moments about G* : 



H 



V XDG' ^HxFD:.DG' = YiFD = 



Mo' 
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By similar triangles: 

J K BE 

GK " BG 



V V 



Because GK = a — BG = a — 



Mo 



Tzr ( ^o\ F Fa -Mo 



78. 



Eq. 78 is the equation of the intersection locus / for the 
reaction Unes E J and F J. That locus is the line LJN. The 
extremities L and H are indeterminate at the vertical lines 
through B and Z?, for when a = o, in Eq. 78, Mo and H both 

become zero, making J K = —. 

It is evident from Fig. 5 that the intersection locus may be 
constructed by finding B G and D G\ or B E and F D, for all 
positions of the load P. In either case the quantities become 
large for positions of the load near the ends of the span. The 
horizontal distances B G and D G will be used in this case. 

By introducing the quantities Afo, F, and B, established for 
unit loads in the preceding article in Eqs. 75, 77, and 78, the 
following numerical results are reached: 




2.1 

1435 
26.6 

38.85 

511 

6335 

75-6 

87.85 
100. 1 
112.35 
124.6 
136.85 

149. 1 



ft. 



H- 3.32 ft. 

+ 11.35 
+ 14.47 
4- 13-45 
+ 7.39 

- 3- 14 

- 17.94 

-31.59 

- 50.09 

- 67.2 

- 79.49 

- 89.19 



- 89.19 ft 

- 79.49 

- 67.2 

-50.09 

-31.59 

- 17.94 

- 314 
+ 7.39 
+ 13.45 
+ 14.47 
+ 11.35 
+ 3.32 



59-3 ft. 
57.36 " 



<f 



55-51 
55.0 

55.96 

57.55 " 
59-1 



«i 



II 



a 
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In Plate VI, the smooth curve NOP represents the points 
established by the vertical distances JK above BD. The 
points lie in the curve with essential accuracy. 

The reaction lines drawn from points located by the distances 
B G and D G', from B and D, respectively, to points in the inter- 
section locus determined by the ordinate J K are all shown 
within the limits established by vertical lines through B and D, 

Art. 100. — ^Position and Amount of Loading Required to Give 

Greatest Bending Moment at Any Joint. 

Referring to the intersection locus and the reaction lines 
constructed on Plate VI, as fully explained in the preceding 
article, it may at once be observed that if the two curves, F Q 
and R 5, be drawn tangent to the reaction lines as shown on the 
plate, those curves will be envelopes. These curved envelopes 
are obviously exact duplicates. It is equally clear that if two 
lines be drawn tangent to the envelopes from any point in the 
intersection locus, those two tangents will represent reaction 
lines for a vertical load, acting through the assiuned point on 
the locus. 

Tte bending moment at any joint in either of the two seg- 
ments of the rib made by the point of application of a vertical 
load will be found by simply multiplying the component of the 
load acting along the reaction line by the normal distance of 
the centre of the joint in question from the latter line. There- 
fore the joint located by the intersection of a reaction line with 
the centre line of the rib will be subject to no bending, as the 
lever arm will be o. 

If, then, / be the centre of any joint of the rib, let the broken 
Une cfdhe drawn tangent to the right envelope. The reaction 
line afo is already constructed tangent to the left envelope. 
Any loading placed between c and a will produce a bending 
moment at the joint /, causing compression in the upper part 
of the joint and tension in the lower part. On the other hand, 
any loading to the right of a or to the left of c will produce a 
bending moment at/, causing tension in the upper part of the 







c 



u 
O 



CO 

V 

C 






c 
o 

c 



b3 
H 

< 
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joint and compression in the lower. It follows, therefore, that if 
the moments producing compression in the upper part of a joint 
are called positive, the maximum positive bending moment at / 
will be produced by placing the greatest possible amount of 
loading between c and a, and that the greatest negative bending 
moment at / will be produced by removing all load from the 
segment c a and covering the remainder of the span with the 
greatest possible amount of loading. 

Similarly, if it is desired to produce the greatest possible 
positive bending moment at the crown Ay Ah, and A e, drawn 
tangent to the two envelopes, give the segment e A, which must 
be loaded to the greatest extent possible, while the greatest 
negative moment at the crown will be produced by removing 
all load from e h and covering the remainder of the span. 

If the centre of a joint like g, at some distance from the crown, 
be taken, the tangent gd to the right envelope does not cut the 
intersection locus in the left part of the span, but the other 
tangent o g cuts the locus at o. This indicates that the greatest 
positive bending moment at-will be produced by loading, to the 
greatest possible extent, that part of the span extending from 
to the left end, while the greatest negative moment will be 
produced by loading the entire right-hand part of the span. 

These illustrations show clearly and fully how to determine 
the amount and position of loading for the greatest bending 
moment of either kind at any joint by simply drawing tangents 
from the centre of the joint in question to the two envelopes and 
observing the segment of the intersection locus made by those 
tangents produced. 

The preceding constructions have been made for vertical 
loading, but the same general procedure may be employed for 
any inclined loading, although the resulting constructions and 
their use would not be so simple as for vertical loads. 
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Art. loi. — ^Treatment of the Arch Rib with Hinged Ends, 
According to the Law of Least Work. 

The general treatment of elastic arch ribs, by the aid of the 
law of least work, as set forth in the preceding articles, is 
directly applicable to arch ribs with hinged ends with a few 
changes which simpUfy analysis. 

If the ends of an arch rib are hinged, the end moments, Jfo, 
are each equal to o. Using the same notation as in Art. 94 
the values of the normal stress, the shearing stress, and the 
bending moment in any normal section of the rib will be given 
for this case by Eqs. 4, 5, and 6 of Art. 94, after making Mo = o 
in the last of those three equations. 

The general expression for the total expended work in the 
rib due to any load is given by Eq. 7 of the same article precisely 
as it stands. 

Since the end moments, 3/o, are each equal to o, the partial 
derivative of W, in respect to Mo, will be o, and Eq. 12 of Art. 95 
will consequently disappear. The two partial derivatives of 
the total expended work W, in respect to the horizontal and 
vertical components of the reaction, H and V respectively, will 
be given by Eqs. 11 and 13 of Art. 95, precisely as they stand. 
Furthermore, the partial derivatives of My N, and S, in respect 
to H and F, will also remain precisely as shown between Eqs. 
13 and 14 of Art. 95. The two equations of condition, Eq. 14 
and Eq. 16 of the same article, will, therefore, be unchanged, 
while Eq. 15 will disappear for the reason already stated. 

The values of a, b, c, a", 6", c", will obviously remain exactly 
the same as shown by Eqs. 17, 18, 19, 21, 22, and 23 of Art. 95, 
Eqs. 20 disappearing for the same reason that Eq. 15 disappears. 
The values of b and 6" will not be needed for the reason that 
Mo is o. 

The two equations of condition, by which H and V are found, 
are then the same as Eqs. 24 and 26 of the same article, after 
making Mq = o, and they are as follows: 

n + aV'hc=o 79. 

ff + a" 7 + c" = o 80. 
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Eliminating H between these two equations, there will result: 



F = 



c'' -c 



a— a 



tt 



8i 



Then, from Eqs. 79 and 80: 

F = _ a F - c = - a" F - c" . . . 82. 

These values of B. and F will enable all the stress conditions 
in the rib to be determined at each and every joint by the aid 
of Eqs. 4, 5, and 6 of Art. 94. 

Eq. 81 is the same as Eq. 30, or Eq. 31, of Art. 95, after 
making Mo = o, and the same observation can be made as to R 
in connection with Eq. 32 of the same article. 

In other words, all results required for a rib with hinged 
ends follow at once from those established for the arch rib with 
fixed ends by simply making the end or fixing moments equal 
to zero. 

Indeed it would be equally simple to deduce from the analysis 
of Arts. 94 and 95 the formulae required for an arch rib with one 
end fixed and one end hinged, or for a rib with ends fixed but 
with a hinge at the crown. The establishment of a perfectly 




Fig. 6. 



general analysis has the marked advantage of including all 
formulae for special cases which follow from simple substitution 
of such quantities as are required for any particular case. 
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Influence lines for the horizontal stress, H, and for the vertical 
component, F, of the reaction, may be at once constructed from 
Eqs. 81 and 82, precisely as shown on Plate VI, for j&xed ends, but 
the procedure has been so fully set forth in the latter case that 
no further construction need be made for hinged ends. Obvious- 
ly, since the end bending moments are o, there will be no influence 
line for such moments. 

Similarly, the intersection locus for reaction lines with the 
corresponding envelopes may be constructed in exactly the same 
manner as for fixed ends as shown on Plate VI. The general 
procedure of construction is imchanged; it is simply adapted to 
the condition of the end moments being o. 

Fig. 6 shows the construction of one point, /, on the inter- 
section locus. As the ends of the rib are now hinged the reaction 
lines, / B and / D, must pass through the centres of the hinges 
at B and Z?, the intersection / being in the line of action of the 
load P. If the distance of the load P, from the left end, J5, of 
the span is a, the following simple analysis results: 

JK V' V V 

Brk^^H'-^^^^^H'^^n • • 83. 

I — a , P a {I — a) 

Eqs. 83 and 84 could have been written at once from Eq. 
78 and the value preceding it of Art. 99, by making Mo = o. 
The equation of the intersection locus is Eq. 83, and the curve 
itself can be constructed precisely as shown on Plate VI. 

Finally, Unes drawn through the centre of any joint of the 
rib, tangent to the envelope at one end and extended to the 
intersection locus at the other, will show the position and amount 
of loading which must rest upon the rib in order to give either 
the greatest positive or negative bending moment at that joint, 
precisely as explained and illustrated for the fixed end rib in 
Art. 100. 

As a matter of practice it will not generally be necessary to 
construct an envelope nor to find exactly the amoimt of loading 
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required to produce the greatest bending moment at any point 
in the rib, although that procedure should be followed wherever 
the magnitude of the structure requires the greatest attainable 
accuracy in computations. 

Obviously it may be desirable to compute the bending 
moments and all stresses due to dead load or own weight and 
then make a corresponding computation for the moving load 
efifects. Tabulations of each set of moments and stresses will 
then enable any desired combination to be made with ease in 
the search for greatest moments and stresses. 



CHAPTER rX. 

Three-Hinged Arch Rib. 

Art. 102.— Tliree*Hinged Arch Rib— Graphical Treatment- 
Vertical Loading. 

When an arch rib has three hinges, as one at the crown and 
one at each end of the span, it is a statically determinate struct- 
ure. The bending moment is zero at each hinge, and that 
condition at the crown supplies the remaining necessary equa- 
tion for complete statical determination. 
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Fig. I. 



Fig. I shows a three-hinged rib subjected to vertical loading, 
the hinge C being at the crown. The loads Pi, P2, -Ps, -P4, and 
P5 are supposed each to be of any amoimt, and to act at any 
points, but they are vertical. 

The line of action of the reaction at B for any load or loads 

between A and C must necessarily be B C extended until it cuts 

their vertical lines of action as shown in Fig. i. If those inter- 
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section points be connected by straight lines with the other 
extremity of the span A^ then will those lines represent the 
lines of action of the reactions at -4, also as shown in Fig. i. 

Obviously the reaction lines for all loads between B and C 
will be drawn from B to intersection points above C on ^4 C ex- 
tended. Hence the extensions upward from C of -4 C and B C 
will be the reaction intersection lines for all possible loads 
carried by the rib. 

If Ha be laid off to scale from the intersection point H and 
if db be parallel to B H, then will ab be the reaction at B and Hb 
that at A, The horizontal component of ab is evidentiy equal 
to the horizontal component of Hb^ but they act in opposite 
directions. They represent the equal and opposite horizontal 
reactions at A and B, i.e., the horizontal stress in the closing 
line of the force polygon. By treating each load in the same 
manner the total resultant and horizontal reactions become 
immediately known for all the loading on the structure. 

Let it be desired to find the greatest possible bending moment 
at any point D, Fig. i, and the amount and position of loading 
producing it. If the line ^4 Z? be produced to E on the line 
5 C G, it is at once evident that the reaction lines for all vertical 
loading acting to the left of E will be foimd upward and to the 
left of Dy while all loads acting between E and C will have 
reaction lines to the right of and below D. It is equally clear 
that the last observation applies to all loading on the part B C 
of the rib, as the line A C extended will be the reaction Une drawn 
from A for all such loads. Hence if a vertical line be drawn 
through E locating F on the rib, it is thus shown that all loads 
between A and F will produce the greatest possible bending 
moment at D of one sign or kind, while all possible loads placed 
upon the rib between B and F will produce the greatest moment 
of the opposite sign or kind at D, 

In order, therefore, to produce the greatest possible bending 
moment at any point in the rib, it is only necessary to draw 
a reaction line from the nearest springing joint or abutment 
hinge through that point to the straight line extended from the 
other abutment through the hinge at the crown and then draw 




364 ARCH RIBS [Chap. IX. 

a vertical line through the intersection point so found. AU 
possible loading on one side of this intersection point will produce 
the greatest bending moment at the given point on the rib of 
one sign or kind and all possible loading on the other side of the 

intersection point will produce the greatest 
bending moment of the opposite sign or 
kind. 

If the reactions due to Pi, P2, Pi, etc., 
be represented by ifi, R2. Rz, etc., the 
resultant reaction at A due to all the loads 
on the rib may readily be found by a 
simple force polygon as shown in Fig. 2, 
the construction of which needs no explana- 
tion, except to state that the side J?, 
parallel to A C, Fig. i, is the sum of all 
the reactions at A due to aU the loads on 
Fig. 2. 5 C of the same figure. When the result- 

ant R has thus been found the funicular 
polygon or polygonal frame may readily be constructed in the 
usual maimer so as to pass through the three hinge points A, C, 
and B of Fig. i. There will thus be completely determined the 
true equilibrium polygon or polygonal frame for any assumed 
system of loads whatever. 

The rays of the force polygon from which the polygonal 
frame is constructed will give the resultant thrust at all points 
of the rib precisely as has been shown in the graphical treat- 
ment of Chapter VII. 

The position of the true polygonal frame in reference to the 
centre line of the rib will enable the bending moments, thrusts, 
shears, and other stresses to be readily computed at all sections 
of the rib for any t>pe of the latter which may be under con- 
sideration, also as shown in the preceding articles. 

If the rib is a curved truss the stresses in all its members 
may easily be found by the graphical method by a single stress 
diagram for any given system of loading. If, on the other 
hand, the rib is a solid structure like a reinforced concrete arch 
or a steel rib of plate girder section the stress due to bending 
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and to the direct thrust at any section may be found by the 
usual method of combining the intensities of stress due to 
bending and direct thrust. 

Inclined Loads. 

If the loads instead of being vertical are inclined like those 
due to normal wind pressure, as shown in Fig. 3, the graphical 
method is almost as simply applicable as in the case of vertical 
loads. Inclined loads on both halves of the rib are shown in 
Fig. 3. The reaction intersection Unes are again extensions of 
A C and B C above the crown hinge C. The line of action 
of each load is produced precisely as in Fig. i, to the intersection 




^^ 



Fig. 3. 

lines at G, -ff, 7, K, L, etc. Lines drawn from those points to 
^ and B are the lines of action of the reactions for the separate 
loads indicated. 

If D is any point of the rib at which it is desired to find 
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the greatest bending moment, the line A D is again prolonged 
to E. Then, for the same reason as before, all loads whose 
lines of action are located to the left of E will produce the great- 
est possible bending moment at D of one sign or kind, while all 
loads on the rib whose lines of action are located to the right of 
E will produce bending moments at D of the other sign or kind. 
Consequently all loads with lines of action to the left of E must 
act concurrently for the greatest possible bending moment at D 
of one sign, while all other loads must act concurrently for the 
greatest possible bending moment at D of the opposite sign. 
It is thus seen that precisely the same general method is to be 
followed whether the loads are vertical or inclined. Force 
triangles like J ba and Led give the two reactions at A and 
B for each and every single load. 

When the resultant reactions at the two ends A and B are 
found as indicated, the true equilibrium polygon or polygonal 
frame is to be constructed so as to pass through the three-hinge 
centres A, C, and B, precisely as set forth for vertical loads. 
The rays of the force polygon will show the resultant thrusts at 
all points of the rib also precisely as in the case of the vertical 
loading. In fact, the procedures to be followed in the determina- 
tion of thrusts, shears, and bending moments of the actual rib, 
whether of the solid type or of the truss type, as well as the 
methods for finding the greatest intensities of stresses due to the 
thrust and bending moments or shears are identical with those 
already set forth in the first part of this article. 

Art. 103.— Three-Hinged Arch Rib— Analytic Treatment— 

Vertical Loading. 

The analytic treatment of the three-hinged arch rib is ex- 
ceedingly simple, as the vertical reactions at the two abutment 
hinges are identical with that for a straight beam of the same 
span length and carrying the same loads with ends simply sup- 
ported. Fig. 4 is a skeleton diagram of the rib in question 
carrjdng any number of loads at any points. The notation to 
be used is fully shown in the figure. The crown hinge C is 
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supposed to be over the centre of the span length A B, which 
will be represented by /. 




Fig. 4. 



The resultant reaction at A is represented by R which has 
the vertical component V and the horizontal component H. 
If moments of all the loads and the vertical reaction V be taken 
about B, the following value of that vertical component will 
result : 



7 = 



Pi 4^ + Pa 



/ 



f+p.^+p.^+p,-}- 



+ P^-r + 



I 



Pi + P2 + Pa 



The horizontal component H does not appear in this equation, 
as its line of action passes through A and By making its moment 
about the latter point zero. 

The vertical reaction at B will evidently be: 

7i = Pi + P2 + Ps + P4 + P5 + Pc - 7 . . 2. 

The horizontal component H of the resultant reaction R 
may at once be written by taking moments about the crown 
hinge C and it will have the following value: 

3 



2 h 






368 ARCH RIBS [Chap. IX. 

Obviously the resultant reaction U' at B will have the same 
horizontal component H as the resultant reaction R. 

After having found the vertical components V and Vi of the 
two reactions at A and S, those reactions will have the following 

values: 

R = V H* + P 



Having the valifes of the two reactions R and Ri or their 
vertical and horizontal components, moments may then be 
taken about any or all points of the rib so as to determine bend- 
ing moments, thrust, shears, and intensities of stress for any 
type of rib proposed. It will probably be simpler, however, 
to resort to the graphical method for the construction of force 
polygons and equilibriiun polygons or polygonal frames for the 
complete treatment of the ribs, as set forth in the preceding 
article. By following either procedure the complete analysis of 
an existing arch rib may be made or the design of a new structure 
completed for any given span and system of loading. 

Inclined Loads. 

Fig- 3 of Art. 102 will be used in discussing the analytic 
treatment of inclined loads, the general method of procedure 
being the same as for vertical loads. 

Let it be supposed that normal lines or lever arms are drawn 
from C and B to the lines of action of all the inclined loads 
as illustrated by the two lever arms «2 and »" for the line of 
action of the load P2. The vertical component V of the re- 
action R 2it A can then at once be found by taking moments 
of all the external loading about B. This procedure will give 
the following value: 

,. Pi n' + P2 n" + P,«'" -h Pin'" + Psn^ 

^= 1 . . 5- 

Evidently a similar expression for the vertical component 
Vi of the resultant reaction Ri at B may be written by supposing 
the lever arms n', n", etc., to be drawn from A to the lines of 
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action of the external loads. It wiU be necessary to draw such 
perpendiculars or lever arms, in an actual case, but Eq. 5 may 
be considered typical for all such operations. 

The horizontal component H of the resultant reaction R at 
A may be found by taking moments of the vertical component 
F, and the external loads Pi, P%, and Ps about the crown hinge C. 
That operation will give: 

The horizontal component Hi of the reaction Ri and B, in 
general different from H, will be found in a similar manner by 
taking moments about the crown hinge. 

Having found the vertical and horizontal components of 
each reaction, the latter will take the values: 

R = Vh2 + 72 



Ri= '^Hi^+V\ 

These expressions make the reactions completely known for 
every system of external loading. Complete analyses of moments, 
thrusts, shears, and intensities of stresses in all parts of the 
structure may then be completed by precisely the same pro- 
cedures which have already been fully explained both in this and 
the preceding articles, either by analytic or graphic methods. 

It is thus seen that the staticaUy determinate three-hinged 
arch rib is a structure of exceedingly simple character either to 
investigate as a completed structure or to design from a pre- 
scribed set of data. 



CHAPTER X. 
Braced Spandrel Arch. 

Art. 104. — ^The Braced Spandrel Arch. 

The braced spandrel arch is in reality an arch rib with a 
horizontal upper chord on which the moving load travels. 
The web may either be a solid plate or composed of separate 
web members. The latter type is generaUy used, as the plate 
web is not practicable for the lengths of span commonly 
found. 

The end supports are always pins or their equivalents, al- 
though the ends might be fixed by anchoring the structure to 
heavy abutments. It would be perfectly correct, therefore, to 
consider the ordinary spandrel arch a hinged-end arch rib, 
and it might be treated graphically or analytically, precisely as 
has been shown for such ribs, but it is convenient to give it 
special treatment. The moving load may be either inclined or 
vertical. 

Vertical Moving Loads. 

A skeleton diagram of this case is shown in Fig. i. The 
pin or hinged ends are found at A and B. The resultant re- 
actions at those points are inclined. With vertical moving 
loads the horizontal components of the two reactions must 
always be equal, and they have the same line of action if 
A and B are at the same elevation. Fig. i shows the notation 
to be employed. 

The lines indicated in general by "«," with subscript or 
otherwise, are lever arms for Wi, W^a, W^s, etc., and web stresses, 
drawn from the panel points of the two chords and from the 
intersection points, i, in the upper chord found by prolonging 
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each lower chord panel until it cuts the upper chord. There 
will therefore be as many points i as there are lower chord panels, 

\ 




and they may be either within or without the limits GX of 
the span. 

The following notation will also be employed: 

CD = d; AB = I; GC = a, 

H = horizontal component of reaction R or R^ at A or By 
respectively. 

V and V^ are the vertical components of the same two 
reactions. 

By taking moments about B: 



7 = 



Win' + W2n'' + . . . +Wen'' 

I 



I. 



Hence the simple law of the lever gives the vertical reaction 
V (or FO as in the case of a non-continuous beam simply sup- 
ported at each end. 

Evidently the vertical component V^ of the reaction at B 
will be the sum of all the loads from Wi to Ws less V, as the 
sum of V and V^ must equal the sum of all the loads. 

Let T be the stress in any member of the braced arch, as 
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in the upper chord panel at C, for any arbitrary loading such 
as has been assumed; then by taking moments about D of all 
the loads on the left of DC, including the reaction R ^t Ai 

Va — Hf+Td —Wini — W2fh-Wzfh- etc. = 0.2. 

Hence: 

- Hf+Td= - Va + Wini+Wifh+Wzfh+etc. = Af . 3. 

Eq. 3, the second member of which is completely known, 
has two unknown quantities, H and T; another equation of 
condition must therefore be found. 

From Eq. 3: 



d d d 



If F is the area of cross-section of any member in which the 
stress T exists, the intensity of stress, p, will be: 

A r g/ M Hf + M 

^ F F d ^ Fd Fd • • • S- 

If L is the length of a member, the work performed in stress- 
ing any member or all members of the structure will be: 

p^LF {Hf + MYL . 1 V.,,p_ I V(g/+Jlf)«£ 
2£ 2EFd^ ■•sE^^ 2E^ Fd^ 

Hence, as that work must be a minimimi for the proper value 

of H: 

I d(xp*LF) I -s-A (H/« + / JIf ) L 



'ii: 



= o 



Or ^ {Hr+f M)L 



2£ dH E '^ Fd^ 

{Hp +f M) L 
Fd^ 

^ Fd^ 

Before Eq. 9 can be used, values of the cross-section F of 
each member of the arch must be assigned, although they 
depend on the value of H, i.e., upon the resultant stress in each 
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member. These are tentative or trial values and they may 
be determined by any convenient approximate method. When 
these approximate values have been determined and the value 
of H computed by their aid, they must be revised in accordance 
with the stresses found by Eqs. 10 and 11. These revised values 
of F may then be used in Eq. 9 for a revised determination of 
H. It will not be necessary to repeat this tentative process of 
computation and revision more than once or twice In any ordinary 
case, but it must be followed imtil satisfactory values of F 
have been found. 

In making a practical application of Eq. 9 it is to be re- 
membered that the summation signs are to be used precisely 
as the equation stands, even if a single load W only rests upon 
the structure. In that case there would be but a single term 
Wn in the second member of the value of Jlf , Eq. 3, but that will 
not change in any way the siunmation signs in Eq. 9, as those 
signs relate to, or cover, aU members of the structure, i.e., 
the number of terms represented by each summation sign will be 
precisely the same as the number of members in the structure. 

In the use of Eq. 9, therefore, it will be necessary to 
determine accurately the value of f for every panel point in 
the curved chord A J B; every lever arm n for each load TVi, 
W%, etc., for every panel point in both the straight upper chord 
of the arch and the lower curved chord, as well as for each 
point of support A and B. Furthermore, there must be de- 
termined accurately the lever arms n drawn from each inter- 
section point i in the upper chord G K to the centre line of each 
web member prolonged, as N D and G P, as shown in Fig. i , 
as well as the normal distances d drawn from each panel point 
in each chord to the panel in the opposite chord, as C D and 
NO^. After these normal distances or lever arms have been 
computed or carefully scaled from an accurate drawing of 
sufficiently large scale, V may be at once determined by Eq. i , 
and that value will m.ake the second term of Eq. 3 a 
known quantity. The horizontal component H of the resultant 
reaction R can then at once be computed by Eq. 9, as already 
indicated. The desired stress T in any member can then be 
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at once computed from Eq. 3, and it will have one of the follow- 
ing two values which are identical, except that d is used in Eq* 
10 and n in Eq. 11: 

. . i = J 10. 

a 

_, M + Hf 

T = II. 

n 

Obviously Eq. 10, in which d appears, will give the chord 
stresses, while Eq. 11, in which n appears, wiU give the stresses 
in the web members. 

It should be observed that the preceding formulae have been 
written in perfectly general forms, and they are applicable what- 
ever may be the curve of the lower chord. They are also ap- 
plicable precisely as. they stand to a polygonal lower chord in 
which each side of the polygon may be composed of two or more 
panels. Further, they are also applicable as they stand to a 
spandrel arch in which the upper chord may be curved as well 
as the lower, i.e., they are applicable to an ordinary arch rib 
with hinged ends. 

Again, the loads Wi, W%^ Wz may be considered either as the 
dead loads or own weight of a structure or as moving loads. 
In fact, in the general C£Lse it wiU be found convenient to treat 
the dead loads or own weight separately from the moving loads, 
and then tabulate the results so as to make any desired com- 
binations whatever. 

It is clear that after the horizontal stress B. hsis been de- 
termined by the aid of Eq. 9, graphical methods may be em- 
ployed to determine the stresses in the various members of the 
spandrel arch instead of the analytic procedures indicated. 
Indeed the graphical method may be employed in many cases 
in such way as materially to save labor. 

Inclined Moving Loads, 

In the preceding section it has been assumed that all moving 
loads are vertical, whereas the moving loads may act in inclined 
directions, as shown in Fig. 2. 
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The case of vertical loading has been treated first for the 
reason that it is by far the most common, while at the same 
time the formulae are applicable to inclined loading without 
any change. As shown in Fig. 2, if the loading is inclined, the 
lever arms ni, fh, etc., »', »", etc., are inclined and are each 




Fig. 2. 

measured normal to the inclined line of action of the particular 
load to which it belongs, and they are each measured from the 
line of action of each inclined load either to an intermediate point 
of the lower or upper chord in the first instance, or to the end 
of the span B in the second instance. The lever arms d (i.e., 
C D OT N O') remain unchanged, whether the load be inclined 
or vertical; and that is also the case with the intersection points i 
in the straight upper chord and with the lever arms n drawn 
from those intersection points to the centre lines of the web 
members prolonged. The equations established therefore for 
vertical loads may be used directly for inclined loads, it being 
necessary only to measure the lever arms as indicated in Fig. 2. 
Inasmuch as any inclined load acting at G or K, Fig. 2, will 
not be carried directly to the abutment supports A and 5, but 
will produce stresses, generally, in all members of the arch, the 
loads Wi and W^j acting as shown in Fig. 2, must be included, 



376 SPANDREL ARCH [Chap. X. 

among the moving loads acting on the structure, but the presence 
of those two loads does not change in any way the preceding 
equations; each such force must simply be given its proper lever 
arm. 

As dead loads or own weight are always vertical, the stresses 
due to dead loading, as found in the preceding section of this 
article, will be used in connection with the stresses due to the 
inclined loads of this section. 

Since aU inclined loads have horizontal components, it is clear 
that the horizontal components H and H' of the two resultant 
reactions R and K at A and B will not in general be equal for 
inclined loads, and they are not so shown in Fig. 2. The alge- 
braic sum of the horizontal components of all the loads, however, 
must be equal and opposite to the sum of the horizontal com- 
ponents H and H' of the reactions. 

The use of graphical methods in connection with inclined 
loading is easy and clear, as already indicated for vertical load- 
ings, after the horizontal components H and H' of the reactions 
are known. 

Greatest Stresses. 

The greatest stresses in the members of a braced spandrel 
arch may be found by the ordinary influence-line method as 
applied to the two-hinged arch rib, or by finding the stresses 
in every member of the structure caused by an arbitrary unit 
moving load placed successively at each panel point. By 
tabulating results for all members of the arch, selection of 
stresses of the same sign for each member may be made so as 
to combine them into a maximum for each case. 



CHAPTER XI. 

Cantilevers* 

Art. 105* — Cantilever Structures — Positions of Loading for 
Greatest Stresses in the Cantilever Arm. 

Cantilever structures are formed of continuous trusses 
for which the reactions and stresses are equally determinate 
with those in non-continuous trusses, because the points of 
contraflexure are fixed at the ends of the suspended span. Fig. 
I typifies a cantilever structure with an anchor arm at each 
end. The anchorage at A holds the anchor arm n in position 
imder all conditions of loading, thus enabling the cantilever 
arms m to sustain the suspended span /. The latter is a simple, 
non-continuous truss with inclined end-posts, suspended at the 
lower extremities of the vertical tension members at C and D, 
thus readily allowing expansion and contraction to take place 
both in the suspended span itself and in the cantilever arms 
adjacent to it. As cantilevers are erected without lower false- 
works between the piers B and £, each cantilever arm, with the 
adjacent half of the suspended span, is built out from each of 
those main piers; hence the members ^G sustain compression 
during erection, while H D take tension. These erection stresses 
are frequently very heavy, and the proper members must be 
designed to take them. At the same time, suitable details 
must be arranged so that after the structure is complete the 
requisite expansion and contraction can take place at each 
end of the suspended span. These results are usually accom- 
plished by folding wedges, or other appliances, removed after 
erection, in connection with oblong pin-holes. 

* This chapter is devoted to the analytical treatment of cantilever struc- 
tures. The graphical treatment may be found in "Influence Lines for 
Bridges and Roofs," by Wm. H. Burr and M. S. Falk. 
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Similarly, nearly the whole of the upper chord of the sus- 
pended span must be designed to take the tensile erection 
stresses, and nearly the whole of the lower chord the corre- 
sponding compression erection stresses. The erection stresses 
in the cantilever arms are, of course, the same in kind as those 
caused by the moving and fixed loads, and no reversion takes 
place. 

The conditions of loading for the greatest stresses in the 
suspended span, in addition to the erection stresses, are pre- 
cisely the same as those for ordinary non-continuous trusses, 
and they will receive no further attention here. 

Greatest Web Stresses in Cantilever Arm. 

In seeking the greatest web stresses in the cantilever arm, 
reference will be made to Fig. i, and a perfectly general system 
of loading will be assumed. The chords of the cantilever arm 
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will also be assumed to be not parallel. Let the greatest stress 
Sj in M Nf be desired, and let the system of concentrated loads 
Wi, Wiy etc., extend over the entire suspended span /, and over 
the cantilever arm w, from C to some point to the left of Af . 
Then let i represent the distance from C to the point of inter- 
section of the chord sections in the same panel with M iV, while 
h is the length of the normal dropped from the intersection point 
to If AT^ prolonged. Also let g\ represent the distance from Z> 
to the centre of gravity of the load on /; g^, the distance from 
the same point to the centre of gravity of the load to the left 
of C; gz the similar distance from M for the load to the left of 
M\ and g^ the similar distance from M of the loads W^^ Wb, etc., 
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in the panel in question. The loads on the left of M are W^ 
Wi, etc. The distance from C to Af is represented by k, R is 
the downward reaction or upward pull on the anchorage at the 
extremity of «; while Ri is the upward reaction at the main 
pier. The weights over the various portions of the structure 
will be represented as follows: 



S W for total load 
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XW " " 
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The centre of gravity distances, gi, g2, gs, and g^ can be readily 
found by aid of tabulated moments or by any other convenient 
proceduret 

Then, by moments in the ordinary manner: 

i? = '^si7 + (^^±^^*)ipr. ... I. 

nl V « / 

i?2 = reaction at C from load on suspended span = y 2 fT . 2. 

R. = R+R,+lw='j{'^+r)iw+ (^^* + x)sW^ . 3. 

If the length of the panel in question is p, then that portion 
of the loads Wiy W^, etc., resting in it and carried to M, is: 

{W4 + W, + etc,){i-^) 4. 

If the cantilever arm be now supposed divided through the 
panel M iV, and if the moments about the intersection of chords 
be taken of all the forces external to that portion of the structure 
to the left of this line of division, including the reactions R and 
— J?i, there will result: 
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t ' I in 

- (Wi + W2 + etc. + W4 + Wi + etc.) (* + i) 

- {Wi + W2 + etc.) g, + {W4 + W, + etc.) (k+i) ^ 

P 

In order that S may be a maximum or a minimum, AS 
must be zero when gi, gj, gs, and g4 each varies by the same small 
amoimt, as when the loads are all advanced slightly t® the 
left. It is to be remembered, however, that the variation of 
g4 will be opposite in sign to that of the others. By thus making 
A S equal to zero, there will result as the desired condition: 

Wi+Wt + etc. + (W, + W, + etc.) -^-^ = jZW + XW, 

.'. {Wi + W, + etc.) ^^-^ =^Y^W + XW. . . 6. 

P * 

* 

In case there may be a number of maxima indicated by 
pq. 6, the greatest must be sought by trial. Eq. 6 shows, as 
might have been anticipated, that the loads Wi + Wi + etc., 
between the panel in question and the main pier, do not directly 
ajffect the conditions for greatest stress. 

// the load is of the uniform intensity w, and x is the portion 
of the panel p covered by it, Eq. 6 is only satisfied by making 
X = p. This result might also have easily been anticipated, 
for it is clear that if the load is uniform it must at least reach 
to M, for the panel M N, The amount by which it may extend 
to the left of Af is a matter of indifference. 

If the chords are parallel, i is infinitely great, and Eq. 6 be- 
comes: 

W4 + W, + etc. = y 2 W^ 7- 

In the general case, when Eq. 6 has fixed the proper position 
of loading, the corresponding values of gi, g2, gs, and g^ can be 
at once obtained by the methods already indicated, and Eq. 5 
will then give the desired greatest value of 5. In the case of a 
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uniform load, w, that equation takes a much simplified form, 
since: 

W1 + W2 + etc. = 0; W4 + W, + etc. = wp; 

?i = 7; ^« = ^ + y; ^8 = o, andg4 = y. 

Substituting these values in Eq. 5 : 

S = j^\i(l + k) + ik~p)(k + i)]^ ... 8. 

If the chords are parallel and a is the angle between S and 
a vertical line, A = ( 00 = i) cosa] hence: 

S — w ( [- k ) sec. a 9. 

With the same uniform load, w, per lineal foot, and with 
^ ze; on the cantilever arm m, Eqs. 1,2, and 3 become: 

R = w — I h » J 10. 

« \ 2 - 2 w/ 

w I 

/?2=— II. 

2 

i?i= — { — + i)+w;*( + i) ... 12. 

If the load, w, covers the entire arm w, ^ = w, and: 

_ fit /, s 

R = w — il + m) . . . . ^ 13. 

2« • "^ 

„ wl ,„ wl ( m ^ \. /w.*\ 

/C2 = — , and /Ci = — I — + ij+w;wi — + ij 14. 
. 2 2 A » / \2« / 

If a single weight, W^, rests on the suspended span, /, at the 
distance gi from D\ 
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If a single weight, W, rests on the arm m at the distance k 
from C: 



/J -- L. Uj _ Q. and Ai = Pk V 1" I J • 



16. 



Greatest Chord Stresses in the Cantilever Arm. 

Reference will again be made to Fig. i in which the com- 
pression web members are vertical; the notation will remain as 
before. The greatest chord stress, 5^, in any panel, as M N, 
will be sought. Let h^ represent the normal dropped from M 
on the chord panel whose greatest stress is S^ then, if moments 
be taken about M, A* will be the lever arm of 5^, and there will 
result: 

5e= ~\ Ri{m-k)-R {ni+n-k)-{Wi+W2 + etc) gz\^ . 17. 
.\S,= j^^g,^W-^i^W-{l + k)XW 

- (Wi + W2 + etc.) gz I . 18. 

For a maximum or minimum A 5^ = o when gi, g2, and gz are 
the only variables in the second member of the equation; hence: 

^XW --^W-{Wi + W2 + etc.) = S tF . . 19. 

This condition for a maximimi is seen to be independent of 
i; hence it is precisely the same whether the chords are paraUd 
or inclined. After the values of gi, g2, and gz, corresponding to 
the position of loading fixed by Eq. 19, are inserted in Eq. 18, 
the desired chord stress will at once result. It is to be borne in 
mind, however, that there may be several maxima fixed by 
Eq. 19, and that the greatest of these, to be found by trial, is 
* the "greatest stress" desired. 

If the uniform load is w per lineal imit of structure, Eq. 19 

is satisfied only by making ^W = kw; hence, the moving load 
must cover the suspended span, and the cantilever arm from its 
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end to the vertical line through the centre of moments — i.e., the 
distance k. Eq. 18 then takes the value, for uniform loading: 



5o=.-f|(*+/) 



20. 



For a panel in the horizontal chord, h^ is simply the depth 
of truss at the origin of moments. 

In case aU web members are inclined j as indicated in Fig. 2, 




so that any lower chord panel point Mi is at the horizontal dis- 
tance q from that in the upper chord, Eq. 18 takes the form: 



5c = 



fAg,2W-^^^^^7iW-il + k + q)2W 



- (Wi + Wt + etc.) (p-q) 



g» 



21. 



Again making ASc ^ o, with gi, gt, and gt the only variables, 
there results for a maximum or minimum: 



Or, 



IW = ^4^ S PF + (Wi+ Wi+ etc.) ^—-^ . . 
I p 

^4^STF = STF- (W^i + 1^2 + etc.^ ^^ . . 



22. 



23' 



If 5 = o, Eq. 19 at once results. The observations follow- 
ing Eq. 19, regarding i, gi, g2, and gz obviously hold true for this 
case also. If the moving load is of the imiform intensity w, 
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Eq. 23 IS satisfied only by making it cover g + P; hence that 
equation takes the form: 

k + q==k + -— — k + q; 24. 

P 

which shows that the uniform moving load must cover the suspended 
span, and the cantilever arm from its end to the further extremity 
of the panel in which the chord stress is sought. 

For this uniform moving load Eq. 2 1 takes the form : 

If 5 = o in this equation, Eq. 20 immediately follows. 

If the panel in the lower chord is under consideration, Af , 
Fig. 2, becomes the origin of moments, and as the moving load 
is supposed to traverse the upper chord, the conditions for a 
maximum and the corresponding formulae are precisely the same 
as for the case with vertical compression web members. 

If, with all inclined web members, the moving load traverses 
the lower chord, the preceding conditions and formulae apply 
precisely as they stand. It is only to be remembered that the 
formulae involving q are to be used for the chord carrying the 
moving load. 

If the tension members are vertical, and the compression members 
inclined, as in the Howe truss, or as exemplified by the inclined 
post, P, Fig. I, the positions of moving load for greatest chord 
stresses will be at once found by making q = pin Eq. 23, which 
gives: 

-y-^ S IT = S IT 26. 

for the general load, and the same condition for a imiform 
load as that described in italics immediately after Eq. 24. By 
making q = p, in Eq. 25, the expression for the greatest chord 
stress under a imiform load, w, becomes: 

^'-~h^\ 2 +^1^1 ^^— (k+P+l). 27. 

If the truss is of imiform depth, h^ is that depth. 
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The preceding investigations hold true for any system of 
triangulation or for any system of loading. They do not apply 
to multiple systems of bracing, as such systems do not admit 
of exact calculation of stresses. When they are used, each 
system may be assumed to act independently of all the others 
(although the assumption cannot be definitely established) 
and to carry the system of greatest concentrations permitted 
by the moving load used, or else such a uniform load as will be 
practically equivalent to the real load. 

Although there is not at the present time any constructive 
or other proper reason for the use of multiple systems of bracing 
in any pin structure of proportions hitherto employed, the 
above assumptions are within the limits of safety, and may be 
used where necessary. 

Another constructive device is that shown in Fig. 3. It 
may be used advantageously in cases where the cantilevers 
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Fig. 3. 



Fig. 4. 



are supported on high iron or steel piers or towers. It leads to 
appreciable economy by the shortening of the clear cantilever 
opening, as well as the anchor arm. It consists in separating 
the feet of the two inclined posts, P and / B\ of Fig. i , by some 
convenient distance, 0^ and omitting all bracing in the rectangle, 
jBjB'jB'ijBi, Fig. 3, so that no shear can be transferred past B' 
to the left, or past B\ to the right. Since this last condition 
exists, the reaction, Ry and the positions of loading for all the 
maxima web and chord stresses in the cantilever arm, as given 
by the preceding formulae, will hold for this case without any 
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change whatever. It is only to be carefully observed that m 
and n are to be measured from the extremities of the cantilever 
and anchor arms, respectively, to the extremities of the open 
panel, o^ as shown in Fig. 3. The reaction, R\ at B\ will equal 
the sum of the vertical compon«its of all the inclined stresses 
in the first panel of m — Le,, the total shear in that panel, added 
to the panel loads acting at B and B\ Similarly the reaction, 
R'\ at B\y will equal the sum of the vertical components of 
all the inclined stresses in the first panel of n — i.e., the total 
shear in that panel, added to the panel loads acting at Bi and 
B\. Finally the reactions, R\ and i?"i, of Fig. 3, added together, 
will equal the reaction, i?i, of Fig. i. Thus it is seen that the 
formulae already established for the latter case will meet the 
former without any change whatever. 

The case of the subdivided panel shown in Fig. 4 is also 
covered by the preceding formulae. 

Art. 106.— Positions of Moving Load for Greatest Stresses in the 
Anchor Arm, and the Greatest Stresses Themselves. 

No load placed on the anchor arm of a cantilever structure 
will affect in any way the reaction or any shear in the cantilever 
arm, except such as may result from the slight deflectional 
movement of the latter, and that influence is too small to be 
expressed in appreciable amounts. It at once follows from this 
fact that all stresses in the anchor arm, due to loads on that 
arm, may be computed precisely as if it {A I B' L of Fig. i) 
were a simple, non-continuous truss supported at each end 
{i.e., A and 5' of Fig. i). The. greatest of these stresses so found 
are then to be combiaed with the greatest stresses of the same 
kind due to the load on the cantilever arm and resulting from 
the reaction, R, at the anchorage; this combination will give 
the resultant greatest stresses desired. 

Although the preceding general observations are compre- 
hensive and sufficient for the determination of all the greatest 
stresses desired, it will be well to extend them in some detail, 
without, however, establishing any formulae. 
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Inasmuch as all upper chord stresses in the anchor arm, due 
to load on that arm only, will be compressive, it is clear that 
the greatest tension in the upper chord, so far as it may exist, 
will be found with no moving load on the anchor arm, and 
with the moving load so placed on the cantilever arm as to give 
the maximum bending moment (and, hence, chord stresses) over 
the main pier between the anchor and cantilever arms. This 
position of the moving load on the cantilever arm and the 
corresponding greatest chord stresses can be found for the various 
cases from Eqs. 18, 19, 20, 21, 23, and 25 of the preceding article. 
The resulting moment over the main pier, divided by », will 
give the reaction, J2, with which the greatest tension throughout 
the upper chord and the greatest compression throughout the 
lower chord are to be found — i. e., so far as this tension or com- 
pression exists. 

If the anchor arm is long in comparison with the cantilever 
arm, the fixed load compression in the upper chord and tension 
in the lower may be so great that there will be but little upper 
chord tension and lower chord compression, even for the con- 
ditions producing maxima. 

Inasmuch as all loads on the suspended span and cantilever 
arms produce tension in the upper chords of the anchor arms 
and compression in the lower, the positions of moving load for 
the greatest compressions in the upper chord of either anchor 
arm, or greatest tensions in the lower, are precisely the same 
as if it (the anchor arm) were a simple, non-continuous truss, 
the cantilever arms and suspended span, at the same time, 
carrying no moving load. The greatest compressive stresses 
in the upper chord and tensile stresses in the lower chord thus 
found in the anchor arm, as for a simple, non-continuous span, 
are to be combined with the upper chord tension and lower 
chord compression produced by the fixed load of the cantilever 
arms and suspended span, whence will result the maxima chord 
stresses desired. 

The greatest shears in the anchor arm will evidently be 
afiFected by the magnitude of the reaction jR, Fig. i, at its ex- 
tremity. If a downward shear, producing tension in members 
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sloping similarly to O Q, or compression in / B', is called a main 
shear, then any condition of loading on the structure which will 
increase the downward reaction, R, will increase the main shears 
and, hence, the stresses in the main web members, as ^4 L, L V, 
U T, etc., and / -B' will be called. But the maximum value of 
the downward moving load reaction or pull at the extremity 
of the anchor arm will be found with no moving load on the 
latter, and for the maximiun value of the bending moment over 
the main pier B\ as given by Eqs. i8, 20, 21, and 25, of the 
preceding article, as already stated on page 387. Finally, that 
part of the maximum main shear in any panel of the anchor 
arm due to the moving load on that portion of the structure 
alone, is foimd precisely as if it were a simple, non-continuous 
truss with the given system of loading, advancing from the 
extremity of the anchor arm towards the main pier. The po- 
sitions of moving load, therefore, for the main shears or main 
web stresses are, first, so much on the cantilever arms and sus- 
pended span as will produce the maximum downward pull at 
the extremity of the anchor arm, and, second, with this constant 
condition in the main span of the structure, an advancing moving 
load from the extremity of the anchor arm, treated as a simple, 
non-continuous span, to the main pier. The maximum moving 
load shears or stresses thus found, combined with the fixed-load 
shears or stresses in the anchor arm, will give the resultant great- 
est web member stresses desired. 

It may sometimes happen that the anchor arm will be so 
long that the greatest downward pull at its extremity due to 
the moving load will be less than an existing upward reaction 
due to the fixed load. In such a case no anchorage, of course, 
will be required, as the reaction at the extremity of the anchor 
arm will always be upward. The preceding conditions for 
greatest main web stresses, however, hold in all. cases without 
exception. 

The greatest counter shears, and, hence, stresses, in counter 
web members such as Q 7, or F L if under compression, or 
A L in tension. Fig. i, will, for the same general reasons just 
stated in connection with the greatest main shears, be found 
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under the moving load advancing from the main pier B' to the 
extremity of the anchor arm, xmder the supposition that the 
latter is a simple, non-continuous truss, with no moving load 
whatever on the cantilever arms or suspended span. 

If a portion of the web members are vertical posts, as shown 
in Fig. I, so that the kind of stress in them is the same whether 
acting as counters or main web members, those nearest the 
extremity of the anchor arm will probably take their greatest 
stresses as counters, but those more remote are doubtful and 
must be computed both as main and counter members in order 
to find the greatest values. Those near the main pier will take 
their greatest stresses as main web members. 

Art. 107.— Positions of Moving Load for Greatest Stresses in 
Anchor Spans and the Greatest Stresses Themselves. 

The anchor span is shown as the span n in Fig. 5, on the left 
of which there is supposed to be a cantilever arm similar to m 
on the right. The anchor span is always of such length and 
weight that the reactions, R and JRi, are invariably upward. 
Hence the anchor span is identical in character with the anchor 
arm, whose length and weight are so great that the reaction at 
its extremity over the anchorage is always upward. Hence 
the positions of moving load for the greatest stresses are pre- 
cisely the same as those established for the anchor arm in the 
last article. 

The greatest moving-load stresses in the span », Fig. 5, are 
to be determined precisely as if the trusses were non-continuous; 
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Fig. 5. 

and the fixed-load stresses are to be found in the same trusses 
under exactly the same conditions. The greatest difference of 
moments at the two sections, B Ri and A i?, is then to be found 
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and divided by the span length n, thus giving a reaction which 
is to be treated precisely as the downward reaction at the extremity 
of the anchor arm in the preceding article. This downward reaction 
will produce stresses in the chord and web members of the anchor 
span, which are next to be determined in the usual manner for 
a load hanging at the extremity of the span n, with the other 
extremity fixedly held. If both cantilever arms flanking the 
span n are of the same length m, and of the same weight similarly 
disposed, the fixed-load moments at the sections A R and B Ri 
will always be equal (but not otherwise), and the difference in 
moments mentioned above will be entirely due to the moving 
load on one of the adjoining cantilever spans. Any difference 
of moments at those two sections resulting from dissimilarity 
or inequality of fixed loads must be added to or subtracted from 
the unbalanced moving-load moment just described. Finally, 
the fixed-load balanced moment at either of the sections A R 
or B Ri is then to be determined and divided by the depth of the 
truss in order to find the uniform tension throughout the upper 
chord, and the uniform compression throughout the lower, if 
the truss has a uniform depth. The stresses resulting from 
these four sources — ^viz., the moving load and the fixed load on 
the span n; the unbalanced moment over the piers due to 
possibly both moving and fixed loads, and the balanced moment 
due to fixed load only — are to be so combined as to produce 
maxima in each and all the truss members. 

The greatest web stresses will require the greatest unbal- 
anced moving-load moment alternately at each end of the anchor 
span, with the usual progressive movement of moving load for 
ordinary non-continuous trusses; but the greatest upper chord 
compression and lower chord tension will be found with no 
moving load on the adjacent cantilever arms or suspended spans. 

The greatest upper chord tension and lower chord compression 
will be found by combining the fixed-load stresses, found as 
indicated above, with the moving-load stresses induced by the 
greatest possible moving-load moments simultaneously at each 
end of the anchor span, the latter, at the same time, being en- 
tirely free from moving load. 
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If the anchor span is not of uniform depth, the balanced 
fixed-load moments at its extremities will induce stresses in 
the web members, which are to be determined in addition to 
those in the chords for combination with the other stresses 
described above in the search for the maxima. 



Art. 108.— Wind Stresses. 

The stresses due to the action of the wind on the various 
parts of a cantilever structure are important in its design. The 
conditions of wind loading are much more varied than in ordinary 
non-continuous spans, and the resulting stresses must be com- 
puted with care and thoroughness. The wind pressures against 
the different members of the structure constitute a fixed load, 
and all resulting stresses are to be found by precisely the same 
general methods as given in the preceding articles for the vertical 
fixed loads — i, e,, own weights. 

Fig. 6 shows the horizontal system of lateral bracing between 
the horizontal upper chords, A B C D E, oi Fig. i. If the wind 



i>^ixi>^ixixixivi^^rxi^M XTx:i^ixjxi>^i^^i^^ 



B C D E 

Fig. 6. 

blows on the entire structure in a given direction, as shown by 
the arrow in Fig. 6, there will in general be a horizontal reaction 
induced at i4, in direction and amount depending on the relative 
proportions of anchor and cantilever arms and suspended truss. 
This reaction must be provided for, at ^4, by a proper connection 
between the end of the anchor arm and masonry at that point, 
so designed that the requisite longitudinal thermal expansion and 
contraction may at the same time take place. The amount of 
this reaction is to be determined precisely as the fixed-weight 
reaction, i?, at the same point, in Fig. i. This reaction, R, will 
be composed of two parts, one of which is due to the wind 
pressures along the upper chord, A BC D, Fig. i, and the other 
to those along the lower chord, A LB' N G\ and each is to be 
found as indicated above. By means of these horizontal re- 
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actions at A^ and the panel wind pressures at the upper and 
lower chord points, all the fixed-load wind stresses in the upper 
and lower lateral systems, both of which are projected in Fig. 6, 
may be at once completely established. 

The wind pressures against the moving train form a moving 
load in those chords carrying the train (the upper chords in 
Fig. I, and the intermediate and lower chords in Fig. 7). The 
conditions under which these moving wind loads produce their 
horizontal reactions at ^4, and their greatest stresses in the web 
and chord members of the lateral system, are precisely the same 
as those described in detail for the vertical or train-moving 
loads in the preceding articles. The cantilever conditions, so to 
speak, including span lengths for the former loads, are identical 
with those for the latter. Hence the positions for the wind 
maxima must be determined by exactly the same general methods 
as those used for the vertical loads. The computations for the 
moving wind stresses are simplified by the fact that that load is 
of uniform intensity. 

The combination of the fixed and moving wind load stresses 
according to the usual methods will give the desired resultants 
in all the members. 

In the case of the anchor span of Fig. 5, the same general 
observations as those already made are to be applied. The fixed 




Fig. 7. 



wind loads on the span are to be treated precisely like the fixed 
vertical loads, and the resulting wind stresses in the upper and 
lower lateral systems are to be computed accordingly. Again, 
the moving wind loads accompany the moving vertical or train 
loads, and all the conditions determining the greatest stresses 
for the latter determine those for the former also. The same 
set of greatest moving wind stresses must, therefore, be found 
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as for the moving vertical loads, and followed by their combina- 
tion with the fixed wind stresses, in order to reach the resultant 
wind stresses desired. 

Inasmuch as it is known that the highest wind pressures 
cover comparatively small areas, it will usually be necessary to 
supplement the preceding wind computations, which are based 
on the assumption that the wind presses equally over the entire 
structure, by others resulting from the application of the highest 
pressure to some particular portion, as the clear cantilever span 
or the anchor span, or, possibly, the anchor arm, and provide for 
the resulting stresses. 

The extent to which these supplementary and special com- 
putations are to be made will depend upon the judgment of the 
engineer acting on the circumstances of each case. 

The transverse bracing in the vertical and inclined planes 
of the various pairs of web members is to be designed imder 
the same assumptions of wind transference, and in accordance 
with the same principles used for the same general purposes in 
ordinary non-continuous spans. The wind loads in the upper 
chords of the suspended trusses of the cantilever span should 
always be carried down to the lower chords of the cantilever 
arms at their extremities, and along those chords to the piers, 
in order that the overturning wind effect on the cantilever and 
anchor arms may be reduced to a minimum. In the same manner 
the wind loads in the upper chords of the cantilever and anchor 
arms, which are resisted by the main piers, should be carried 
down to them by the transverse bracing between the inclined 
posts acting as portals at those places. In high cantilever 
trusses the overturning wind eflFect is frequentiy a serious matter, 
and it should be carefully computed in all cases. It may transfer 
a considerable portion of the fixed load in the windward truss 
into the leeward. It may also considerably increase the down- 
ward pull on the windward side of the anchorage, and relieve 
that at the leeward side by the same amoxmt. These changes in 
the downward pull on one side of the anchorage can be found 
by dividing the wind moment about the top of the pier between 
the anchor and cantilever arms by the transverse width between 
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the trusses where they are attached to the anchorage. The 
same effects occur, of course, similarly in the anchor span. These 
overturning effects, resulting from the pressure of the wind 
against the structure, affect the fixed-load stresses only. It may 
also be necessary to consider the truss stresses arising from the 
overturning effect of the wind on the train. This, however, will 
depend upon the special circiunstances affecting any particular 
case. 

Art. 109.— Economic Lengths of Spans and Arms. 

The problem of the relative lengths of suspended spans, 
cantilever arms, anchor arms, and anchor spans for the most 
economical amounts of material in them is not capable of exact 
mathematical treatment, but may be simply solved in a manner 
sufficiently accurate for all practical purposes. In order to do 
this, it is only necessary to observe that the weight per lineal 
foot of any single span of bridge structure, omitting the floor, is 
very closely found by multiplying the span length by a numerical 
factor, determined by actual computation of weights of similar 
spans. In the case of a cantilever arm, the length of that arm 
would be used instead of span length. In the analysis which 
follows there will be used: 

a — cantilever arm factor; b = suspended span factor; 
c = anchor arm factor; e = anchor span factor; 
L = length of cantilever span = / + 2 m of Fig. i. Art, 105; 
/ = length of suspended span; n = length of anchor arm. 



Economic Lengths of Suspended Span, Cantilever Arm, and 

Anchor Arm* 

The total length of the entire structure, including the two 
anchor arms, supposed to be invariable in this analysis, is: 

S = I + 2m + 2n 28. 

* Acknowledgment is due Prof. D. B. Steinman for improving the 
author's original solution of this problem. 
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The total weight of the entire structure of two anchor spans 
and the main or cantilever span is: 

W = bP + 2afn^ + 2cn^ . . . . 29. 

As d 5 = o, Eq. 28 gives: 

dl^-'2dm — 2dn. 

The desired values of /, m, and n, considered as variables, 
must be such as to make W a minimimi. Hence, differentiating 
W and using the value of d / given above: 

dW = {4am'-4bl)dm + {4cn-'4bl)dn. . 30. 

In order that W shall be a minimum: 
dW 



dm 

dW 
dn 



= — 4aw — 46/ 



= o = 4cn — 46/ 



/. 6/ = am = c» . . 31. 



As b If a My and c n are weights per linear imit of the trusses 
of the three prindpal parts of the structure, Eq. 31 shows that 
when the lengths of these parts are so chosen as to attain the 
greatest economy of material, the weight of trusses per linear 
unit is the same throughout the entire structure. 

As L = / + 2 w, and using the value of / given by the first 
two members of Eq. 3 1 : 

Cantilever arm = m = — ; — 7 L .... ^2. 

a + 2b ^ 

Similarly, by taking the value of m from the same source: 

Suspended span = / = — — — 7 L . . . . 33. 



Using Eqs. 31 and 33: 



b , ab 



Anchor arm = » = — / = —7 — ; rr L . . . VL* 

c c{a + 2 b) ^ 
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It is obvious that /, m, and n may be expressed in terms of 
any quantity proportionate to L. 

For lengths of cantilever openings not great, there may be 
taken approximately a = 40, b = 14. These values inserted 
in Eqs. i and 2 will give nearly / = .6 L and m = .2 L. It has 
been found in actual design, however, that / should not exceed 
about .5 L to .55 L with m about .25 L. When the length of 
cantilever opening becomes large, perhaps 1,500 to 1,800 ft., it 
is advisable to take the length of suspended spian, not more than 
about .4 L. In other words, as the length of cantilever opening 
becomes large, the ratio of the length of suspended span divided 
by the length of the cantilever opening becomes proportion- 
ately less. 

In this approximate analysis, it should be stated that some 
of the earlier short-span cantilever structures have been built in 
which the weight factors a and b were about half the values 
taken above. They were mostly single-track railroad bridges 
with far lighter loads than are now (1913) used. 

Approximately, and corresponding to the values of a and b 
used above, there may be taken c = 20. 

Anchor Span. 

The case of an anchor span. Fig. 5, page 389, is covered by 
Eq. 34; in fact, an anchor span is analytically the same as two 
superposed anchor arms. 

If Eqs. 28 and 29 be written with n in the place of 2 », it will 
be found that Eqs. 31 and 34 will result as would be anticipated. 
The weight factor e, however, must be taken larger than for the 
anchor arm. Approximately, as an illustration: 

For anchor arm, c = 20 and —7 — ; — tx = .412 . . 35. 

' c{a + 2b) ^ ^^ 

For anchor span, e = 25 and / — rr = .33 . . 36. 

The reversal of stresses and the heavy bending moments found 
in the anchor span make its weight per linear unit relatively 
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high and its length relatively short. Wherever navigation 
interests are important they will usually require a materially 
longer span than indicated by Eq. 36. 

Art. lie— Width Between Centres of Cantilever Trusses. 

The least permissible width between centres of cantilever 
trusses may readily be determined with sufficiently close ap- 
proximation for such a purpose. 

It has been found by experience that under good design a 
satisfactory degree of lateral stability for an ordinary simple 
truss bridge may be attained by making the width between 
centres of trusses at least ^th of the span length. Hence, it 
may be stated that the width between the centres of cantilever 
trusses must at least be equal to the corresponding width of a 
simple ordinary truss bridge giving the same deflection as the 
cantilever and with trusses separated nth of the span length. 

Let p be the uniform horizontal lateral (wind) pressure 
against each structure per linear foot. Also let / be the moment 
of inertia of the normal section of each structure about a vertical 
axis midway between the trusses, supposed to be the same for 
the two structures and constant throughout each span. 

Then if u is the centre deflection in each case, and if E is 
the modulus of elasticity, remembering that the length of the 
cantilever span is / + 2 m, the centre deflection of the cantilever 
trusses will be: 

""£/(384'^ 2 3 + 8 } • • • • 37- 

Hence for / = .5 L, and m = .25 L: 

p U 

U = .0026 ^y 38. 

And for I =^ .4L, and w = .3 L: 

pL^ 
« = -00315 -gj 39, 
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The same deflection of a simple truss of span l^ and uniformly 
loaded is* 

5 Pl'' 
'''W4'eT ^^- 

Equating the second members of Eqs. 38 and 40, and then the 
second members of Eqs. 39 and 40: 



For 1 = ,sL; l^ = .668 L 
For I = .4L; l^ = .701 L 

If J is the width between trusses: 



41 



For I = .K L; d == — ^ = — .... 42. 
^ ' 18 27 

For / = .4 L; d = —^ = .... 43. 

' 18 25.7 

The trusses for a cantilever span, therefore, should be placed 
a distance from centre to centre not less than about ^th to 
^th of the length of the span. 

This approximate solution of the problem is in substantial 
accord with the best practice of cantilever construction. 



Art. III.— The Cantilever Without Suspended Span. 

A cantilever structure comprising two anchor arms, two 
cantilever spans, and an anchor span between the two latter, like 
the BlackwelFs Island Bridge, New York City, becomes contin- 
uous from anchorage to anchorage when the suspended spans 
are displaced by rocker arms, vertical in the present case, 
connecting the upper and lower extremities of two adjacent 
cantilever arms. The stresses in the diflferent members of the 
trusses cannot, therefore, be determined by the ordinary proce- 
dures applicable to statically determinate structures. It is nec- 
essary first to find the stresses (reactions or shears) in the rocker 
arms by the aid of formulae involving the elastic properties of 
the materials of the structure, the latter being loaded in any 
manner whatever. The continuity of the trusses makes it 
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necessary to recognize, in the analysis, the simultaneous ex- 
istence of the two rocker arm reactions or shears. 

The complete determination of the general values of those 
reactions or shears is as follows: 




The Two Reactions or Shears R% and R4, 

« 

To make the case general, it will be assumed that the lengths 
of cantilever arms on the right and left, respectively, are unequal 
and represented by Ir and l^. The length of the rocker arm 




Fig. 9. 

C -B is A, and its area of cross-section A. The line LR in Fig. 
9 is supposed to represent the lines of the cantilever arms, at 
the same elevation, before the structure is so loaded as to cause 
unequal deflections. 

The principal quantity to be found is the force or reaction 
exerted between the ends of the cantilevers through the rocker 
arm B C and when loaded in any arbitrary manner. All other 
desired quantities can then be at once determined. 

If all connection between the extremities of the cantilever 
arms be cut when those arms are loaded in any arbitrary manner, 
in general the end of the right arm will have the deflection A^, 
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whfle the deflection of the left end will be A^,. If, on the other 
hand, the ends are connected by an elastic member they will 
deflect to some point G and K between the lower limits of ^r 
and Ax.. Let the force or reaction exerted in this elastic con- 
nection be represented by R%. Also in Fig. 9 let A^ represent 
H K, while A^ represents / G, remembering that H K and / G 
are the downward and upward deflections produced by the force 
or reaction Rt acting at the end of each cantilever arm as if the 
latter were free of any end connection. Then let ^ be any 
arbitrary load supposed to act at the extremity of each free 
cantilever arm and to produce there the deflections b^ and b^ 
in th.e right and left arms respectively. Since these deflections 
are proportional to the forces producing them : 

Rt AJi J R% Ai 

— = 7— ana — = 7— 44. 

The change of length of the rocker arm C B caused by the 

R h 
stress in it is : -^-j ; E being the coefficient of elasticity. 

In this analysis downward deflection will be considered 
positive and upward deflection negative. In the case of Fig. 
9, Ai would be negative. 

Furthermore: 

II A '*^* ^ 

A/? - Ai. = A^ - Au - ^-^ 45. 

Substituting for A^ and Ai from Eq. 44 in Eq. 45: 

(Al - Aij) 0) 



bR — bL 



h CD 

I + 



EA^bR-bi)! 



46. 



If Fig. 9 be supposed applied to span h, Ar will be Ax. of 
Eq. 46, while Ax, will be Ar of that equation in consequence of 
the symmetry of arrangement of spans hy ky and I4, 

If the division indicated in the bracket of the second member 
of Eq. 46 be carried out for two terms only, there may be written 
approxhnately: 
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iJ» = 



^R — ^L 



[.- 



EAiSR-dL) 
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%dr)J' • • "^7. 



There is no special advantage in the form of Eq. 47. Eq. 
46 may be as easily used in all computations. 

The fraction whose numerator is A ^ in the bracket of the 
second members of Eqs. 46 and 47 is the allowance or correction 
to be made in the value of the reaction ifj for the extension or 
compression of the rocker arm, and it may be omitted if that 
member is veiy short and of large ciToss-sectional area. 



Special Values of Reaction Rt. 

For the purposes of this analysis an upward reaction will be 
considered negative and a downward reaction positive. 

If the load producing if j is wholly on the left cantilever arm, 
so that Ar = o, Ax, only existing, Eq. 46 at once gives: 






1 + 



<a 



EA{6R-dL)] 



48. 



On the other hand, when the right arm is loaded so that 
Al = o, Ar only existing, Eq. 46 will give: 



n Ar (a 

^R" ^L 


I 


h(a 


[^-^ EA{Sr- oJ 



49, 



It is thus disclosed that the general value of the reaction R2 
is the algebraic simi of the two special reactions. Hence, if a 
certain loading produces a special reaction Rl and another 
loading the special reaction if a, each causing a corresponding 
set of stresses in each arm, the resultant reaction caused by the 
concurrent action of the two loadings will be the sum of the 
two special reactions, and the stresses produced in the various 
truss members will be the algebraic sum of the stresses corre- 
sponding to those two special reactions. 
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Application to Five-Span Bridge* 

All the preceding formulae are perfectly general and applicable 
to any number of spans. In applying them to any special case, 
as that indicated by Fig. lo, due regard must be shown to the 
values and signs which A^, and Ar will then take. This may be 
illustrated by considering the particular structure shown by 
Fig. lo. There can be no shear or reaction R2 in the span h. 
Fig. 10, without a corresponding shear or reaction R4 in the span 
h] and the same observation is to be made regarding the de- 
flections at those two points. 

If «2 is the deflection at C, Fig. 10, due to any arbitrary load, 
^ (as I or 1,000 pounds), acting at Z> in ^4, then the deflection 




at the same pomt C due to the shear or reaction Ra at D, ex- 
pressed in the same unit <o, will be: 



Rl 

Ui—' 

0) 



Hence in Eq. 46, there must be written for Ar the two terms 

Utt Ra 

^^ _l_!!Li^. ^^ j^Q^ representing the deflection of the extremity 



0) 



of the cantilever C M due to any loads resting upon the structure 
between C and D, Similarly if ^4 represents the deflection of 
the extremity of the cantilever DN due to the action of the 
same arbitrary load or unit at C, in the value of R^: 



Ri = 



(Ar-Al ) 



CO 



I + 



(a 



EA {dL-dR)_ 



50. 



* The " Five-Span Bridge " is the Queensboro Bridge across the East 
River, at New York, on the design and carrying capacity of which the 
author, as consulting engineer, made an extended report in 1908. 
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there must be written A^. + — — for A^ in Eq. 50; Ax, now 

representing deflection due to load on C D. 

There may then be written the following two equations by 
the aid of Eqs. 46 and 50. 



R2 = \ 0) / 



8r — 6l 



0) 



1 + 



CP 



EA{bR- «i)J 



51 



^ . (^-^ - ^' -^') 



^L " 8r 



CD 



I + 



(a 



EA{bL-hR)\ 



52< 



It must be carefully borne in mind that the same letter in 
the two Eqs. 51 and 52 does not in general possess the same 
numerical value for any given structure, although in some cases 
h and A may have the same values. 

Let there be placed in Eq. 51 : 



CO 



(h = 



{^R - «l) + 



ha 
EA 



also, in Eq. 52 : 



<a 



«! = 



(«L- 



*«)+l5' 



then: 



R2 = (h (Ax, — Au)2 — 



OsMsjRi 



0) 



CO 



Eliminating between Eqs. 55 and 56: 



(Az; - A*)« + — (Al 



Uj = Ot 



w 



-^rI^ 



I — oj a^- 



1^ 



53< 



54. 



SS- 



i?4 = — «< (.Ai — AjiJi — — - — .... 50, 



57- 
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(Ai - Ajj)4 + ^ (Ajr - Ar), 

/V4 ^ — (^4 . . . I>8. 

«2 W4 

I — aj a4 — T" 

The subscripts 2 and 4 aflfecting the parentheses in the 
numerators of the second member of Eqs. 57 and 58 indicate 
that the quantities (Ax, — A^) belong to the spans h and I4 
respectively. 

Eqs. 57 and 58 give the two shears or reactions R2 and R4 
at the extremities of the cantilever arms. When these two re- 
actions are determined, the ordinary analytic or graphic methods 
for determining the stresses in all members of the entire structure 
from anchorage to anchorage may be applied. 

It will be observed that in the second members of Eqs. 57 and 
58, the only variable quantities are A^j and A^:, which are to 
be found by the aid of stresses determined by ordinary statical 
methods. 

The preceding formula were used in investigating the design 
and carrying capacity of the Queensboro Bridge at New York 
City. 

It is obvious that a cantilever structure without a suspended 
span is a continuous structure with but a single point of contra- 
flexure in the main span fixed at the centre of the latter. It is 
difficult to imagine conditions which may justify the omission of 
the suspended span. 
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Limiting Spans and Depths of Stiffening-Trusses. 

It is a matter of importance to determine, approximately at 
least, the economic limits of span for those structures adapted 
to long-span construction. Prof. D. B. Steinman, in his valu- 
able little book, "Suspension Bridges and Cantilevers," and 
in two papers presented before the Congress of Engineering 
and Scientific Societies at Spokane, Washington, 1913, has 
presented some effective comparisons based probably upon the 
most .extended investigations in comparative designs yet made. 
In order to canvass the problems involved in a specific manner, 
he classified the greatest spans practicable for suspension and 
cantilever bridges as follows: 

1. The limiting spans or the greatest spans which may be 
designed. 

2. The maximum spans or the greatest spans which can be 
built. 

3. The limiting economic spans or the greatest spans which 
it would pay to build. 

4. The span of equal cost for the two types; in other words, 
the span at which the cantilever ceases to be economically supe- 
rior to the suspension bridge. 

Without going into details of the investigations made by 
Professor Steinman, it should be stated that he prepared com- 
plete designs and estimates of three suspension bridges of 1,500 
feet, 2,250 feet, and 3,000 feet spans, and of three cantilevers 
of 1,000 feet, 1,500 feet, and 2,000 feet spans, respectively. 
He assiuned the bridges to be designed to carry combined rail- 
way, highway, and sidewalk traffic, inasmuch as the widths of 
these structures would obviously be great enough to accommo- 
date such traffic. Structures so costly would certainly be built 
only in localities where the total volume of traffic would be 
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proportionately great. The total maximum load in Professor 
Steinman's estimates was taken at 18,000 pomids per linear 
foot, corresponding to that used in at least one of the large 
bridges across the East River at New York City. He further- 
more assumed wire cables for the suspension bridges, each with 
a diameter of twenty-four inches. The diameters of the wire 
cables of the suspension bridges across the East River at New 
York are fifteen and five-eighth inches for the oldest structure, 
eighteen and three-quarter inches for the Williamsburg Bridge, 
and twenty-one and a half inches for the Manhattan Bridge. 
The results of Professor Steinman's investigations may be 
expressed in tabular form as follows: 

Suspension Cantilever 
Bridge Bridge 

1. Greatest span limit I4»700 ft. 5,600 ft. 

2. Greatest practicable span 4,900 " 3,060 " 

3. Greatest economic span 3, 170 " 2,700 " 

Span of equal cost 1,670 ft. 

It may be stated that for bridges designed to carry heavy 
traffic the upper advantageous limit of the cantilever span 
will be reached with materials available at the present time 
(1913) at some point between about 1,500 feet and 1,700 feet, 
. and that the lower advantageous limit of span for the stiffened 
suspension bridge can be taken at the same point. 

Obviously, for classes of light traffic where the platform 
carrying it need not be much stiffened, the application of the 
suspension-bridge cable has no lower limit, as is attested by 
many simple or even crude constructions. 

The most advantageous depth of stiffening-truss for the 
stiffened suspension bridge may be taken approximately at one- 
fortieth to one-sixtieth of the span length. 

For a valuable and interesting analytic treatment of these 
questions. Professor Steinman's book and papers may be con- 
sulted. 
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Art. I . — ^Notation and General Formube, 



The principal formulae required in the treatment of reinforced 
concrete beams of rectangular cross-section are simple variants 
of the formulae of the common theory of flexure, and they may 
easily be written by the aid of the following notation : 

Ei = coeflBLcient of elasticity of the steel. 

El = coeflBLcient of elasticity of the concrete in compres- 
sion or tension. 

Ai and A 2 are the areas of normal section of the concrete 
and steel, resp)ectively. 

/i and I2 are the moments of inertia of Ai and Ai, re- 
spectively, about the neutral axis of the normal 
section. 

ki = greatest intensity of bending compression in the 
concrete. 

k' = greatest intensity of bending tension in the concrete. 
c — greatest intensity of bending compression in the 

steel. 
t = greatest intensity of bending tension in the steel, 
b = breadth of the concrete. 

hi and A2' are total depths of the concrete and steel, re- 
spectively. 

Aj = vertical distance between the centres of the steel 
reinforcing members. 

di = distance of extreme compression "fibre" of the con- 
crete from the neutral axis. 

di = distance of the centre of the compression steel rein- 
forcing member from the neutral axis. 
{^2' = distance from extreme compression fibre of the 
steel to the neutral axis. 
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a = distance of the centre of the compression steel re- 
inforcing member from exterior compression sur- 
face of concrete. 

= distance of the centre of the tension steel rein- 
forcing member from exterior tension surface of 
concrete. 
rA2 = area of normal section of reinforcing steel in tension, 
(i — r) i4j = area of normal section of reinforcing steel in com- 
pression. 

Pi = intensity of compressive stress in the concrete at 
distance z from the neutral axis. 

p' = intensity of tensile stress in the concrete at dis- 
tance z from the neutral axis. 

p2 = intensity of stress in the steel at distance z from 
the neutral axis. 

u = tensile or compressive strain in unit length of 
"fibre'* at unit distance from the neutral axis. 

In the theory of bending of concrete-steel beams it is assumed, 
as in the common theory of flexure, that any plane, normal 
section of the beam, before bending takes place, will remain 
plane (and normal) while the beam is subjected to bending. 
Hence: 

p' — pi = Eiu Zy and pt = E%uz, . . . i. 

The total stresses of tension and compression in any normal 
section of a beam induced by the bending must be equal to zero. 
The expression of this sum, written by the aid of Eqs. i and by 
which the neutral axis of the composite section is determined, is 
the following: 

Eiu\ I zdAi — I zdAi[+E2u/ zdAi==o. 2. 

(JO ^hx-di ) ^dx'-M 



Or 



I zdAi-j zdAi+-=r/ zdA2 = o. . 3. 



Eq. 3 is perfectly general, and the position of the neutral 
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axis can always be located by it whatever may be the shape of 
cross-section of either the concrete or steel. 

Fig. I may be taken as an arbitrary typical composite section 
showing the preceding system of notation applied to it. The 
outline of the concrete is rectan- 
gular, as in the ordinary concrete- 
steel beam. The steel in com- 
pression is represented as two 
steel angles, while three round 
rods constitute the steel in 
tension. In the next article the 
application of the general Eq. 3 p^^^ j 

to the special case of the ordinary 
concrete-steel beam will be made. 

The general value of the bending moment of the stresses 
induced in any normal section of a composite beam can be at 
once written by the aid of Eqs. i. The typical expression of 
the differential moment is: 

pidAiz = Eiuz^d Ai, 

Hence the general value of the moment is : 

M^E\u\ z^dAi + Eiul zdAi. . . 4. 

Eqs. 3 and 4 cover the theory of bending or flexure of com- 
posite beams of two materials. 



Art. 2. — ^Position of Neutral Axis in Ordinary Rectangular Con- 
crete-steel Beams by Common Theoiy of Flexure. 

The ordinary reinforced or concrete-steel beam is formed 
with a rectangular normal cross-section with a constant depth 
di and a constant width b, the outline of the concrete section 
being rectangular and the steel reinforcement, or bars, being 
embedded in the concrete, all as typically shown in the figure 
on this page. The area of the steel section is small in compari- 
son with that of the concrete, usually from about one to one 
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and one-half per cent, of the latter, so that there is no sensible 
error in making dAi = bdz. The first two terms of the first 
member of Eq. 3 of the preceding article then takes the form: 

As the steel section is always small it will be essentially cor- 
rect to consider each portion of it concentrated at its centre of 
gravity, so that there may be written: 

zdA2^{i'-r)A2d2'-rAi{h2—di)=^A2(d2—rht). . 6. 

By introducing the values of Eqs. i and 2 in Eq. 3 of the 
preceding article the latter will become: 

bhidi -^ +-£rA2id2 - rfh) = o. 

2 xLi 

Or, since d^ — di — a, 

/. di = 



As in the preceding case, when the steel reinforcement is 
wholly on the tension side of the beam it is necessary only to 
place r = I in Eq. 7. 

If the entire steel reinforcement is on the tension side of the 

beam as shown in Fig. 2 and as often occurs, r 
will be unity in Eq. 3, or i — r = o. The only 
effect produced by this substitution in Eq. 3 is 
to make 

a + rh2 = a + fh = distance from centre of steel 
Fig. 2. ft^''^ ^ upper surface of beam. 

Neglect of the Tensile Resistance of Concrete, 

Many civil engineers consider it advisable to neglect the 
bending resistance of that part of the concrete in tension and to 
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estimate the carrying capacity of the reinforced beam as if the 

compressive bending resistance constitutes the entire bending 

resistance of the concrete. In that case the stress condition 

assumed would be exhibited by Fig. 3. 

These stress conditions usually exist before 

rupture in consequence of the concrete in 

tension failing by cracking. Again, cracks 

may sometimes be formed, or at least be 

started, by a number of extraneous causes 

independent of the loading. For these reasons it will usually, 

or at any rate frequently, be the' part of prudence and good 

practice to ignore the tensile bending resistance of the concrete in 

concrete-steel beams. 

In order to find the neutral axis for this condition of stresses, 
it is only necessary to omit the second integral in the first member 
of Eq. 3 of the preceding article. This will give: 

A2E2 J A2E2 . V 

By solving this quadratic equation: 

, EtAt ^i (EtAty , EtAt. , ,. - 

^'=~e,T^^\e,t) +'e,T^'' + '^^- ■ ^' 

The value of di in Eq. 8 gives the distance of the neutral axis 
below the upper or compressive surface of the beam when the 
tensile resistance of the concrete is neglected. 

When the steel reinforcement is wholly on the tension side 
of the beam, f = i, and a + rh2 = a + h2. 

Art. 3. — ^Bending Moments in Concrete-steel Beams by Com- 
mon Theoiy of Flexure. 

By introducing the notation already employed into the 
ordinary formulae of the common theory of flexure, the following 
general expression for the bending moment will result: 

M^Eiul z^dAi+ ElU / z^dAi+E^u z^dA^. 0. 
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The first two integral expressions in the second member of 
Eq. 9 are moments of inertia of the two portions of i4i, about the 
neutral axis of the section, while the third is the moment of 
inertia of i42 about the same axis. That equation may then be 
written: 

M =^ Eiu r + EiU r' + E^u h lo. 

If 1 1 is the moment of inertia of Ai about the neutral axis, 
then/' + Z" = /i. 

Again, if ki is the greatest intensity of compression in the 
concrete and jfe' the greatest intensity of tension, while c is the 
intensity of compressive stress in the steel at the distance d't 
from the neutral axis, then: 

£i t* = V, £i w = 7 y, and £2 « = t- • • n- 

By introducing these values in Eq. 10: 

di Hi — di di 

This is the general value of the bending moment for any 
form of section or any two materials. The rectangular normal 
section will be employed for the outline of the concrete and 
steel bars of any desirable shape, but of comparatively small 
section, for concrete-steel beams. The corresponding quantities 
are then to be introduced into Eq. 12. For this case: 

3 3 

Also: 

/, = (i - r) Aidi^ + r-4, (A2 - d^y. 

The value of U may be written in this form for the reason 
that the steel sections {A 2) are small. 

The insertion of these quantities into Eq. 12 will give: 

M==ki——+k' +c\_{i-r)AA+rAA\^ "" ^/ J* ^3- 

The use of this equation for the value of the bending moment 
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can be made more convenient if its second member be changed 
in form so as to involve but one intensity of stress, and that 
one may preferably be the greatest compression, ^1, in the 
concrete. 

From Eq. 11: 

, Ai — di , J ^ ^« 2. 
K = — 1 — Ku and c = "ET T ^1* • • • 14* 

By introducing these values in Eq. 13 : 

This value of the bending moment M requires only the 
greatest intensity of compression, ki, in the concrete to be given, 
all other quantities in the second member being either given or 
assignable. 

The greatest intensity of tension in the steel will be : 

fh — dt Eihi — di . 

t = — J C = -^ 1 AJi . . . . lO. 

Thus all the intensities in the extreme fibres may be expressed 
in terms of any one. As a practical matter it is probably pref- 
erable to use the greatest compression in the concrete for that 
purpose, as will appear later. 

If the steel reinforcement is wholly on the tension side of 
the beam, f = i, and Eq. 15 will take the form: 

Neglect of the Tensile Resistance of Concrete. 

If the bending resistance of the concrete on the tension side 
of the neutral axis be neglected it is necessary only to omit the 
second term of the second member of Eq. 15. That equation 
will then take the form: 

^ = *-(f + ll''-[<'-"+KI'-)'])..3- 
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In case the steel reinforcement is wholly on the tension side 
of the beam, f = i, and the bending moment becomes: 

M = h{^ + f^f^{h-d,y). ... 19. 

In* all the preceding formulae the distance di of the neutral 
axis from the exterior compression surface of the beam is to be 
found by the appropriate equation in the preceding article, di 
from Eq. 7 or Eq. 8 of that article being required for use in ' 
the general Eq. 15 of this. 

The preceding equations complete all that is necessary in 
the treatment of practical questions of design or of ultimate 
carrying capacity. 
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Anchorage, 19 

Application of influence lines to actual 
bridge, 175 
of method of deflections to ac- 
tual bridge, 244 
to actual arch rib, 281-292, 295- 
300,345 
Arch ribs, analytic treatment by law 
of least work, 323 
bending moments in, 271 
by graphical methods, 264 
results for partial loads, 300 
three-hinged, 362-369 
with fixed ends, 275 
general formulae, 277, 280 
hinged ends, 293, 358 
Ringed ends, general formulae, 
294, 295, 358-362 
Bending moments in arch ribs, 271 
moments in continuous stiffen- 

ing-trusses, 92, 95, 219 
moments in non-continuous stif- 
fening-trusses, 170, 195 
Braced spandrel arch, 370-376 
Cantilevers, 377-404 
' anchor arm, 386-389 
anchor span, 389-391 
economic lengths of span, 394 
greatest web stresses, 378-382 
greatest chord stresses, 382-384 
width between trusses, 397 
wind stresses, 391 
without suspended span, 398-404 
Catenary, 62 

Centre hinge stiffening-truss, 42 
Coefficients of thermal expansion, 302 
Concrete, reinforced, formulae for, 

407-414 
Constants of integration, method of 
deflection, 222 



Continuous stiffening- trusses, 123, 128 
stiffening-trusses, moments in, 

134. 137 
stiffening-trusses, shears in, 159, 

161 

Curves for horizontal stress H\ 185 

Curve of cable, 2 

Deflection due to thermal changes, 
249, 250, 252 
of arch rib with fixed ends, 313 
of arch rib with hinged ends, 319 
of cable, 8, 9 
of cable due to change of lengthy 

79 ^% 

of cable, due to deformation, 75 

of cable, due to movement of 

saddles, 81 
of cable, unsymmetrical, 81 
of continuous stiffening-truss, 

140, 145 

of non-continuous stiffening- 
truss, 152, 156 

of stiffening-truss in method of 
deflections, 218 

polygon, arch rib, hinged ends, 
297 

polygon, arch rib, fixed ends» 
287-289 

Economic ratio of sag to span, 74 

Effect of web members of stiffen- 
ing-truss on horizontal cable 
stress, no 
Energy expended in stretching cable, 
118, 226 
expended in stretching suspend- 
ers, 118, 224 
in thermal changes in cable, 227 
expended in thermal changes in 
suspenders, 228 
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Equilibrium polygon or polygonal 

frame, 264, 266, 269 
Flexible cable or frame, 57, 60 
General formulae for flexure, 274 
Greatest bending moment, 27, 28, 

34,39,45,51,54 
bending moment in arch rib by 

analytic method, 353-357 
length of span, approximate, 73 
moment in non-continuous stif- 

fening-truss, 149, 151, 195 
shear, 25, 31, 32, 37, 47, 51, 54 
Horizontal cable stress due to thermal 
changes, 250, 256, 258, 261 
cable stress by method of deflec- 
tions, 231, 237, 238, 243, 244 
component of cable stress, 3, 5, 
6, 60, 65, 67, 70, 102, 118, 129, 

131, 231 

stress in cable, effect of web 
members, no 

stress in cable, with continuous 
stiff ening-trusses, 118, 129 

stress in cable, with non-con- 
tinuous stiffening- trusses, 131, 

133, 147 
thrust in arch rib with fixed ends, 

290 
thrust in arch rib with hinged 
ends, 298 
Inclined loads, spandrel arch, 375 

loads, three-hinged arch, 365, 368 
suspension rods, 1 1 
Influence lines for deflection, 175 

lines for moments and shears, 

continuous stiff ening-truss, 165 

lines for moments and shears, 

non - continuous stiffening- 

truss, 170, 181, 187 

Intensity of stress in arch ribs for 

reinforced concrete, 339 
Intersection locus for reaction lines, 

353 
Law of least work applied to arch 

ribs, 327-332 
of least work applied to stiffened 
suspension bridges, 1 04-1 18 



Length of cable, 6, 7, 72 
Moment areas and curves, 183 
Moment of inertia I, 97, 120, 339 
Moments due to suspender pull, 95, 
99, 129 

in arch ribs, 271 

in arch ribs with fixed ends, 291, 

327, 343, 351, 352 
in arch ribs with hinged ends, 298 
in continuous trusses, influence 

lines for, 165 
in non-continuous trusses, in- 
fluence lines for, 170, 195 
Moments in stiffening-trusses, 26, 28, 

33. 35, 39, 45, 50, 53, 90, 92, 
99, 124, 135, 149, 209, 215 

Non - continuous stiffening - trusses, 

131, 132 
effect of load in one span on 

others, 163 
stiffening-trusses, moments in, 147 
shears in, 161 
Parabolic cable or frame, 3, 61 
Parameter of cable curve, 4 
Points of contraflexure, 138, 143 
Reaction lines, 193 
Reactions under stiffening-trusses, 23, 

25, 30, 44 
Reinforced concrete, formulae for, 
407-414 

Resultant stress in catenary, 67 
Secondary stresses, 84 
Shear areas, 194 

Shears and reactions, arch rib, fixed 
ends, 291, 292, 327, 344 
hinged ends, 299, 300 
Shears in continuous trusses, influence 
lines for, 169 
in non-continuous trusses, influ- 
ence lines for, 174 
in stiff ening-truss, 24, 3i»37, 47» 
51, 54, 90, 99. 159. 161, 209, 
219 
in stiffening-truss due to unequal 
heights of towers, loi 
Side spans without suspenders, 128 
Spandrel arch, braced, 370-376 
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Statically indeterminate stiffening- 

truss, 87 
Stiffening-trusses continued into end 
sptans, special case, 199 
continuous, 123, 128 
non-continuous, 131 
theory of, 21, 22, 43, 87, 199, 212 
Stress in cable, resultant, 5, 58, 67, 68 
Stresses due to change of cable length, 
263 
due to elastic deformation in arch 

rib, fixed ends, 308 
due to elastic deformation in 
arch rib, hinged ends, 316 
Suspender pull, 109, 221 

pull due to thermal changes, 248, 

257, 258 
Suspension cantilever, 10 
Suspension rods, lengths and stresses 

in, 15, 109 
Symmetrical arches, fixed ends, an- 

alytic theory, 334 
Theory of stiffening-truss by method 

of deflections, 212 
of stiffening-truss by method of 

least work, 87 
Thermal load, 253, 258, 262 

stresses by method of least work, 

254-262 



Thermal load, 

stresses in arch rib, fixed ends, 

301. 327 
stresses in arch rib, hinged ends, 

314 
stresses in stiffened suspension 

bridges, 239 
Thrust in arch rib, fixed ends, 291, 

292, 327, 343, 344 
in arch rib, hinged ends, 299 

Towers, pressure on and stability of, 

17 
Trial polygons for arch ribs, fixed 

ends, 283, 285 
polygons for arch ribs, hinged 

ends, 295-297 

Work done in stretching cable, 118, 
226 

done in members of stiffening- 
truss, 105 

done in stretching suspenders, 
118,224 

done in thermal changes in cable, 
227 

done in thermal changes in sus- 
penders, 228 

done in vertical deflection, 229 

Weight of cable and suspenders, 70 



